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This thesis was conducted to show the ability of Active Rear Toe to control the

understeer characteristics of a vehicle. Active rear toe is the ability to control the angle of

the rear wheels around the vertical axis, allowing the car’s turning radius to change. By

changing this radius, the lateral acceleration can be controlled, therefore the understeer of

the vehicle can be controlled. The controls scheme is a sliding mode control, specifically

a hyperbolic tangent boundary layer and a type 1 zeno controller. The system shows

effectiveness to control the understeer of the vehicle up until limit grip on the tire. Once

this level is achieved, lateral acceleration can only be removed, not added. It is

recommended that ART should supplement controls through the brakes of the car,

allowing for the car to be controlled over a larger range of performance.
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Chapter 1

Introduction

Suspension design and development has changed significantly since the 1920’s
and 30’s when handling and ride quality were first being studied. In 1932, Maurice Olley
made a vehicle called the K2 Rig. The K2 was a large limousine that had an adjustable
center of gravity, CG (Milliken W. F., 2000). After five years of study using the K2 and
early rolling drum testing, Olley published one of the first major reports on suspension
and handling. He stated that for the most part, people preferred vehicles that cornered flat
and not at the extremes of understeer and oversteer. This is the first time the term
understeer was used, but there was mention of oversteer as early as 1908 (Milliken &
Milliken, 1995). In simple terms, understeer is the tendency for a vehicle to push through
a corner, requiring more steering input to remain on the desired course. Oversteer is the
tendency for the back of the car to slide more (drift) and will require less steering input to

remain on the desired path.

Problems with Controlling Understeer

It was determined that on a conventional suspension, the understeer gradient is
determined by the normal force and the lateral tire stiffness, for the linear region on a tire.
Both of these factors have different design constraints. For example, normal force on the
tires are effected by the CG position, stiffness of the various components, and for
transient conditions the damper tune as well. The understeer for a car without active

chassis controls is shown in Figure 1.1.



L

————————————— 2x 513/
o
-]
o
< L
T Neutral Steer 57.3 7 —
3
n

| \Critical Speed
Characteristic Speed | l
o b,

Speed, U

Figure 1.1: Understeer plot for a non-active traditional suspension (Gillespie, 1992).

Often times in a production car, the CG is determined by package space while the
springs and damper both effect ride quality and are sometimes constrained by geometry
as well. This means that often understeer is not the main design parameter and therefore

an afterthought (Gillespie, 1992).

Four-wheel steering came into fruition in the 1980’s with many of the Japanese
automotive original equipment manufacturers (OEM). Throughout the 80’s and 90’s,
there were a score of cars equipped with a four wheel steering system; however, the trend
died out with the changing of the millennium; the only remaining four wheel steering
vehicles were long wheelbase vehicles such as the Chevrolet Silverado. The reason for
rear steer staying with these longer vehicles is it allows for the car to be more

maneuverable at low speed, decreasing the turning radius (Severson, 2015). Fortunately,



as technology has become more advanced, rear steer has started to return to the industry

as part of the advanced driver assistance systems (ADAS).

Purpose Statement

The purpose of this study is to show that active rear toe is a viable option for
controlling the understeer gradient of a passenger car and can function as part of the

ADAS system.

Thesis Organization

Chapter 1

The first chapter introduces understeer and the problems controlling it and

provides the thesis statement.

Chapter 2

Chapter 2 is a literature review of causes and effects of understeer for a traditional
vehicle. Followed by history and modern application of active rear toe and four-wheel
steering, and the available controls systems and theory that could be applied to
controlling the understeer of a car. Finally, the different types of models available for

simulating active rear toe.

Chapter 3

This chapter also presents detailed analysis of the active rear toe (ART) controller
as well as the control strategy used in the simulation. This section presents a 9 DOF

vehicle model overview suitable for control system development.



Chapter 4

Within this section, the results and validation are discussed. The model is
validated based of a typical production car doing a constant steer turn. The physical tests
are then compared to the simulated results. From there, the ART is enabled on the 9DOF

model and the results of the ability to control the understeer are shown.

Chapter 5

The conclusion summarizes the effectiveness of understeer control using active
rear toe. The report will also explore areas for improvement of the model and further

study into additional control strategy and implementation strategies.

Definitions of Terms

PID Controller A form of classical control using a proportional, integral,

and derivative term.

a (alpha) Slip angle, the angle between the direction the tire is

pointed and the direction of travel for the tire.

Slip Ratio The ratio between the speed a wheel with torque applied

and the speed of a free spinning wheel.

List of Acronyms

ART Active Rear Toe

ADAS Advanced Driver Assistance System



SMC Sliding Mode Control(er)

S.R. Slip Ratio

SAE Society of Automotive Engineers



Chapter 2

Review of the Relevant Literature

In the following chapter, the thesis will explore research and studies relevant to
understeer control and active rear toe. It will begin with a delve into understeer’s causes
and effects. Then uses and applications of ART and how the proposed thesis fits with the
current trends. The next section discusses the different types of control methods available
and why sliding mode control was chosen for this controls strategy. The final section is

about the different types of vehicle models available.

Causes and Effects of Understeer of a Four Wheel Car

There are two main dynamic broad driving conditions of a car, low speed and
high speed. For low speed turning, the steering motion is determined predominantly by
the geometry of the car because tire slip is not present. Because the steering is set by

geometry, the following equation is applied and is valid for small steer angles.
L
Sack = - (1)
Where:
S4cr = Front Wheel Angle with Respect to the Body

L = Wheelbase

r = Turning Radius



Figure 2.1 illustrates the Ackermann steer angle for a bicycle model (Milliken &

Milliken, 1995).

L 4 {
i Oray = %
£ ¢
R R
Turnil nt
I 4/ urning center \
(@) (b)

Figure 2.1: Low speed steering motion, note larger o for longer wheelbase.

On a production car, the other term used in conjunction with steering is
Ackermann. A true Ackermann steering is one where the inside and outside wheels use
different steering angles so that the car turns around the same turning centroid. This is

shown in Figure 2.2.
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Figure 2.2: lllustrating varieties of the Ackermann steering(a) Ackermann Steering

(b) Parallel Steering (c) Reverse Ackermann

As the figure shows, there are different types of Ackermann steering. These
different types come into play in more high speed dynamics when the slip angles are non-
zero, weight transfers more than the low speed turns and the nonlinearity of tires effects
the lateral loads. Therefore, the Ackermann percentage changes to maximize the lateral

force generated and the stability of the system (Milliken & Milliken, 1995).

There are a couple of ways to approximate the dynamics of a tire. One of them is
the brush model. It consists of a row of elastic bristles that meets the road plane and can
deflect in a direction parallel to the road surface. This simulates the tread deforming on
the tire and their compliance is representative of the elasticity of the tire. As the tire’s slip

angle increases, the bristles deform more as shown in Figure 2.3.
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Figure 2.3: The visualization of the brush model of a tire (Pacejka, 2012).

There are three main contact patch effects that this captures, lateral force,
longitudinal force, and the pneumatic trail. The trail is the distance from the center of the
tire to the lateral force vector, this creates the self-aligning torque (Mz). As the lateral
force increases, the pneumatic trail decreases. As the graph in Figure 2.3 shows, the tire
eventually becomes saturated and no longer produces more force with increasing slip,

points C and D (Pacejka, 2012).
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During high speed turning maneuvers, the slip angle of the tire begins to affect the
linear relation of steer angle, wheelbase, and turning radius. The equations that determine

the front and rear slip angles are below.

_ Wt

af - Caf gxr (2)
_ Wyt

ar =2 ©)

Where:

as = Front tire slip angle

W: = Weight on front axle

Cur = Lateral front tire stiffness

Vx = Vehicle speed

g = Gravitational acceleration

r = Radius of turn

ar = Front tire slip angle

Wt = Weight on front axle

Caur = Lateral rear tire stiffness



At high speed, the equation for steering angle becomes as follows due to the increased

11

slip angles. The lateral tire stiffness is in used to determine the lateral force. It can only

be used in the linear region of the tire (Wong, 2001).
L
6= -t+ay—a,

L We W, \V,2
5= -+ (_f __T>L
r Caf Car/ g*r

L V,?
6= r+Kusg*r

Where:

We w
Kus = (c2 - 22)
af ar

(4)

(®)

(6)

()

Kus defines the understeer gradient of the car. This number helps to quantify the

car’s steering and it determines the understeer, neutral steer, or oversteer (Wong, 2001).

The three conditions are shown in Figure 2.4.
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NEUTRAL STEER
K,=0

us

Figure 2.4: The effect of understeer, neutral steer, and oversteer on turning radius.

If Ky;s = 0, the car is considered a neutral steer configuration. This is a
marginally stable condition where both the front and rear tires loose have equivalent slip
angle. A car has understeer when K¢ > 0 and occurs when the front slip angle is greater
than the rear. For the driver, this feels like the car is pushing through the corner and more
steering then neutral steer is needed to achieve the same turning radius. Oversteer occurs
when the rear slip angle is higher than the front slip angle, K < 0. When the car is in an
oversteering condition, less steering angle is needed then a neutral car. This is also an
unstable condition where a controller must actively actuate the steering and/or throttle to

maintain stability (Gillespie, 1992).

Another important parameter to consider is the vehicle slip angle. This is like the
slip angle of the tire, but for the entire vehicle. Equation 8 shows the calculation of the

value.
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B =tan! (Z—i) (8)

Like alpha, beta is the angle between the direction the car is pointed and the
direction the car is going. This is important for judging the amount of rotation a car is
undergoing. For a production car, higher slip angles are undesirable. If a car is slipping
more, the car is more likely to spin and it adversely affects the comfortability of the

passengers in the car (Rajamani, 2012).

Active Rear Toe, History and Application

Four-wheel steering was first released in a production car in the late 1980°s. Since
then, a number of advances in technology have allowed for more complex systems. The
Porsche Weissach division developed a four wheel steering system that relied on the
compression of the suspension bushings. Before this advancement, their cars had a
tendency to toe out under throttle, promoting an oversteer condition. Instead, Porsche
designed the suspension to toe in if the throttle closes, promoting stability in the rear of
the car. This later became common across many different cars from different brands. The
first proper four wheel steering system came in the 1986 Honda Prelude. This system
operated with purely mechanical components. A shaft ran from the front steering rack to
the rear of the car and worked to steer the rear wheels based of front steering angle. It
used a set of offset shafts and gears so that in small angles of steering, it would turn in
phase (same direction as the front wheels) up to 1.5 degrees. However, at steering wheel
angles above 246 degrees, it turned out of phase (opposite direction of the front wheels)
by up to 5.3 degrees. This system, shown in Figure 2.5, reduced the turning radius by 10

feet and promoted on center stability.
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Perspective View of Rear Steering Basic Mechanism of Rear Steering
GearBox GearBox
Internal gear

(1) Offset shaft (3 Internal gear

(Fixed)

Slider

(2) Planetary gear
{Rotated)

Offset pinion
gear
{Ptanetary gear} | )

= Goar box cover / (#)Stroke rod

Stroke rod

Figure 2.5: The mechanical rear wheel steering system from the 1988 Honda

Prelude.

