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I. Introduction

F RAGMENTATION characteristics such a1 s spatial distribution,
number of fragments, fragment velocity, and fragment mass can

be used to characterize the lethality of a fragmenting weapon or any
metal cased explosive [1,2]. However, most warhead tests and eval-
uations are limited to static arena testing, where fragment character-
istics must be collected by hand. Recently, stereoscopic imaging
techniques have been added to static arena tests. Using this method,
position tracks can be collected for each fragment, and then velocity
information can be found. This paper proposes a method to estimate
themass andmoment of inertia using data collected by a stereoscopic
imaging system. Tracking the fragments using this system can
increase the number of fragments collected and reduce the need for
manual fragment collection.
Static arena testing is based on standard test operating procedures

consisting of a warhead placed at the center of a testing arena
surrounded by fragment collectionmedia, and collection of fragmen-
tation characteristics. Previously, static arena tests included fragment
witness panels, such as Celotex bundles, which may include meas-
urement equipment, such as pressure gauges [3]. Then, fragment
shape, size,mass, and location rely on on-the-fieldmanual collection.
Arena tests are high in labor and financial costs.
Recently, stereoscopic imaging has become an addition to the

classic static arena test. High-speed stereoscopic imaging utilizes
multiple different camera angles to provide two-dimensional images
with depth, essentially giving the image three-dimensional qualities
[4]. One stereoscopic imaging system, known as theOpticalWarhead
Lethality Sensor Suite (OWLSS), has been developed by Torch
Technologies. OWLSS tracks the position vectors of individual frag-
ments from which the velocity vectors can be calculated [5]. Despite

its potential, this new methodology will not be complete until it can
also estimate the fragment mass properties within a certain tolerance.
The core motivation for this study is to be able to calculate the mass
properties of the fragments from stereoscopic data, thus eliminating
the need for the time consuming and expensive fragment hand
collection.
In addition to physical fragmentation tests, simulations can be

used to predict fragmentation characteristics as well. One fragmen-
tation computer program is known as CALE. It predicts numerical
models for fragmentmass and velocity distribution [6,7]. Following
CALE, Picatinny Arsenal developed Picatinny Arsenal Fragmenta-
tion (PAFRAG). Using CALE and PAFRAG, Picatinny Arsenal
estimates lethality and a safe separation distance [2,8]. The United
States Naval Air Warfare Center’s Weapons Division (NAWCWD)
has also developed a simulation model, which given experimental
data can produce trajectories for dynamic weapon fragmentation.
While these simulation methods can provide the user with general
weapon information, they require some data for initialization, from
either experimentation, such as static arena testing, or fragmenta-
tion formulas.
One of the fragmentation formulas used to inform these simulation

methods is Mott’s equation. Mott presented a formula to predict the
number of fragments produced from a naturally fragmenting metal
shell casing of a weapon. This formula is highly dependent on casing
material [9]. The following equation is one version of Mott’s two-
dimensional fragmentation distribution law:
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whereN is the number of fragments with mass greater thanm andN0
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whereM is the casingmass andMA is the casing size parameter. For a
thin casing, the size parameter can be found using casing measure-
ments as
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whereBm is thematerial constant, t is the thickness of the casing, and
d is the outer diameter of the casing [10]. Knowing the total casing
mass, one could calculate the average fragment mass. However, this
is under the assumption that Mott’s formula predicts the correct
number of fragments, and while it can predict the general distribution
of fragments, smaller fragments are often excluded.
Following Mott’s total number of fragments formula, similar for-

mulas were presented to estimate the cumulative fragment masses
withmore accuracy.One paper, published in 2009, compares some of
these distribution formulas: Mott, generalized Mott, Grady, general-
ized Grady, Lognormal, Weibull, and Held distributions [11]. They
found that the generalized Grady distribution provided the best mass
estimation for their dataset. However, the accuracy of these formulas
may be dependent on the casing material. Again, these estimations
are for the cumulative mass of all the fragments, and while the
average mass can be calculated, one cannot calculate the exact mass
of each fragment.
This paper presents a strategy for the mass and moment of inertia