The next improvement in rear steer actuation came on the Nissan R31 Skyline.
This car was the first car with a computer controlled, hydraulic actuated controls system.
It worked by compressing the subframe bushings, allowing for +.5 degrees of rear steer
actuation. The first electric actuation came with the 1991 Honda Prelude. This system
replaced the shaft from the front steering rack with an electric motor reducing weight and
complexity. Active rear toe became far less common with the changing of the
millennium. It was used on very long wheelbase cars and trucks to reduce the turning
radius, like the Chevrolet Silverado. It was hard for the OEM’s to substantiate the costs

of adding the system to other vehicles (Severson, 2015).

Rear steering has begun to return to production cars. Some of the newer cars from

brands like Audi, Porsche, Infiniti, and Honda produced computer controlled,
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electronically actuated rear toe systems. With these new, modern systems, there are two
main types. There are systems that use a gain based actuation using steer angle and
vehicle speed to choose the amount of rear steer. In-phase or out of phase direction is
thresholded with speed. This would promote maneuverability at low speeds while
allowing for greater stability at high speeds. The other type actively tries to control a
specific dynamic of the car. An example of this that is currently in production is direct
yaw moment control (DYC). With DYC, the system actively controls the yaw moment of
the car, improving handling and safety in vehicle motion with larger slip angles and
higher lateral accelerations. These controller strategies have could be achieved through a
greater understanding the dynamics of a tire and the overall vehicle dynamics, as well as

an application of modern sensing and computing technology (Abe, 1999).

Independent Rear Toe Actuation

Another advancement came in the form of independent toe control using
independent actuators. In industry, the term rear steer has grown to mean a central
actuator and active rear toe for independent control. This allows for an adjustable
Ackermann and can help make up for actuator deficiencies in both speed and power. For
instance, if the controller needs to yaw the car, then it can toe out the rear wheels,
promoting instability and allowing for the yaw to be achieved. An example of this
independent control is the ZF AKC (active kinematics control). This replaces the toe link

on a multilink suspension with an electronic actuator, shown in Figure 2.6.
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Figure 2.6: The ZF AKC Actuator and the standard link it replaced.

The AKC system is designed to aid in yaw damping at high speed and shorten the
turning radius, aiding in maneuverability at low speeds. Another advantage to this
approach is it also allows for the car to not have a kinematically defined bump-toe profile
which has many advantages. For example, instead of spending the time and money to
develop a complex multi-link suspension, one could use a cheaper and simpler style and
then use the actuator to determine the bump toe characteristics. Using independent
actuation also helps to improve the tire wear and the efficiency of the car since it allows
for the wheels to be set straight, if stability is not a concern. It also allows for greater
directional stability and performance. Now, the system is able to compensate for split p

conditions on the road surface and banked turns where one tire sees more load. One of



17

the downsides to this style is it increases the unsprung mass of the car and is sometimes

difficult to package (Wiesenthal, Collenberg, & Krimmel, 2008).

Different Controls Methods Available

In the world of controls, there are two main studies, classical and modern
controls. The only classical control scheme that was considered for controlling the rear
toe is the PID (proportional integral derivative) controller. The controller has three main
parts denoted by the terms. The proportional is a linear gain based off the error, the
derivative term is based off the derivative error and damps oscillation. The integral term
builds over time and rejects building error, removing any steady state offset, like an
offset. However, the PID has some issues in this application. To start with, the controls
are linear and symmetric, therefore if less actuation is needed to remove understeer then
to add understeer the controller is not as effective. One of these nonlinearities is the force
generated by the tire as slip angle increases, which is what the actuator is controlling. PID
also has issues adapting to unknown nonlinearities. For a car, that works out to only
being able to properly control the car when it is not at the limits of performance.
Furthermore, it will have trouble adapting to rapidly changing conditions such as a

different road surface friction since the gains are normally fixed (Araki).

In the study of modern controls, there were two styles considered for controlling
the understeer using ART, robust and adaptive control. Both of the controls strategies

have their advantages and disadvantages.

Adaptive controls started being studied in the 1950’s for use in the autopilot

systems of aircraft. They work by automatically adjusting the controller parameters to
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deal with changing dynamics in the system. Adaptive controls are popular in robotics,
aeronautics, and power systems fields. For example, the controller must adapt to
changing fuel mass in an aircraft, or a robotic arm lifting parts of different masses.
Adaptive controllers do still have their issues. They tend to have a harder time rejecting
fast changing disturbances and also suffer from parameter drift. If there are uncertainties
that appear periodically, the controller can incorrectly compensate for them resulting in a
parameter that will drift and will eventually become divergent. This is shown in Figure

2.1.
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Figure 2.7: The effect of parameter drift in causing instability (Slotine & Wieping,

1991).

The main cause of this type of error comes from measurement noise and does not

normally effect tracking accuracy until the instability occurs. This can be remedied by



19
applying a dead zone around the noise, but if the signal to noise ratio is too low then

valuable information can be lost (Slotine & Wieping, 1991).

Robust controls are much better at dealing with uncertainties and noise than
adaptive controllers. There are two kinds of uncertainty, structured and unstructured.
Structured or parametric uncertainty come from unknowns or inaccuracies in the model.
An example of this is the tolerance on the spring rate for the corner springs of a car or the
specific tire choice of the customer. The other type of uncertainty is unstructured
uncertainty. Both of these adversely affect the ability to control the model. Robust

controllers are designed to help deal with these uncertainties. According to Slotine,

In principle, adaptive control is superior to robust control in dealing with
uncertainties in constant or slowly-varying parameters. The basic reason
lies in the learning behavior of adaptive control systems: an adaptive
controller improves its performance as adaptation goes on, while a robust
controller simply attempts to keep constant performance (Slotine &

Wieping, 1991).

Because variations in road conditions, normal loads, model unknowns, and
nonlinearities in the tire can cause a large effect on the performance of the controller,
robust control is superior. This is because the controller attempts to maintain
performance, no matter the conditions. For the problem of controlling the understeer of a
car, a form of robust control called sliding mode control (SMC) is applied. SMC is one of
the more computationally simple forms of robust control. It is designed to provide an

approach to the problem of maintaining stability and constant performance in the face of
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model imperfections. Sliding mode does this by trying to maintain its position along a
sliding surface, denoted by S(t), by switching between positive and negative states.

Figure 2.8 shows the graphical application of this theory.

S(1)

Figure 2.8: Switching between positive and negative control to reach the switching

surface.

The sliding surface is the desired function and its error is driven to 0. This is
accomplished by switching between two states. Ideally, these states are exactly opposite
of each other. For trying to control active rear toe, the two states are turn the rear wheels

left or right.

For the purposes of controlling understeer, the error in Ay is used to determine
S(t), and the actuator is steering the rear wheels left or right to achieve the desired Ay.
Ideally, once the controller reaches the sliding surface, it remains on the surface as shown

in Figure 2.9. This is known as exponential convergence.
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Figure 2.9: Exponential convergence of a sliding mode controller.

However, this is not normally the case. Often times, an imperfect actuator or
system noise will result in a phenomena known as chattering. Once the sliding surface is
reached, the switching of states is often delayed, therefore the value oscillates around the

sliding surface instead of riding on the surface. This can be seen in Figure 2.10.

chattering

Figure 2.10: The graphical representation of chattering around the sliding surface.
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Fortunately, there are ways of negating or solving the chattering problem (Slotine

& Wieping, 1991).

One of these solutions to the chattering issue is called the boundary layer solution.
It was developed by Slotine and Sastry in 1983 and allows for a region that the switching

does not occur. This is written mathematically in the equation below.

|S(t)| > &, sat(S) = sign(S) 9)

Where:
S(t) = Switching surface
€ = Boundary around the switching surface

Everything inside this region is continuous. Another way to consider this

is with a linear piecewise function.

~ Msign(S(t)) for |S(H)| > ¢

u(®) = %S(t) for |S(t)| < € (10)

Where:

M = Proportional gain

M= Linearly proportional feedback gain

&
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S(t) =Switching surface
€ = Boundary around the switching surface

In simulation, a hyperbolic tangent is used to accomplish the boundary layer
strategy. This allows for the sign(S) to function outside a threshold with a continuous
interior section (Utkin, Guldner, & Shi, 2009). There is greater detail about how this is

setup in Chapter 3.

Different Types of Vehicle Models

There are many different variations to a vehicle model. From very basic point-
mass, friction circle models to n-DOF (degree of freedom) models that account for the
individual parts of a suspension. For the purpose of this thesis, the models studied are

limited to a bicycle model, a 9 DOF model, and a 13 DOF model.

A bicycle model is a very common type of vehicle model. They are normally 3

DOF, representing Ay, Ax, and ) (lateral acceleration, longitudinal acceleration, and yaw
rotational acceleration, respectively). Also, these models normally use a linear tire model
without a suspension and ignores lateral load transfer. Since model accuracy comes with
added complexity, a bicycle model is computationally simple. Because of this, they are
able to run faster than a more complex model and therefore are used in many controls
systems, such as yaw stability, side slip, and trajectory control. This style model works
very well for most driving situations when the car is not at the limits of the tire and in a
quasi-steady state condition. This is because one of the main deficiencies in this type of

model is their linear nature, which limits the ability to model tires. Luckily, it is possible



to make linear models for the tires, with added computational complexity. One way is

using fuzzy logic feedback to tune the front and rear C, to better cope with the linear,

decreasing, and saturated sections of a tire. Another way is using a variable piecewise

function to describe the nature of a tire. This is shown in Figure 2.11.
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Figure 2.11: Linear piecewise approximation of a Pacejka Magic tire model.

This style is able to split the nonlinear tire force curve into linear segments and

can also adapt to changing normal loads to update the lateral and longitudinal force

output of the tire (Ren, Shim, Ryu, & Chen, 2014).
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The next level model is a 7 DOF model. For the most part, these are rigid body
models so they do not account for Az of the vehicle frame or wheel assemblies. For the 7
DOF model, there are still inaccuracies due to the lack of a suspension and its rigid body;
however, it allows for a rotational subsystem and more accurate tire models. Since the 7
DOF model has four rotating assemblies, torque can be added and removed from each
wheel independently as well as the ability to change the slip of the wheels by turning
them around their z axis. This allows for more complex powertrain models and
longitudinal controls strategies. Although a bicycle model can support rear steer, since it
only turns one wheel, it limits the functionality of the system to being one with pure
Ackermann steering all the time. It is the addition of the wheel assembly’s 4 DOFs
(spinning of the tire) that allow it to become a very useful model. It can also handle the
nonlinearities of a tire. The most common way to do this is with the magic equations, first
postulated by Pacejka in 1993 and expanded on into the 2000’s. These sets of equations
are a way to approximate the nonlinearity of a tire. They were also shown in Figure 2.11.
The inputs for these equations are tire normal force, slip angle, and slip ratio. Their
output is the longitudinal, lateral force, and aligning torque generated by the tire

(Rajamani, 2012).