estimation of fragments deriving from a warhead’s detonation event.
The presented procedure exploits estimated motion and presented
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area data obtained by processing images acquired by a stereoscopic
vision system tracking the fragments. Specifically, the mass estima-
tion procedure relies on the second dynamics principle applied at
multiple observation instants, while the moments of inertia are
determined by solving with a least square approach, a linear system
based on the expression of the angular momentum vector in the
inertial frame. Performance assessment of the presented strategies
is then carried out in a numerical simulation environment in which all
the relevant perturbations and uncertainties can be included. Addi-
tionally, the accuracy of the mass estimation strategies can also be
verified by exploiting two sets of experimental data. With these
estimates, warhead evaluationmethods, both experimental and simu-
lated, can be improved. The following section, Sec. II, describes the
proposed approach. Sections III and IV present the simulation,
numerical, and experimental validation results. Finally, Sec. V
presents the conclusions.

II. Estimate of the Mass Properties of a Fragment
Byprocessing rawdata collected by amultiple stereovision system

(e.g., a suite of electro-optical sensors) for a fragment deriving from
an explosive event, it is possible to obtain information about the
fragment’s motion (i.e., position, velocity, attitude, and angular
velocity) and presented area. Then, it is possible to obtain an estimate
of both mass and inertia of the observed fragment.

A. Mass Estimate

It is reasonable to assume that a high-velocity fragment moving at
an altitude above ground of a few meters is subject only to the
gravitational and drag forces. Thus, according to the Newton’s law,
the following equation is valid in an inertial frame:

F!tk" # ma!tk" # mg −
1

2
ρV!tk"2S!tk"Cdv̂!tk" (4)

where
•F!tk" is the resulting force acting on the fragment at time instant tk;
• m is the fragment’s mass;
• a!tk" is the instantaneous acceleration of the fragment;

• g is the gravity acceleration vector;
• P is the air density;
• V!tk" is the instantaneous norm of the velocity vector and v̂!tk" its
direction in the considered inertial frame;
• S!tk" is the cross-sectional area of the fragment; and
• Cd is the drag coefficient.
It is worth noting that the cross-sectional area is a time-varying

parameter, as the fragment rotates at a nonnegligible angular velocity.
Equation (4) can be projected along one of the inertial axes and the

acceleration can be approximated by a first order numerical deriva-
tive of the estimated velocity, obtaining the following equation:

Fz!tk" # maz!tk" # m
vz;k − vz;k−1
tk − tk−1

# mgz −
1

2
ρV!tk"2S!tk"Cdv̂z!tk" (5)

If all the required parameters were known with no uncertainty or
noise, the mass could be estimated by modifying Eq. (5) as follows:
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However, the velocity, acceleration data, and shape are estimated
by processing the vision-based data and thus are affected by noise,
while for the drag coefficient modeled on the basis of reference [12],
an estimate of the mass of the fragment can instead be obtained as the
mean value of different observations, as in Eq. (7).
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where N is the number of the observations considered.

B. Inertia Estimate

A similar approach can be applied to estimate the moments of
inertia. As for the inertia estimate of space debris, the expression of
the angularmomentum in the inertial frame can be exploited [13–16].
The main difference is that, in this case, it is not possible to apply the
freely tumbling rigid body assumption. The angular momentum
vector in the inertial frame is given by
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where RIRF
BRF

is the direction cosine matrix describing the orientation
of a fragment-fixed reference frame (BRF) with respect to an inertial
frame (IRF), I is the moment of inertia matrix, and ω the inertial
angular velocity of the fragment expressed in BRF. Reorganizing the
system in Eq. (8), one can get
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which represents a linear system in the form Ax # b, which can be
solved to estimate the fragment’s moments of inertia. While the
attitude and angular velocity measurements can be obtained directly
from processing stereo images, some considerations must be made
for the angular momentum vector term. Indeed, it is not straightfor-
ward to get an estimate of the instantaneous angular momentum
vector; however, it is possible to consider the system in Eq. (9) in
any two different time instants t1 and t2:

(
A!t1"x # b!t1"
A!t2"x # b!t2"

(10)

Then, these two systems can be linearly combined to obtain

ΔAx # Δb (11)

where the term Δb can be computed as in Eq. (12),
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Δb #
Z

t2

t1

M!t"dt (12)

andM!t" is the instantaneous torque acting on the target.
In the scenarios under study, it can be assumed that the only torque

acting on the fragment is the aerodynamic torque. Its rough estimate
can be obtained as the sum of the torque acting on the infinitesimal
element volume as follows [17]:

T #
XV

i#1

0.5ρCdSV
2!v̂ × !Oi − CM"" (13)

whereV is the number of elements discretizing the volume,Oi center
of the ith element volume, and CM is the center of mass of the
fragment.
It is important to underline that the system inEq. (11) can be solved

provided that the rank of the matrixΔA is at least equal to the number
of the unknowns, i.e., 6. Thus, four different observations are
required to estimate the moments of inertia of the fragment. In this
work, a least square solver is used to solve the system in Eq. (11), and
more than the minimum required observations are considered to
reduce the influence of the noise and parameters uncertainty on the
final results.

III. Simulation Environment, Scenario, and Numerical
Results

A. Simulation Environment and Scenario
This section aims to describe the numerical simulation environ-

ment built to generate the synthetic data. Indeed, being the descrip-
tion and evaluation of the extraction of fragment’s data from stereo
images, its trajectory has been simulated in a numerical simulation
environment to which different level of uncertainties will be added.
These data are used to test the moments of inertia and mass estimate
approaches presented in Sec. II. A schematic representation of the
simulation environment is depicted in Fig. 1. The inputs are the
fragment’s presented area and mass properties. Those, along with
the velocity and attitude, are used to model both the aerodynamic
force and torque according to the model reported in Eqs. (4) and (13),
respectively. While the 3-degree-of-freedom (3-DOF) translational
motion of the fragment is modeled through Eq. (4), the rotational
dynamics ismodeled using a set of translational dynamic equations in
the BRF coordinate:

_ω # I!M − ω × Iω" (14)

_q # 1

2
% 0 ω & ⊗ q (15)

where q is the attitude quaternion describing the orientation of BRF
with respect to the inertial frame.
Starting from the initial condition listed in Table 1, both rotational

and translationalmotion of a cuboid-shaped fragment of 10 cm length
is propagated for 0.024 s, assuming that a total of 160 observations
are obtained from a multiple stereo-vision systems within the simu-
lation time. Both the velocity and angular velocity initial values have
been set considering realistic values for the scenario under study. The
drag coefficient of the fragments has been assumed constant over the
whole simulation time and equal to 2: this assumption has only been
considered for the generation of a reference trajectory of the fragment
in order to assess the performance of the proposed approach. The
effect of a time-varying drag coefficient is then evaluated by consid-
ering experimental data, where, clearly, the real Cd of the fragment
comes into play.
Given the limited time of observation, the sensor-fixed reference

frame can be considered as an inertial frame. The mass of the frag-
ment is 1.3 kg and its inertia matrix (assuming a nonuniform distri-
bution of the mass) is

I #

2

4
8 0 0
0 2.5 0
0 0 5

3

5 kg ⋅m2 (16)

B. Mass Estimate: Simulation Results

To verify the performance of the mass estimation procedure, a
sensitivity analysis on how accuracy in the estimate of the fragment’s
parameters from stereo images (i.e., area and velocity) and its drag
coefficient affect the mass estimate is presented in this section.
Specifically, by looking at Eq. (4), it can be noted that the uncertainty

Fig. 1 Block scheme of the numerical simulation environment for synthetic data generation.

Table 1 Initial condition for the synthetic data
generation of the fragment

State parameter Initial condition

Position, m p0 # % 0 0 0 &
Velocity, m ⋅ s−1 v0 # %−59.56 814.35 433.53 &
Attitude, °