The model can always be complex, there can always be more degree of freedoms
added and more systems modeled. 13 DOF models, for example, can handle suspension

movement and nonlinearity from the dampers. Figure 2.12 shows a high DOF model.
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Figure 2.12: All the major degrees of freedom associated with a 13 DOF model.

These models can be used to accurately model the dynamics of a vehicle and are
often used as a design the vehicle before time and resources are committed to real world
testing and validation. However, due to their computational intensity, these are rarely
used in control systems with the exception of controller training. (Louis & Schramm,

2012)
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Chapter 3

Model Development

This chapter will discuss the vehicle model used in the 7 DOF simulation. There
are two main sections of the simulated vehicle. The first section is the vehicle model, this
includes all the components to simulate the 7 degrees of freedom, the Pacejka tire model,
and the driver model. The 7 degrees of freedom are acceleration in X and Y, rotation in
Z, and rotation of each of the four wheels. The second section of the model is the rear toe
controller. It calculates all the necessary parameters for the rear wheel steering and then

applies the controller to dynamically control the understeer of the car.

Vehicle Model

The vehicle model follows the SAE (Society of Automotive Engineers)
convention for its coordinate system. It was formed in 1994 and documented in
SAEJ670. In this convention, the Y positive is direction is out the right side of the car,

shown in Figure 3..
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Figure 3.1: The SAE coordinates as stated in SAE J1773.
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This system is similar to the conventional right hand rule; however, it is rotated
180° around the X axis (SAE International, 2008). The simulation also uses vector
notation to denote all four wheel assemblies. In the vector, they are ordered as follows:
Front Left, Front Right, Rear Left, and Rear Right. This allows for simpler computation
when the same calculations need to be performed on the wheel assemblies. The vehicle
model is composed by 6 main subsystems, normal force estimation, aerodynamic force
calculations, longitudinal controller, wheels and tires, sum of forces and moments, and a

coordinate transform.
Normal Force Estimation Subsystem

The 9 DOF model is a rigid body model, however it still accounts for the effects
of weight transfer due to the acceleration in the X and Y direction. The normal force is

v [O-GE O O me
v [O)-OEN G- Gl m o
v [0 OE OO me
v O+ Q@G- me



29

Where:

N = Normal force on front left tire (N)
N# = Normal force on front right tire (N)
Nrn = Normal force on rear left tire (N)
Ny = Normal force on rear right tire (N)
a = Distance from CG to front axle (m)
b = Distance from CG to rear axle (m)

¢ = Distance from CG to left wheels (m)
d = Distance from CG to right wheels (m)
H = Height of the CG from ground (m)
L = Wheelbase of vehicle (m)

T = Track width of vehicle (m)

A, = acceleration in Y direction (m/s?)
Ax = acceleration in X direction (m/s?)

This section accounts for the weight transfer. Due to the rigid body, the weight

transfers instantly so it does not capture the transient effects of turning and is only valid
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assuming all spring rates are the same. This is because there is no damping in the system.

There are also no springs so oscillation does not occur.
Aerodynamic Forces Subsystem

This system augments the normal force calculations on the tires and produces a
force in the negative x direction to account for drag force. At lower speeds, the
aerodynamic forces are very small and contribute little to the dynamics of the car;
however, at higher speeds their effects start to become more apparent. The equations are

shown below.
FL=.5%AxpxCl+Vx? (15)

Fd =.5+A*p*Cd * Vx? (16)

Where:
Fi = Force in Z direction (lift) (N)
Fq = Force in X direction (drag) (N)

A = Frontal area (m?)
p = Density of air (%)
Vx = Vehicle speed (m/s)

Cq = Drag Coefficient
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Ci = Lift Coefficient

This subsystem accounts for the height and longitudinal position of the CG
position. Because of the height, a moment is generated and changes the application of
force to the wheels because the drag of the car also effects the normal loading on the

tires.

Longitudinal Controller

This controller has two parts. The first part is a sliding mode controller used to
keep the car at the initial speed set by the setup code. This is necessary for doing constant
speed turning maneuvers because the slip angle of the tire will cause the vehicle to slow
down. Since the lateral acceleration is determined by V,?, this change in speed causes a
fluctuation in the lateral acceleration, effecting the understeer of the car. The other
section is used for model validation. It imports vehicle speed using a lookup table where
the test speed comes from the testing data and the time is the input to the table. This is

sent into the sliding mode controller used in the initial sliding mode.

Wheels and Tires Group

The wheels and tires group is responsible for all of the computations governing
the dynamics of the tires. There are four subsections under the wheels and tires group, the
tire velocity calculator, slip angles and slip ratios, the Pacejka tire model, and the
rotational subsystem. In this group, vector notation is used to show the calculation for all
four tires. Each of the tires have their own unigue coordinate system as shown in Figure

3.2.
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Figure 3.2: The coordinate frame for each of the tires.

Tire Velocity Calculator

Due to the fact that the tires are not all in the same position with respect to the
center of rotation of the car, when the car yaws, the speeds are not the same for each tire.
This works by taking the cross product between the yaw rate of the car and the distance
to the tire from the center of gravity in both lateral and longitudinal coordinate tire
directions. This yields the velocity of the tire in the body coordinates, with respect to the
CG of the car. This velocity vector is then added to the velocity of the car in the X and Y
directions, yielding the total velocity of the wheels. This is shown mathematically below

for the front left wheel.
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Vx

Vx
= tw,X[a T (17)
VYL tire [Vy CG 2| /2|
Where:

rad
S

oz = yaw rate of the car ( ec)

Slip Angles and Slip Ratios

This subsystem calculates the slip angle of all four tires. It compares the angle the
tire is traveling with the angle the tire is turned. This is the slip angle and shown below

mathematically.

a =46 — tan (%) (18)

Vxtire
Where:
a = slip angle of the tires (rad)
& = steering angle of the tires (rad)

The other calculation performed in this subsystem is the slip ratio calculations.
This slip ratio is responsible for the longitudinal force generation of the tire and is the
percent difference in speed between a free rolling tire and one with torque applied, as

shown in equation(19).
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T'tire*®tire—VXtire (19)

g, =
X
Vxtire

Where:
o, = Slip Ratio of the tire
Tiire = rolling radius of the tire (m)

w¢ire= rotational speed of the tire (rad/sec)

Pacejka Tire Model

The two parts to the Pacejka model used in the 9 DOF model are the pure slip
magic equations and the combined slip equations. The pure slip equation is the 1994
magic equation. In this model, the lateral force generation does not affect the longitudinal
force, unlike the actual behavior of the tire. Inputs to this equation are normal force, slip
angle, and slip ratio and its outputs are lateral, longitudinal force, and aligning torque.
The combined slip equations were developed in 1996 and cause the lateral and
longitudinal forces to effect each other. Using this equation, the lateral force peak is
diminished if the longitudinal force is higher, or vice versa. There are six constants that
determine the load forces and torques produced by the tire. Equation (20) is written
generically because it is the same equation with different constants for Fy, Fx, and Mz

calculations.
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y = D = sin[C * arctan{B * x — E(B * x — actran(B * x))}] (20)

With

YX) =y +5, (21)
x=X- S, (22)

Where:

Y = The Output Variable, Lateral Force Fy, Longitudinal Force Fx, and aligning

moment Mz

X = The Input Variable: slip angle or slip ratio
B = Stiffness Factor

C = Shape Factor

D = Peak Value

E = Curvature Factor

Sy, = Horizontal Shift

Sy = Vertical Shift

The D values determines the peak force or torque generated by the tire at the specific
normal loading condition. C is the shape factor and it controls the range of the sine
function. The stiffness factor is B and it helps to determine the slope of the curve near the
origin. The product of BCD determines the slope of the curve at the origin, this is also

C,. S, and Sy, are offsets and account for ply-steer, conical effects, and rolling resistance
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that can cause a change in the forces generated by the tire. Finally, E adjusts the slope of

the curve near the peak force where the tire is very nonlinear. This relation is shown in

Figure 3.3.
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Figure 3.3: The relationship between the constants in the Pacejka Model.

The constants are normally represented by vectors so they can change with the
normal loads applied to the tire. Most of the time, tires will generate more force with an
increase in normal load, but there is an overall peak to the force possible. The shape of

the curve also changes with normal loading (Rajamani, 2012).
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Rotational Subsystem

The rotational subsystem is responsible for computing the rotational speed of the
tires. It does this by summing all of the torques applied to the rotating assembly in this
model. The first is the rolling resistance of the tire. Rolling resistance is the force
required to maintain forward or rearward movement of the loaded pneumatic tire. The
tread and underlying plies account for 2/3 of the rolling resistance of a tire while the
remaining energy is absorbed by the sidewall and bead area (Tire Tech, 2017). The

viscoelastic bending, stretching, and recovering is accounted for by the equation (23)

Trr = F, % [y * Tyire (23)
Where:
T, = torque due to rolling resistance (N*m)
U, = rolling resistance coefficient

Another thing that is accounted for in the rotational subsystem calculations is the
drivetrain loss associated with the spinning wheel assemblies. This is a somewhat generic
assumption that accounts for the frictional losses in the half-shafts and wheel bearings.
From there, the sum of torques is applied to each of the wheels and once the inertia of the
rotating assembly is divided out, the angular acceleration of the wheel is determined.
First integral is applied and the wheel speed is established and used as an output for the

slip ratio calculations.
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The output of the wheel and tire assembly is the longitudinal and lateral force
generated by the tires. Forces are fed into the sum of forces and moments subsystem for

further calculations.
Sum of Forces and Moments

The longitudinal and lateral forces generated by the tires are in the coordinate
system defined by the tire. In order to get the Fx and Fy to align with the vehicles
coordinate system, a coordinate transform is necessary. A transformation matrix is used
to change the forces to the body fixed coordinated. This process is shown in equation
(24).

cos & —sind]’

24
[Fy Body sm6 cos & [Fy tire 24)

With the forces in the body fixed coordinates, the torques caused by the tires can
also be solved for using the cross product between the forces and the distances to the tires
in X and Y. After the torques have been solved for, the vehicle’s Izz inertia is divided out
and the integral is taken. This gives the yaw rate of the vehicle. To calculate the
acceleration of the vehicle, the force in the component directions is divided by the mass
of the vehicle. This is the absolute acceleration of the coordinate frame in the body fixed
coordinates. To find the true accelerations of the vehicle, equation (25) is applied.

e
Vol

[V" 0 “”] 25)

Vy+V,*w,
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The accelerations and velocities are then used as an output for the sum of forces.
The accelerations are used in the normal force calculations and the velocities and yaw

rate are used in the coordinate transform group (Rajamani, 2012).

Coordinate Transform

Up until this point in the simulation, the forces have been with respect to the tires
or the body of the car. In order to get the position of the car in global coordinates, another
coordinate transform must be made. This system applies equation (24) but instead of
using steering angle to perform the transform, yaw angle (y) is used. This will get the
velocity of the car in the global coordinate system and an integral can be used to get the

position of the car.

Rear Toe Controller

The rear steer calculations are comprised of four main sections, understeer

calculations, error calculations, controls logic, and the Ackermann calculator.

Understeer Calculations

This system performs the understeer calculations for the controller. The inputs to
the group are kinematic turning radius, yaw rate, front wheel steering angle, and the
longitudinal velocity. The first thing to be computed is the actual turning radius of the

car. This is done by applying equation (26).

r=-—= (26)

Wz

Where:
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r = radius of the turning circle (m)
This equation is used because it will capture the sliding nature of the car since it
accounts for both the velocity of the car and the rate at which it is rotating. Using this

equation, the lateral acceleration of the car, in units of g, is found.

V2

Ay @) = G (27)

Where:
ay () = lateral acceleration (g)

Using the unit of g for the lateral acceleration is important because the standard

notation of the understeer gradient is d% (Reza, 2008). The understeer gradient is

calculated using equation (28).
Kus = <E> * (ﬂ) (28)
y(g) n
Where:
Kus = understeer gradient (deg/g)
&y = front steering angle (rad)
Trin = Kinematic turning radius (m)

The kinematic turning radius is used in this equation because the f part of the

steering equation, (6), defines the low speed dynamics of the vehicle where the vehicle

slip is negligible. This is a value that is simple to calculate in simulation; however, the
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turning radius is very hard to calculate accurately due to sensor limitations in most

production cars.

Error Calculations

The error calculation is primarily composed of the lateral acceleration lookup

table. This is the table that allows for understeer control by comparing actual lateral

acceleration of the car to the desired acceleration. In a traditional car, the understeer

increases linearly until higher lateral g cause nonlinearities in the dynamics. This is

shown in Figure 3.4.
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Figure 3.4: The influence of lateral acceleration on the understeer of a car.

Most production cars are designed to understeer as they approach limit grip

because this is a stable condition. However, there are some conditions that tend to cause
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oversteer and as previously stated, often times the understeer of a car is an afterthought of

the suspension design (Gillespie, 1992).

To control the understeer of the car, the acceleration is controlled. This is because
the acceleration is much easier to calculate in a production car then the understeer
gradient. To increase or decrease the understeer gradient, the slope of the curve shown in
figure is adjusted by changing the amount of lateral acceleration per given steering input.
the actual lateral acceleration is compared to a two-dimensional lookup table containing
the desired acceleration values for the range of speed and steering angles the vehicle is
capable of. The table is determined by simulating the car with three different CG
positions, 45% front, 50% front, and 55% front and a step steer input at a defined speed,
causing the car to turn in a circle. Once steady state is achieved, the lateral acceleration
and Kus are recorded. The lateral acceleration is shown for the 50% front case in table

3.1 and the others are shown in Appendix Al, B2, and B3.
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0.5
0.5
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0.4
=14
0.8
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0.5
0.4

0.4
0.3
-0.7
-T.4
-T.8
-B.1
0.0
6.1
7.8
7.4
0.7
-0.3
-0.4
-0.4
-0.5
-0.5
-0.6
-0.6
-0.7
-0.7
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0.3
0.8
0.5
0.8
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0.5
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The lateral acceleration output table for the 50% front weight

distribution.

On this table, the sections colored in green and red are higher lateral
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0.6
0.6
0.5
0.5
0.4
0.4
0.3
0.3
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0.4
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0.z
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0.0
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6.5
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-0.4
-0.3
-0.3
-0.3
-0.4
-0.4
-0.5
-0.5
-0.6
-0.6
-0.7
-0.7
-0.8
-0.8

accelerations. The outliers (the opposite colored sections) are because the car is unstable,

beyond peak tire grip, and therefore should be ignored. The control map used for active

rear toe combines the favorable portions of all three lateral acceleration surfaces. It is

based off the 55% forward table because it is stable; however, it smooths out the
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variations at higher speed. It also extrapolates the table into the region where the tires are
saturated at high speed and turning. This region is not one that cars operate in but the
table can account for it and it is better to try to control the car. Acceleration is used
instead of the understeer gradient because the lateral acceleration of the car is less
sensitive and is therefore easier to control. Also, on the actual car, the understeer is a
harder thing to calculate because there are more measured values needed and more
uncertainty in the calculations; but the lateral acceleration is calculated using the
accelerometer and not derived from any data. The control surface along with the other

tables, is shown in Appendix Al, B2, and B3.

Controls Strategy

There are two main controls strategies applied to the model in order to control the
understeer of the car, PID and sliding mode. There are also two forms of sliding mode

control applied to the model, a switching and a hyperbolic-tangent model.

The PID control is used in the rear toe controller for model validation and the

linear region of the car. The controllers control loop is shown in Figure 3.5.

[Vx, Front Steer Angle] (m/s, deg)

!

Ay 2D Lookup PID o Vehicle
Table Desired Ay Ay Error Controller Rear Steer Model Model
(m/s*2) (m/s”2) Angle (rad) Output
Actual Ay (m/s"2)

Figure 3.5: The Controls loop for the PID Controller ART system.
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Because of the simplicity of the controller, it is a powerful controller for making

sure the model is operating correctly. Simulink applies equation (29) for the PID control.

Cpar(S) = [P +1 G) +D (ﬁ)] (29)

s+N

Where:

P = Proportional gain
| = Integral gain

D = Derivative gain
N = Filter Coefficient

This controller works well when the car is at low speeds and the nonlinear effects
of the tires are minimal. An advantage this has over the more robust sliding mode is there

is no chattering using this controller (Mathworks, 2017).

The first type of sliding mode control is the type 1 zeno controller. This controller
is defined by a switching surface g(x) = 0. In this controller, there are also two

functions, f; and f,, shown in Figure 3.6.
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dg -
dx f.

o

glr) >0
/i
glx) =0

glx) <0

Figure 3.6: The f4 and f, funtions and the switching surface.

Sliding along the switching surface occurs if the inner product between the
gradient of g(x) and f, is positive and the inner product between the gradient of g(x)

and f; is negative.

T T
2 f;>0and L «f; <0 atg(x)=0 (30)

This multiplication of the derivative of g in the direction f is known as the Lie
derivative and is notated as Ls,. The speed along the sliding surface is determined by

equation (31).

X =01f1+0:/2 (31)
Sliding occurs when g = 0||Z—“Z = 0. Applying this to equation (31) yields the

following.

dg dg. d
d—‘ZZ d—‘zx = d—Z(01f1 + 02f2) (32)
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d
d—f =0=04Ls 4+ 02L5,, (33)
_ Lflg
0'2 = —Glg (34)

Since x must remain positive, a; and g, can be solved for and the following

statements can be made.

01,0, =>0andoy+0,=1 (35)

For the controls strategy of using sliding mode control to turn the rear wheels of a
car, equation (35) sets what the gains for the positive and negative controller can be. As
mentioned above, this controller is a type 1 zeno, meaning it switches an infinite number
of times in a finite time interval (Zhang, Johansson, John, & Sastry). The switching
nature of the sliding mode control allows it to following the sliding surface, shown in

Figure 3.7.

T = fi(z)

glx) >0 glr) <0

T = fa(x)

Figure 3.7: The switching nature of a type 1 Zeno sliding mode controller.
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Using this strategy, it is possible to have a controller that compensates more in
one direction than the other. For example, if the car has a tendency to oversteer, a smaller
gain is needed to accomplish an oversteer maneuver and therefore the gain for the

understeer can be higher (Egerstedt, 2000).

Due to the instant switching nature of this controller, it does suffer from chatter
issues. To deal with this issue, a hyperbolic tangent is used. The hyperbolic tangent has a
domain of [—oo, o], but its range is constrained to [-1,1]. It is asymptotic to its range, but
the transition between the positive and negative ranges is a smooth transition shown in

Figure 3.8

[EA ol

Figure 3.8: The hyperbolic tangent as y=tanh(x).

When this smooth center section is applied to a sliding mode controller, the
control effort lowers as g — 0 and smoothly increases as g increases. There is a gain
placed before the hyperbolic tangent, this determines the boundary layer of the system by

applying the following equation.



49
u = ntanh (%) (36)

Where:

u = Control output

n = Gain on controller

S = Controls Input

BL = Boundary Layer of the controller

Using the boundary layer, errors under three times the boundary layer are reacted
roughly linearly, however the function behaves like a signum above the boundary layer.

This is very similar to the behavior of the equation shown in equation (10) (Deyer, 1979).

Unlike a PID controller, a sliding mode conller can not run off the remainder
between the desired value and the actual value. If this is used, as error goes to 0, the

control input also goes to 0, instead, a term S is used. Equation 37 shows how S is

calculated.
S=X+1+X (37)
With
X = Ay — AY desired (38)
Where:

S = Input to the Sliding Mode Control

A = The First Derivative of the Desired Lateral Acceleration
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To implement the sliding mode controller, a different controls loop must be

applied as shown in Figure 3.9.

[Vx, Front Steer Angle] (m/s, deg)

L Ay 2D Lookup : Sliding S}Jrf. - Sliding Mode Vehicle
Table Desired Ay Ay Ermor Generation | Sliding Controller |Rear Steer Model Model
(m/s”2) ‘ (m/s”2) Surface Angle (rad) I Output

Actual Ay (m/s*2)

Figure 3.9: The controls loop for the sliding mode controlled ART.

The main difference between the controller’s loop is the addition of the sliding
surface generation. Without this block, the controller would be very ineffective at

controlling the varying lateral acceleration.

Ackermann for Active Rear Toe

In order to maintain the ackermann steering for the rear toe of the car,
independent control of the rear toe is implimented. This system maintains true ackermann
steering in the rear wheels. It works by first computing the kinematic turning radius of the
car, accounting for front wheel steering angle and the desired rear steering angle. The
kinematic turning center is different then the actual steering center because it does not
account for any slip in the tires. The two radii are similar for low speed dynamics, but the
effects of the slip are apparent when comparing the kinematic radii to the one described
in equation (26). The graphical representation of the kinematic turning center is shown in

Figure 3.10.
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Figure 3.10: The graphic representation of the kinematic turning radius.

In order to calculate the kinematic turning radius, it is broken into its component
directions, and solved for in equations (40) and (41). In order for the equations to be

applicable in both positive and negative steering directions, the sign of the §; must be

accounted for as shown in equation (39).