RBRF
IRF

#

2

4
1 0 0
0 1 0
0 0 1

3

5

Angular velocity, ° ⋅ s−1 ω0 # % 4000 5000 3500 &
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on the drag coefficient and fragment’s area influence equally the
accuracy in the estimate on the drag force acting on the fragment. This
is the reason why in the following simulation an uncertainty on the
product between the drag coefficient and fragment’s area, SCd, is
considered.2 Specifically, a Gaussian white noise with standard
deviation equal to 10, 20, 30, and 40% of the real value. Moreover,
since in a realistic application those datawill be processed off-line it is
assumed that the atmospheric density is a knownvalue. Additionally,
a gaussian white noise with standard deviation equal to 10 m∕s has
been considered to simulate the performance of the velocity estima-
tion from stereo-images. The effect of these uncertainties has been
combined to assess the performance of the proposed approach. For
the sake of clarity, the uncertainties considered for the sensitivity
analysis are reported in Table 2. It is worth underlining that, for the
purpose mass estimation, Eq. (7) is projected along a direction

perpendicular to the image plane of the stereovision system; thus
the area of the fragments projected on the image plane and the
component of the velocity perpendicular to it are considered.
The histograms summarizing the mass estimation errors, obtained

from 1000 simulations in which different levels of uncertainties have
been considered, are displayed in Fig. 2, while the corresponding
statistics are listed in Table 3.
From the simulation results, it can be noted that, up to an uncer-

tainty level of 40% in the SCd, the 80% of the performed simulations
show an estimation error on the fragment’s mass lower than 50%. As
expected, the higher the uncertainty on SCd, the higher the error on
the mass, but the number of estimations with very high errors is still
limited to 20%.

Table 2 Standard deviation of the simulated
uncertainty on the fragment’s velocity and SCd (the

percentage values in the standard deviation column are
referred to as the reference value)

Parameter Standard deviation

SCd, m2 10%, 20 %, 30%, 40%
Velocity, m ⋅ s−1 10

Fig. 2 Mass estimation errors for 1000 simulations in which a different standard deviation for SCd uncertainties has been considered: a) 10%; b) 20%;
c) 30%; d) 40%.

Table 3 Statistics for the mass estimation errors
corresponding to different levels of uncertainty in SCd (statistics

are evaluated over 1000 simulations)

Standard deviation
Mean of percentage

errors, %

Standard deviation
of percentage
errors, %Velocity, m/s SCd, %

10 10 8 6
10 20 16 12
10 30 25 19
10 40 32 25
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C. Moments of Inertia Estimate: Simulation Results
Regarding the inertia estimate, assuming to have more than one

stereo-imaging system, the complete shape of the fragments can be
reconstructed [18]. These data, along with the estimated time varia-
tion of the velocity, allow one to reconstruct the aerodynamic torque
acting on the fragments. Based on this consideration, an uncertainty
on the aerodynamic torque, along with uncertainties on the knowl-
edge of both attitude and angular velocity, has been considered to
quantify the performance of the proposed approach. Specifically, the
standard deviations of theGaussianwhite noises considered are listed
in Table 4.
For each value of uncertainty, 1000Monte Carlo simulations were

performed to evaluate their effect on the moments of inertia estimate.
Then, an additional 1000 simulations were performed, in which all
the uncertainties were considered. The results from all simulations
are listed in Table 5. Specifically, it can be noted that even when
considering the combined effect of the uncertainties, a 20% accuracy
can be obtained, withmajor contribution due to the uncertainty on the
knowledge of the instantaneous attitude. Also, a histogram showing
the distribution of the estimation error over the 1000 simulations is
shown in Fig. 3 for the case including all the uncertainty where it can
be noted that in the worst case the moments of inertia are estimated
with an error of 70%.

IV. Experimental Results
To assess the performance of the proposed mass estimate

approaches, experimental data were also analyzed (Fig. 4).
Specifically, the mass has been estimated with Eq. (7) and com-

pared to the real mass for two different fragments whose trajectories
were been tracked by stereovision systems.
Figures 5 and 6 depict the time variation of the estimated velocity,

acceleration (computed with a first-order numerical derivative
scheme), and the area projected along the x direction.
Considering a measured air density on the day of the test of

1.0128 kg∕m3 and assuming a constant drag coefficient equal to
1.2, provided by the [12], a fragment mass of 0.608 kg was estimated
following the approach presented in Sec. II.A. 3The real mass of the
fragment 0.604 kg, yielding a 0.68% estimation error.
A second test was conducted using a fragment of 0.01737 kg.