_ —1for6f>0 39
sgn = 1foré;<0 (39)

: (40)

- tan(sgn+§;)—tan(sgn=&y)

Y = tan(sgn * §,) * X (42)
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With the component directions acounted for, the quadratic equation can be

applied to determine the kinematic radius of the turn.

Since the rear wheels must turn at diffenent angles to achieve the ackermann
steering, equations (42) and (43) are used to determine the necessary steering angles for

the left and right wheels, &,; and §,., respectivly.

— —tan-1 LA
8, = —tan (x_(sgn*(%))) (42)

— —tan-1 y
8, = —tan (H(sgn*(%))) (43)

These two steering angles are the outputs of the rear toe controller. They are then
used directly in the vehicle model to set the toe of rear wheels on the car. The Simulink

block diagrams for the important systems are shown in Appendix A.



Chapter 4

Model Validation: 1SO Standard Testing

In order to validate the 9 DOF model, physical testing is required. A 2007 Honda
Accord on standard tires was used to perform the 1SO4138:1996(E) test. This is a steady
state circular driving test used to quantify the understeer of the car. The 4138 is especially
important to this model because it needs to have proper understeer characteristics. For the

ISO test to be valid, the measurement accuracy must remain in the tolerance specified in

Table 4.1.

Table 4.1: The required tolerance for all the measurements in 1SO4138.

Variable

Typical operating range

Recommeonded maximum error
of the combined transducer and
recorder systom

Steering-wheel angle

Yaw velocity

Sideslip angie
Longidutinal velocity
Lateral acceleration
Steering-wheel torque
Roll angle

- 360° 1o + 360°

~50°s 10 + 60°/s
~15°10 + 15°
0 mds to 50 m/s
- 15 mys? to + 156 m/s?
~30Nm1tw0+30NmM
~15%to 4+ i5°

+ 2%, for angles < 180°
+ 4°, for angles > 180°

+0.5°%s
205"
*0.5m/s
+0,156 mys?
0,3Nm
+0,15°

NOTE — Transducers for measuring some of the histed variables are not widely available and are not in

general use. Many such instruments are developed by users. If any system error exceeds the recommended
maamum value, this and the actual maximum error shall bo stated in the test report (S0e annax A).

The required measurements to perform this test are steering position and lateral
acceleration, the remaining measurements are optional but advised. In order to find the
steering angle and keep the measurements within the required tolerance, an AMT-203

absolute encoder is turned using a 1:1 gear ratio on with a gear fixed around the steering

I-shaft. This setup is shown in Figure 4.1.
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Yaw velocity
Sideslip angle

Longidutinal velocity
Lateral acceleration
Steering-wheel torque
Roll angle

Recommonded maximum error
Variable Typical operating range of the combined transducer and
recorder systom
Steering-wheel angle - 360° to + 360° + 2°, for angles < 180°

~50°s 1o + 60°/s
~15°10 + 15°
0 mys to 50 m/s
=15 mys? o + 15 m/s?
~30NmMmw+30NmM
~15°10 4 15°

+ 4°, for angles > 180°
055
105"
+0.5mfs
+0,15 mys?
$0,3Nm
+0,15°

NOTE — Transducers for measuring some of the isted variables are not widely available and aré not in

general use. Many such instruments are developed by users. If any system error exceeds the recommended
maamum value, this and the actual maximum eror shall ba stated in the test report (S0¢ annax Al

Figure 4.1: The placement of the absolute encoder in the I-shaft. Note, the original

setup used a 1:4 gear ratio as shown here.

The original encoder setup used a 1:4 gear ratio which caused truncation of the

data under high speed turning events, so the fixture has been modified to have a 1:1 gear

ratio. The encoder has an accuracy of .09°, which is within the 1ISO standard and is able to

deliver clean and accurate data (CUI INC, 2016). One of the uncertainties with this setup

is the possible cyclic nature of the I-shaft’s speed due to the phasing of the universal

joints. Acceleration, rotational rate, and angular position measurements are taken using

an Adafruit LSM9DS1 9-DOF IMU. This breakout board contains a LGA-24L sensor for

the positional measurements. A benefit of having the angular position and acceleration

data generated by the same sensor is the sensor accounts for gravitational acceleration

and filters the offset out. This is good for this testing because the effects of body roll do

not cause skewed data (ST: Life Augmented, 2015).
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ISO4138 contains location requirements. First, the surface must be dry asphalt,
concrete, or other high psurface. The surface must also have a gradient of less than 2.5%
at any location. The test itself begins at low speeds and a constant steering wheel position
so the car turns in a circle with a minimum radius of 30m. The car slowly increases in
speed so the transient effects of the car do not affect the dynamics of the suspension.
According to the standard, if the steering angle differs by more than 10 degrees, it must

be noted.

To calculate the angle of the tires with the steering wheel is turned, the steering

wheel is turned and the angle of the road wheels are recorded as shown in Figure 4.2.

40.0

y =2.469781EF-08x* + 1.077728E-05x% + 6.176530E-02x
R*=9.997654E-01

30.0

Outside
20.0

tire,
e RH turn 00
H A
E [ \
< 00
?.j -500 -400 -300 -200 -100 [0] 100 200 300 400 500
=
=z

-10:0

Inside
200 tire,
LH turn

-30:0

steering®hftheel Angle (deg)

Figure 4.2: The relationship between degrees of and wheel angle to steering angle.
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This relationship is then applied to the model to convert the test data to the road

wheel angle on the car. As shown by the trend line, the steering relationship is almost

linear.

The ISO test is conducted using a right hand turn. The GPS plot during the test is

shown in Figure 4.3.

-30

(m)

gnd

SAEY

20 —

30 40 50

70
SAE X 4 (M)

Figure 4.3: The vehicle position as gathered by the GPS unit (100hz).

The steering angle was held as steady as possible so human error and the vehicle’s

understeer both contribute to the drift in the GPS data. It could also come from the

accuracy of the GPS system used. In order to validate the tire model, the data is repeated
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and inverted for the steering and lateral acceleration of the 1SO4138 test. The above
mentioned steering wheel position is shown in Figure 4.4. Because the test is conducted
in one direction, error and overtraining can occur during the optimization. Because of

this, the test is run twice, the second time with inverted steering and lateral acceleration.

200 T T T T T T

150 .

50 g

steering wheel angle (deg)

—SO 1 1 1 1 ' 1
0 10 20 30 40 50 60 70

time (s)

Figure 4.4: The handwheel steering angle from the 1SO test.

The encoder had some erroneous, shown by the sudden dips in the data. These

errors are insignificant to the simulation because of their very short duration. The

vehicles speed was determined by the GPS unit. It is shown in Figure 4.5.
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GPS Derived Speed (mph)

Time (s)

Figure 4.5: The GPS derived vehicle velocity.

. Because the test car only turned in the positive direction, the simulation was ran

twice with the steering and acceleration inverted.

Model Validation: Tire Model Correlation

Tires are the only part of the car that produces a force that moves the car,
therefore they are able to produce the largest change in the lateral and longitudinal
capabilities of the car. There are also large fluctuations of the shape on the force curves
generated by different types of tire. In order to optimize the tire model to correlate the
model to the real world, it is first necessary to determine the cost function. Because the
lateral force is necessary for the understeer controller, it was chosen as the variable to

optimize. For this optimization function, the residual is shown in equation (44).
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= J@) (44)
Where:
J = Cost Function
X = Remainder of the Simulated and Actual Test Data

Fmincon is the chosen solver to optimize the tire function. This solver finds the
constrained minimum of a scalar function of several variables using an initial starting
estimate. It is generally referred to as a constrained nonlinear optimization and is in the
nonlinear programming family. The function in this situation optimizes the D, B, C, and
E Pacejka parameters are 4 different loading conditions, 2, 4, 6, and 8 kN in order to
match the lateral acceleration of the test car (University of California at Berkley). The

initial estimates, bounds, and termination tolerances are shown in Table 4.2.

Table 4.2: The initial estimate, upper and lower bounds, and termination tolerance for the

FMINCON function.
FMINCON parameters D (N} B C E
Normal Load (kN) 2 4 6 8 2 4 6 8 2 4 6 8 2 4 6 8
Initial Estimate 1500 | 3000 | 5000 |6000| 0.244] 0.24] 0.16] 0.112 1.5 1.19 | 1.27 1.36 -0.132 -0.678 -1.61 -2.16
Lower Bound 1000 | 1000 | 1000 |1000| O 0 0 0o 0 0 0 0 -4 -4 -4 -4
Upper Bound 7000 | 7000 | 7000 |7000| 4 4 a4 a4 4 4 4 4 0 0 0 0
Function Falue Termination Tolerance: 0.001
Termination Tolerance on X 0.001

The initial estimate used is a nominal tire model. When it is used in the

simulation, it produces the acceleration in Figure 4.6.
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Figure 4.6: The simulated and recorder lateral acceleration.

There is poor agreement between the simulated and recorded data after 60
seconds, when the simulation is repeated and the steering and acceleration are negated.
This shows that the original Pacejka coefficients caused the car to perform

asymmetrically. This is shown in the offset in the error in Figure 4.7.
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Figure 4.7: The error between the calculated and measured lateral acceleration.

The recorded data has large fluctuations in acceleration. Ideally this is a smooth
increase as the speed steadily increases. However, due to the slow nature and limited
testing space, cruise control could not be engaged therefore the speed is susceptible to
human error. It is also possible to have fluctuations in the GPS derived speed due to the
~+2m tolerance. Another possible cause of the error is the body roll of the car. This
would cause the lateral acceleration measurement to be skewed because of the angle of

the car. The body roll of the car is shown in Figure 4.8.

61
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Figure 4.8: The body roll of the Honda Accord during the 1SO testing.

7 DOF model is a rigid body, it accounts for weight transfer but because there is
not suspension i.e. no damping, the weight transfers instantly. This also means that the
simulation also does not account for roll and the effects of it. However, the real-world
cars have a suspension and dampers. Based on Figure 4.8, the correlation between vehicle

roll and lateral acceleration is shown. Due to the irregularities in the data and the generic

tire coefficients, the tire model integral of the square of the remainder was 83% as

shown in Figure 4.9.
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Figure 4.9: The cumulated error in the base tire model.

The error only increases because of the way the J function is written, with the
integral of the square. The tire model did not accurately capture the dynamics of the
model. It generated more force in the positive y direction than the negative. It also
produced abnormal results in the middle section around 65 seconds into the simulation.

The model after the FMINCON optimization script is shown in Figure 4.10.
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Figure 4.10: The optimized tire data and the measured acceleration data.