Utilizing the data obtained by the stereovision system, the mass of
this fragment was estimated to be 0.0172 kg, yielding a 0.88%
estimation error. The time variation of velocity, acceleration, and
projected area are shown in Figs. 7 and 8.

Table 4 Simulated uncertainty characteristics on
aerodynamic torque, attitude, and angular velocity

Parameter Standard deviation

Aerodynamic torque, N ⋅m 0.001
Attitude, ° 1
Angular velocity, ° ⋅ s−1 0.2

Fig. 3 Moments of inertia estimation errors for 1000 simulations in
which uncertainties on the aerodynamic torque, attitude, and angular
velocity are considered.

Fig. 4 Experimental data: screenshot example of a single fragment video capture, showing the assumed bounding box, estimated velocity, and projected
area vs time.

Table 5 Simulation results for the moments of inertia estimation

Angular velocity
uncertainty

Aerodynamic torque
uncertainty

Attitude
uncertainty

Mean
percentage error,

%

Y N N 5.8
N Y N 4.25
N N Y 15.5
Y Y Y 23.5

AIAA JOURNAL, VOL. , NO. : TECHNICAL NOTES 5



Fig. 5 Time variation of velocity (right) and acceleration (left) of the fragment along the inertia x axis. Test case 1.

Fig. 6 Time variation of the fragment’s area projected on the inertial
x axis. Test case 1.

Fig. 7 Time variation of velocity (left) and acceleration (right) of the fragment along the inertia x axis. Test case 2.

Fig. 8 Time variation of the fragment’s area projected on the inertial
x axis. Test case 2.
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V. Conclusions
This paper presents a strategy to estimate both mass and inertia

parameters of a fragment deriving from an explosion, which can then
be utilized to evaluate weapon characteristics or the impact and the
danger of the fragmentation of objects (e.g., buildings, cars, bridges)
due to an explosive event. In the scenarios under study, all fragments
were tracked by multiple stereovision systems, capable of estimating
each fragment’smotion state (position, velocity, attitude, and angular
velocity) and their area perpendicular to the cross-boresight direc-
tion. Using these estimates, this paper presents a strategy to estimate
the mass properties, considering some simplifying assumptions.
Specifically, the estimate of the mass relies on the second principle
of the dynamics in which the gravity and the drag have been consid-
ered as the only external forces acting on the fragment, leading to a
linear equation in which, after adopting a simplified model to deter-
mine the aerodynamic force, the only unknown parameter is the
mass. However, the known parameters of the equation (i.e., velocity
and cross-sectional area) are affected by uncertainties from the
processing of the stereo images. Therefore, a linear system based
on multiple observations has been solved to reduce the effect of the
noise of the measurements on the mass estimate.
Regarding the estimation ofmoment of inertia matrix, an approach

similar to a vision-based inertia estimation of space debris was
adopted. However, in this proposed method, the fragment cannot
be considered a freely tumbling rigid body since the effect of the
external torque on the rotational motion cannot be neglected. In this
case, the system is not homogenous, and the complete moment of
inertia matrix can be determined by solving a linear system based on
the expression of the angular momentum vector in the inertial frame.
In the rotational motionmodeling, the aerodynamic torque is the only
external perturbation considered. Additionally, in this case, a linear
system based onmultiple observations has been built and solvedwith
a least square approach to reduce the effect of the measurements’
noise on the results.
To assess the accuracy of the presented strategies, numerical

simulations were performed by representing the noise of the mea-
surements as white Gaussian distributions to be added to the refer-
ence values. Numerical results show a maximum percent error of
20% for the inertia estimate, while for the 80% of the simulations an
error lower than 50% is guaranteed on the mass estimate. Finally,
some experimental data have also been exploited to assess the
performance of the mass estimation procedure: in the two test cases
presented, the estimation error is below 1%, proving that the uncer-
tainties simulated for the numerical performance assessment were
overconservative; i.e., the modeled uncertainties are higher than the
ones observedduring the experimental tests. Futureworkwill include
more accurate models allowing to reconstruct in a more accurate way
the aerodynamic forces and torques experience by the fragments as
well as the assessment of the performance of the inertia estimation
algorithm with experimental data.
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