The optimized model is more symmetric than the previous tire model, allowing
for reduction in the error. There is a higher amplitude on the noise in the model, but that

is also shown in the accelerometer data. The cumulatives error is shown in Figure 4.11.
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Figure 4.11: The cumulative error from the acceleration data, post FMINCON.

The cost function was reduced by 15 ? There is still error in the tire model but

there may be multiple causes. First, the transient effects in the change in velocity will
influence the tires that is not captured in this model. Another possible source of the error
comes from the lack of the suspension in the 9DOF model, therefore it does not capture
the camber gain that would be present at the large roll angles. Also, because the weight
transfer is done through a rigid body, the effect of the springs and anti-roll bars is not
captured in the model. Another possible source of error is the constant varying torque
application caused by the sliding mode controlled stability control. This will cause a
fluctuation in the slip ratio, which will cause a change in the lateral performance of the

tire. The force slip plots are in Appendix A28 and B29.
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ART Simulation Results

This section of the thesis discusses the results from the testing performed in
simulation. The first test conducted is a step steer test, to show the effect of different
steering positions and speeds to see how well the controller can reject the error and stay
on the desired acceleration table. The second test is a ramp steer at a constant speed. This
is one way of determining the understeer characteristics of the car and is a simple way to

see the abilities of the ART to control the trait.

Step Steer Testing

The step steer test is conducted from 0-20 degrees of road wheel angle. In

simulation, the steering angle increases linearly to the specified steering angle at a rate of
8 ‘ieif. There is high speed vehicle instability caused by the instantaneous change in

steering angle that Simulink is capable of, therefor the gain is needed. The testing speed
is held constant using a sliding mode controller to deliver torque to the front wheels

based off the initial conditions for the vehicle speed. The speed of the simulation
increases from 2% to 53%. There are 15 increments of both steering angle and vehicles

speed, per control type, per CG position. The simulation is run for 120 seconds to ensure
that the vehicle is reached a steady state condition. To minimize the effect of controller
steady state oscillation, the last 50 data points are averaged to form the results. There are
also three different data sets generated by the simulation. First is the error from the
desired acceleration table. The second data set is the lateral acceleration produced by the

car. The final table is the vehicle slip angle, beta. Beta is a good metric to show the
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instability of the vehicle, larger slip angles mean the car is sliding more or osculation.

The test automatically stops at 70 degrees of body slip.

Actual CG, No ART

For the following tests, the CG is in the same position (53% front) as the Honda

Accord used to validate the tire model. The control test is used to establish the baseline.

For the control test, ART is turned off so the effects of the vehicle’s passive dynamics

can be observed and recorded. The error between the actual lateral acceleration and the

desired lateral acceleration is shown in Figure 4.12.
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Figure 4.12: The error heat map for the Actual CG No ART Case w/ 1g Curve.

On the above surface, the areas colored in yellow are more desired for their low

error. The red line signifies the steering and speed combination that yields a 1G turn. This

means that all the data above the line is beyond the peak grip levels of the tire. This

means that control authority is greatly diminished. This result is as expected because it

shows the lowest error at low speeds and higher turning and at higher speeds and lower

turning angles. The data tables from this test along with all of the following tests are

found in Appendix A.



Actual CG, PID Control

As with the previous test, the CG is in the same spot at the production car;

however, the ART controller is engaged using PID to control the rear toe. The error

surface for this is shown in Figure 4.13.
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Figure 4.13: The error heat map for the Actual CG PID Case w/ 1g Curve.

The PID is ineffective at controlling the understeer of the car due to the large

error and variation in the results. Because of the nonlinearities in the system, the

controller has issues driving the error to 0. There are unpredictable instabilities shown in

the error as well as in the slip angle data as shown in Table 4.3.



Table 4.3: Beta for the Actual CG with PID control.
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Beta(deqgl

Wi [mi's]

2.00

5.64
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12.33
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20.21 2386

2750 3114
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33.43

4207 4571 d43.36 5500,
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4.23
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8.57
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15,71
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-5.87

-5.34
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-5.08

-5.00

-4.36
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-1.25
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-62.32
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-62.82 60.54

-0.04
62,71
G2.60

-0.05
G215
B2.34

-0.05 -0.05 -0.05 -0.05
G417 -EBd.d40 -B3.22 -B4.1d
B3.43 -63.80 -64.03 -B3.77

There is the section at moderate steering and speed where the vehicle is unstable,

then it reduces its slip angles up until limit grip is achieved, after that point the tires are

saturate and ART is ineffective at controlling the vehicle. The other tables associated

with this CG position and PID controlled ART are shown in Appendix A.

Actual CG, Zeno SMC Case

The Type 1 Zeno sliding mode controller has improved control ability over the

PID control and produces a smoother error plot than the PID controlled ART. Its error

plot is shown in Figure 4.14.
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Figure 4.14: The error heat map for the Actual CG Zeno SMC Case w/ 1g Curve.

Although the error is comparable to the non-ART case, the error slowly builds as

the steering and acceleration increase. Once this happens, the controller is ineffective at

controlling the understeer and the slip angle becomes more unstable and eventually leads

to spins at higher speeds and steering angles as shown in the tables in Appendix A.

Actual CG, Tanh SMC Case

There is a marginal improvement using the tanh variant on the sliding mode

controller. This could possibly be due to the reduced chatter that comes from using the

hyperbolic tangent instead of the signum function. The surface plot for the error is shown

in Figure 4.15.
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Figure 4.15: The error heat map for the Actual CG Tanh SMC Case w/ 1g Curve.

The controller shows the ability to control the understeer of the car at most

steering conditions up to ~31?. There is a section at mid speed and mid steering where

the car becomes unstable as shown in Table 4.4.

Table 4.4: Beta for the Actual CG case using tanh SMC ART.
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Bieta [deg)
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This instability can be removed either through more tuning of the controller or

using stability control to augment the deficiencies of ART. As before, once the tires

become saturated, ART has very little effect. The remaining data tables are shown in

Appendix A.
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Rear CG Condition, No ART

The oversteer condition is meant to simulate a CG shift in the car. For example, if

the CG is more rearwards on a different specification for the same car. In this case, the

CG moves rearwards by 8%, 45% forward weight distribution. The desired lateral

acceleration table is the same as the 53% front table. The error to the desired table is

shown as a surface in Figure 4.16.
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Figure 4.16: The error surface for the No ART on the 45% front CG simulation w/
1G Curve.

When compared to the initial control case, the low speed dynamics are very

similar at low speed/high steering and high speed/low steering. As the slip angles

increase, the different loading begins to have an effect. The understeer car become

unstable faster as shown in the fluctuation of error shown by the surface. This is

conducive of a car with oversteer tendency. The remaining data tables are shown in

Appendix A.
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Rear CG Condition, PID Controller

In similar fashion to the previous PID controller case, the controller is not
effective at controlling the understeer of the car. At many locations on the surface, the

error is worse than the control case without ART as shown in Figure 4.17.
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Figure 4.17: The error surface for the 45% front CG PID Case w/ 1G Curve.

One possible cause for this decrease in performance is the controller’s gain are
not updated before the weight shifted rearwards. The two sliding mode controllers can
account for this change due to their robust nature. This is a case where an adaptive
controller may be very effective at updating the gains. During the testing, the car had a
yaw oscillation as the speed increased; however, except for a few outliers the slip angle

did not get above 10 degrees until the tires became saturated.

Oversteer Condition, Zeno SMC Case

The zeno SMC produces an error that is slightly higher than the no ART case;

however, it is slower to generate the error as shown in Figure 4.18.
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Figure 4.18: The error surface for the 45% front CG Zeno SMC Case w/ 1G Curve.

The Zeno controller is able to push the boundaries of error to beyond what the

passive OS car is capable of. It’s performance also gradually decreases which is easier for

the handoff to more traditional means of stability control. The slip angle also remains

stable as shown in Figure 4.109.
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Figure 4.19: The slip angle for the 45% front CG Zeno SMC case.

Except for a few outliers, the car remains stable and very little oscillation until the

tires become more saturated and the ability to control the angle is greatly reduced. This is
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a very favorable condition for the car because it allows for more driver confidence at

higher lateral accelerations.

Oversteer Condition, Tanh SMC Case

The Tanh sliding mode controller performed well. It still had error, but it was
comparable or in some conditions, lower than the 50% CG and no ART. It has an error

shown in Figure 4.20.
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Figure 4.20: The error surface for the 45% front CG Tanh SMC case.

The controller becomes less effective and more unstable as the loads increase on

the tires. This is shown in the fluctuation of the surface in the above figure.

Time Series Results

The time series results for the tests yield a better understanding for the ability for
the rear toe to control the understeer and acceleration of the car. All the following results
are the for 55% rear CG case with 5 degree of steering angle at the wheels. The first

figure, Figure 4.21, shows the lateral acceleration for the car at 15m/s.
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Figure 4.21: The lateral acceleration for a step steer input at 15m/s.

This accurately demonstrates the limitations of active rear to in that it cannot
increase the maximum performance of the car. This is set by the tires and the suspension
and changing the rear steer angle does not have an effect of the ability to control the
lateral acceleration. Something to note is the ability to change acceleration is improved
with the active rear toe, note the increased slope of the acceleration plot for the car with
the Zeno ART when compared to the non-ART car. At lower speeds, under the maximum

performance of the car, the abilities of ART become more apparent as Figure 4.22 shows.
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Figure 4.22: The lateral acceleration of the car at 10 m/s.

With the same 5-degree steer angle but at a lower speed, the effect of ART to
control the lateral acceleration. For this condition, the ART has changed the lateral

acceleration of the car by ~.75m/s.

A consequence of controlling the lateral acceleration through the ART is the slip
angle of the car is also controlled. Even at the 15 m/s case, there is still a difference in

beta for the cars as Figure 4.23 shows.
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Figure 4.23: The slip angle for the car at 15m/s and 5 deg. of steep steer input.

The active rear toe also increases the frequency of the yaw oscillation of the vehicle.

This difference in slip angle is even larger at the lower speed condition, as Figure 4.24

shows.
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Figure 4.24: The slip angle at 10m/s and 5 deg. of steering input.

The slip angel now differs by ~1.25 degrees because of the car rotating more to

achieve the higher lateral acceleration requested by the controller.

79



80

Chapter 5

Conclusion

There are three main conclusions that can be drawn from this thesis. First, Active
Rear Toe is a viable method for dynamically changing the handling characteristics of a
vehicle in real time. Second, a nonlinear controls approach, such as sliding mode control
is necessary for effective ART control. Chapter 4 results showed the PID approach was
not effective. Third, the understeer gradient is commonly used to discuss handling
characteristics but was a very sensitive parameter to control directly. Lateral acceleration
was found to be a much easier parameter to control, and because of its direct effect on the

understeer gradient, it was still able to control Kus.

PID control does not show the ability to control Kus effectively. There is too
much variation in the results for it to be a usable controller in its current design.
However, the effective range of the PID control could be increased with the use of three
more 2D lookup tables, one for each of the gains in the controller. Using this gain
scheduling, the performance of the PID controller can be expanded. There will also need
to be the ability to adjust the gain depending on grip levels which can be harder to

predict, if the road surface becomes wet or | decreases.

Robust control strategies like type 1 zeno and tanh sliding mode control can allow
for changing conditions. They can account for changing p or aftermarket tire selection,
both of which will change the performance of the car and therefore effect the controller.
One hindrance of using sliding mode control is that the controller works by controlling

high frequency oscillations which may not happen due to incapable of happening due to
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actuator limitations. The zeno controller is defined by switching an infinite number of

times in a finite amount of time which is impossible in the real world due to actuator and

other physical limitations. Using the step steer OS case and a +12 i%f, the surface shown

in Figure 5.1 is generated.
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Figure 5.1: The error plot for OS case Tanh SMC case with a rate limit.

There is more error in this surface then the other SMC controlled cases, but that is

expected due to the nature of the sliding mode controller. The other issue with the sliding

controls is oscillation may be noticeable to the occupants. A rapidly changing Kus does

not bode well for the confidence of the driver. The controller also is ineffective at

changing to maximum acceleration of the car. That value is set by the tire, therefore

changing the rear steer angle has no effect in increasing the acceleration, only decreasing

it. It does show the ability to increase the gain of acceleration, but the peak is unchanged,

note Figure 4.21.
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Model Limitations

As stated before, the majority of the data is done without actuator limitations.
Before this system is implemented, it is imperative that a proper actuator model is
generated. In order to do this, the trail, kingpin axis, and toe link position would need to
be known to generate how much load the toe link sees. From there, a lookup table can
show maximum speed at that loading condition. Once the proper actuator limitations
have been accounted for, it is possible to generate a more advanced rear toe controller. As
stated when discussing the possibilities of the ZF system, one could toe out the rear
wheels to induce a yaw rate, or write code to minimize toe when driving on highways to
minimize the rolling resistance of the tires. Another large step in the advancement of this
model is to account for a suspension with springs and dampers. This will allow for the
transients to be accounted for so the model can be tested in more circumstances. It will
also allow for the user to account for bump-toe characteristics, camber gain, and more

accurate weight transfer.

Areas for Further Study

One possible area for further study is to apply an adaptive controls strategy to the
problem of controlling Kus, working in conjunction with a sliding mode controller. This
would update the gains for the sliding mode controller to adjust for differing CG
positions, grip levels, and variations in vehicle suspension/packaging. It would allow for
a more robust model that acts quickly. Adaptive control ensures control of over a larger

range of variability then just the sliding mode controller is capable of.
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The next area of focus will be the transition between the control authority granted

by ART to a more traditional stability control system. The data has shown a definite limit
to the controls ability of ART. Once the tires become saturated, the controls authority
greatly diminishes. This is where a system that controls by removing energy will be
useful like independent Fx control of the wheels. With the addition of ART to a car, the
controls will often become over-actuated, but with a proper controls strategy, the
stability, comfort, and performance of the car can be tuned to meet the demands of the

modern chassis system.
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Appendix A
B1: The Desired Understeer Table for the Active Rear Toe Controller
B2: The Lateral Acceleration table for the 45% forward condition
B3: The Lateral Acceleration table for the 55% forward condition
B4, B5 and B6: Error, Ay, and Beta Tables for the Actual CG Control Case.
B7, B8, and B9: Error, Ay, and Beta Table for the Actual CG PID Case.
B10, B11 and B12: Error, Ay, and Beta Table for the Actual CG Zeno SMC Case.

B13, B14, and B15: Error, Ay, and Beta Table for the Actual CG Tanh Case.
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B16, B17, and B18: Error, Ay, and Beta Table for the 45% Rear CG Control Case.

B19, B20, and B21: Error, Ay, and Beta Table for the 45% Rear CG PID Case.
B22, B23, and B24: Error, Ay, and Beta Table for the 45% Rear CG Zeno Case.
B25, B26, and B27: Error, Ay and Beta Table for the 45% Rear CG Tanh Case.
B28: Longitudinal Force Slip Plot.

B29: Lateral Force Slip Plot.

B30: Top Level View of the Simulink Block Diagram

B31, B32, and B33: The Controls logic used for the Sliding mode controller
B34: The Vehicle Model

B35 and B36: The Wheels and Tire Subsystem and Combined Slip Pacejka Model
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200 564 923 1293 1657 2021 2386 2750 314 3473 3843 4207 4571 4936 S53.00
o.oof -0.03 -0.03 -003 -003 -003 -003 -004 -004 -004 -004 -005 -005 -005 -005 -0.05
143 075 037 018 238 -125 -B153 -B256 -63.51 -B375 E271 6213 6417 -64.40 -E3.22 -Gd. 14
286l 124 2B3 145 ZBE -6163 -6318 6044 -E282 EO0B4 GB2E0 6294 6343 -6380 -64.03 -B3.77
4231 324 338 142 -BO.98 -B315 -E2.32
57| 3668 d4.21 373 -B20S5 -62.33
T 356 516 248 -B283
Delta 857 435 426 341 -817
(dea) joo0) 623 BE3I 383 -5.ET
143 684 5348 -6151 -534
12.86] 6.74 E.ES| -B1¥l -5.64
1423 723 T.13[-62.04 -5.40
5.7 797 9200 B2 -5.21
1v.14| 8.73 &85 -BZES -5.03
18.57) 10.04 926 -295 -5.00
20000 1085 128 -253 -4.96
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Error [mis"2) Vi [mis)
200 564 1293 657 2021 2305 er5l  olid  sd.7d  ao.d3 de07 4571 49.96 500
o.00] o.00 o000 001 001 001 00z 00z 003 003 0.04 R —T
143| -0.07 020 1710 G350 364 -237_o 245 550 -934 -1024 978 -519
26| -015 nz2 229 302 -So@"5d1 580 -61% -656 -AE3 583 -1 -TEE -6.2F
4290 041 0H 267 ;Sg;D/—S.'ﬂ
7| -062 03z -5.01 S5 T
T4 -045 042 ?/
Depa | 857] 031 D48 61
deg | 000f D31 047 -5.94
1.43] -0.45 053 -0.57
12.86| 144 053 -1
14.23| -104 056 -1.75
w7 125 063 -2.20
7.4 030 070 -2.47
1857 -0.17 070 -2 71
20.00] 100 0.79 -3.31
4 Wu
” 200 564 929 1293 1557 2021 23856 2750 S1d 3473 38.43 4207 4571 4938 5300
o00] o.00 000 000 o0l 001 001 00z 002 003 003 004 004 005 005 0.0
143 -0.04 04z 115 256 467 54 -0853 157 508 075 -13¢[ SEEESEES Si0E -39
286 -00 0B85 201 408 552 -375 377 -370 -367 -366 -369 G586 -364 -392 -3.82
4.23(-03¢ 034 279 530 -3EF 3.8
7| -052 122 352 385 -3.83
74| -0.30 150 420 -390
g57] 104 176 483 -3.85
Deks | 1000| 047 201 -368 -3.80
143 -031 226 -364 548
iz.86| 162 243 -353 550
.73l -082 271 -363 525
w7 152 zsz -374 510
74 053 312 -363 488
1857| 0.05 330 -371 462
zo.00] 121 348 533 4.0
Wi [mi's)
Betaldeal
200 G564 929 1293 1557 2021 23586 2750 .14 3479 38.43 4207 4571 4935 5300
000 -0.03 -0.03  -0.03 -0.03 -0.0F -0.03 -0.04 -0.0d4 -0.0¢ -0.04 -0.05 -0.05 -0.05 -0.05  -0.05
143] 013 034 -019 117 -154 1174 -39.61 -2654 -8.81 246 361 BE2  10.860 inel HEd
zg6| 106 09 -0.01 -174 -SadlSE1E0 6184 —E121 SB123 SEld1 SE2i3 69076 -62.03 -63.83 -6<.00
4.29) 155 147 019 33006134 -E1E3
7| 204 zo3  03s[SE0E -E1E
74| 415 251 042|634
Oopa | 857] 443 398 0.26 6120
oy | 00 E20 3 7E[ELEE 6156
Wegl | y143| 365 433 -BL38 417
1286| 674 <90 -BDES -3.29
14.23| 9.3 545 -G8 -z.36
w7 522 BOZ -G0S -208
74| 1153 657 -6L08 -178
#857| 705 T4 6151 -151
2000 1255 7ES 148 -5.33
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Errar [mi="2]

‘i [mi's]

200  5.64

3.23

1293

1657

20.21

23,86

27.50

3114 3473 3545 4207 4571

43.36

53,00

Delta
[deq]

0.00
143
2.6
4.29
5.7
T4
.57
10.00
11.43
12.56
14.23
1571
1714
16.57
20.00)

000 0.00
0.01 003
001 012
0.0z 013
0.0z 013
000 027
003 03
003 030
0.06 0.36
003 04
003 033
0.03 045
00z 052
01 052
015 0.61

0.00
0.25
0.45
0.69

0.4

0.01
0.63

113
158

0.m
123
210

0.01
20

=5 -5.67

0.0z

0.0z

2827
cz—=tT 602
131 5%/5
4

an

0.03

2.03

003 004 004 _oon Dok 008

. 174
236 180

-0.70  -2.21
207 132

243
-1.88

3.41
0.40

Ay

i

2.00  5.64

3.23

1233

1657

20.21

23.86

27.50

3114

3473 35.43

4207  45.71

43.36

53.00

Delta

0.00
143
246
.29
5.7
T4
3.57
10.00
.43
12,86
14.23
15,71
1714
16.57
20.00)

0.00 000
0.03 027
0.06 055
003 082
012 103
013 135
013 160
021 186
024 210
026 233
0.23 256
031 277
0.33 2497
0.35 317
0.37 335

0.00
0.76
151
2.25
2497
3.66
4.32
4.93
5.48
=371
-3.72
5.23
3.75
5.73
5.56

0.0
143
2.94
4.3
5.42
5.60
5,27
5.26
5.33
5.43
5.d6
5.21

a1
484
4.53

0.
245
4.63

-3.80
-39

0.0
3.63
-3.81
-3.70

0.0z
4.73
-3.69

0.0z
5.43
-3.64

0.03
445
3.86

003 004
554 56
463 404

004 00s
291 153
4495 583

0.05
4.11
-3.58

0.06
5. 36
4. 67

Eeta[deg)

W mis]

2.00] .64

3.29]

12.33]

16.57] 2021 2386 27.50]

3114

34.79] 38.43]

42.07] 4571

43,36/

53.00

Delta
[deg)

0.00]

143

2.6

4.29

5.71

At

3.57

10.00

1.43

12.56

14.23

15.71

1714

15.57

20.00]

-0.03 -0.03
071 053
145 122
2.20 184
294 Z.4df
363 303
443 370
518 4.30
592 4.9
6.66 5.50
740 B.03
.14 G635
.86 T.22
358 7.7

1023 §.31

-0.03
0.35
0.7z
1.06
134
153
159
135
0.66
-61.47
-61.43
=527
0.3z
-0.41
176

-0.03
-0.03
-0.17

-2.30
-6.75
-5.13
-0.27
-6.51
-0.69
-2.95
-0.73
-1.03
-0.51
-0.31

-0.03
-0.60

-0.03
-1.50

-0.04
-3.03

-0.04
-4.32

-0.04
-2.55

-£06 -63.35 -62.06 -§130 6835
-0.71) 6232 -61.92

-61.83

-0.04 -0.05
-6.37 -12.83
66.56 £3.33

-0.05 -0.05
-2162 -27.02
67.23 B6.45

-0.05
G7.83

-G3.42

-0.05
GE6.13
66,57




93

Error [mi="2)

Wr [mi's]

5.64

3.3

1233 1657

2021

Z23.86

Z7.50

114

34.73

S5.43

42,07

45 71

43.36

53.00

Delt=
[deg]

0.00
143

0.00
0.05
012
0.20
0.13
0.28
0.33
0.33
0.35
0.44

0.00
026
043
0ra
033
116
137
155
157

0.56 f-0.54

0.656

-1.18

-0.01 -0.02
065 140
127 235
184 158

-0.02
245

2.0 T

gl

-0.03

-0.04

-0.06

B3 B85 =Ty

0.50

0.7

-0.07
|

-0.63

il

1.84
-4.53

155
-1.86

143
=227

127
229

= o=l

0.73
-13.03

'

Z.00

5.64

3.23

12,93 1657

Z0.21

Z23.86

Z7.50

3114

34.73

35.43

42.07

45.71

43.36

53.00

Delta

0.00
143
Z.66
4.23
5.7
AL
8.57
10.00)
.43
12,56
14,25
15,71
1714
18.57)
20,00

0.00
003
0.or
0.10
013
0.6
0.13
023
026
023
0.3z
034
0.3v
033
0.4z

0.00
0.28
0.56
0.54

11
133
1.66
132
Z15
2.43
267
2.80
313
3.34
3.55

0.00
e
155
233
.03
3.85
4.57
520
5.53
=]
5.68
5.60
5,48
5.23
5.04

-0.01 -0.02
155 263
31 437
461 548
54z 553
5.08
5.57
5.50
5.36
522
5.0z
477
4.47
412
3.73

-0.02
4.07
5.33
5.50

-0.03
5.
5.45

-0.04
5,23
5,46

-0.06
5,30
5,60

-0.07
5.34
513

-0.03
5.35
1.30

-0.11
5.35
3.0

-0.14
546
4.45

BT
5.43
4.4

-0.22]
5.06
-6.23

Eeta

'

Z.00

.64

3.23

1293 1657

20.21

23.86

Z7.50

3114

34.79

35.43

42.07

45.71

43.36

53.00

Delta

0.00
143
2.56
4.23
5.7
7.1
8.57
10.00)
.43
12,56
14,23
15,71
1.1
18.57)
20.00)

-0.03
0.E0
123
186
2.43
312
375
4.38
5.
5.63
5.25
6.87
.48
5.08
3.67

-0.02
0.43
0.53
1.50
2.00
250
283
3.47
3.95
4.4z
4.57

-0.02

029
0.48
0.E8
080
0.ra
055

-0.07
-0.83

-7

-0.33

5.31 -0.60

5.74
B.16
B.56

-0.16

02y
067

-0.02 -0.02
-0.06 -0.81
-0.50 -2.84
-147 -4.02
-2.88 -4.14
-3.30
-3.20
-2.30
-2.52
=212
-7z
-135
-1.02
-0.74
-0.52

-0.01
-2.07
-4.23
-4.58

-0.01
-3.65
-4. 76

0.00
-4.35
-4.33

0.00
-4.70
717

0.m
-4.32
313

0.0z
-5.08
-0.76

0.03
-5.13
-17.91

0.04
-6.06
-12.53

0.06
-5.95
-3.78

0.08
-12.64
10,26




94

Error [mi="2] Vi lmis)

200 G564 903 1293 E57 2021 2386 2750 511 3473 3043 4207 4571 4938 5300
oo0| 0.00 000 000 -0.01 -0.02 -0.02 -0.03 -0.04 -0.08 -0.07 -0.09__ 0.1l 014 -0 if iz
1430 027 021 -053) 2230EEDINEET 24l pacmmemE—ToT 163 162 173 203 197
zg8| 029 135 033 181 435 -045--=0 210 166 100 084 025 -018 -033 -0.52
429 -017 121 128 -330 ?3.4?

571 066 -032 . 24
71| 040 -1m
O 857| -0.49 106
[ dee:; 10.00) -0.45 133
a3 -045 043
12.86 -052 023
23] 021 133
5.7 054 -n43
w14 -0z -0a
1857 -0.45 120
zoon] -0.35 -0.01
4 it
” 200 G564 923 1293 B57 2021 2386 2750 511 3473 3543 4207 4571 4938 53.00
Don| 000 000 000 -001 -002 -002 -003 -0.04 -005 -007 -0.03 01 -014 018 -0.27
193] -024 046 00z 310 321 343 A7 awle400 31 313 322 350 407 425
288| 03¢ -091 135 363 168 273 384 425 428 404 443 433 334 415 426
479| -008 -056 285 -043 5B 196
s7| 07r 003 233 23 267
71| 057 om =gzl E4a
557| 0.3 233 373 557
Delts | 100l -027 020 514 433
43| -0z8 225 -245 450
12.06| -030 224 423 417
14.23] 045 032 498 330
w7 oss 131 551 339
w1l 033 183 386 296
1257 015 158 376 252
zo00] 007 232 3N 208
B Wu
=ta 200 564 979 1293 1657 2021 7386 2750 311 3473 3043 4207 4571 4938 53.00
oon| 003 00z -00z 00z -0.02 -001 -001 000 000 00 002 003 004 005 003
143| 022 -004 -016 -021) B408 E255 E450 B366 SB35 B4 G429 B4a4 BlS2 B2vd B2
ze8| 235 148 2ES 139 172 -2321 2239 BlL7l EL77 6201 EL7S B203 E237 E207 B2.22
429 151 zo1 2T 2ZBI 447 56
57| 263 237 363 070 -26.49
71| za7 324 276 -BET
857| 379 446 207 -7.47
Delts | 100l 438 580 2E2 513
a3 615 s0zBEEET -5.08
12.06] 594 583 476 -5.79
123 BN 774 -7.93 557
w7 757 871 150 541
w|l v31 751 267 530
1857 879 878 -381 522
2000 973 794 -391 518
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Errar [mis"2]

Wi [mi's]

2.00

5. 64

1293 1657 2021

2386 2750 3114 3473 3543 4207 4571 4336 5300

Delta
[deg)

0.00
143
2.86
4.23
5.7
7.4
8.57
10,00
43
12.86
14.23
157
1714
16.57
20.00

0.00
-0.01
0.0z
0.0z
0.03
0.00
0.06
0.06
134
-1.61
120
147
-0.35
0.83
0.73

0.00
0.m
0.21
0.30
0.3
0.4z
0.47
0.47
0.54
0.53
0.57
0.64
0.7
0.7
0,50

-0.01
173
2.45
281

-0.02
4.33

210 &
12
3

-0.02
4.06

-0.03

358 _a0a=——7E 233 133 166 147 124 1O
i

287
17 .44
G

-0.04 -0.06

043 -0.07

=007 001 SO el o} i

-047 [=882 -043 332 -034 -0.36

Ay

s

2.00

5.64

3.23

1293

16.57

2021

23.86

2750 3114

3473 5543 4207 4571 4336 55.00

Delta

0.00
143
2.86
4.23
2.7
714
8.57
10.00
.43
12.56
14.23
1571
1714
1857
20.00

0.00
0.01
0.07
0.10
0.13
0.16
0.13
022
151
-1.d3
143
175
-0.05
105
0.35

0.00
0.24
0.64
0.93
122
143
176
202
226
250
272
293
3.14
3.32
3.91

0.0a
112
202
2.83
3.55
427
4.30
5.39
5.66
5.70
5.63
5.57
2,47
5.31
5.03

-0.m
263
4.22
5.24
5.53
52.95
5.45
5.46
5.21
5.1
4.87
4.57
4.24
385
3.94

-0.02
5.50
5.39
5.53
52,43

-0.02
5.60
5.45
5.46

-0.03
5.51
5.44

-0.04 -0.06
531 545
533 532

-0.07 -003 -0m -014 -0008 -022
547 546 544 5427 533 538
5.32 =548 5353 368 394 365

Eietal

degl

Wi [mis)

2.00

5. 64

3.23

1233

16.57

2021

23.86

27.50 3114

3473 5543 4207 4571 4336 5500

Delta
[deg)

0.00
143
2.86
4.23
5.7
7.4
8.57
10,00
43
12.86
1423
157
1714
16.57
20.00

-0.03
020
1.06
163
2.3
295
3.58
4.21
3.93
5.45
416
[A =
4.55
10,77
5.01

-0.02
017
0.63
113
156
20
246
291
3.36
3.81
4.25
4. 65
.M
5.54
5.96

-0.02
-0.31
-0.23
-0.23
-0.23
-0.33
-0.66
-1.36
-222
=210
-2.34
-112
-0.72
-0.43
-0.02

-0.02
-1.38
-2.23
-3.58
-4, 38
-4.35
-3.63
-4.36
-2.95
-2.94
-2.54
-2.16
-1.53
-1.64
-7.66

-0.02
-4.51
-4.37
-5.61
-4.53

-0.01
-3.98
-5.66
-5.68

-0.01
-3.73
-5.94

000 000
-M.03 -6EE
-5.45  -5ES

001 002 003 004 008 008
=700 -FE -TE 720 -Ts -
-5.81 [SB23d -6.45  -4.06 | B3I 6340




96

Errar [mis"2]

Wi [mis)

2.00

3.23 1233 16.57 20.21 2586 2750 3114 3475 3543 4207 4571 4536 53.00

Delta
[deg)

0.0
143
2.6
4.29
5.7
.14
3.97
10.00
1143
12.86
14.23
151
17.14
15.57
20.00

0.00
0.m
0.0
0.0z
0.0z
0.00
0.05
0.05
0.06
0.05
0.05
0.03
0.0z

0.1
Q.14

000 -0.01 -0.02 -0.02 -0.03 -0.04 -0.06 -0.07 -0.03 -0 11 S0 0 Clecl B!

0LET 071

143

Z.61

A0 eI 215 200

173

145

.37

0.43 132 240 28T 133 -0.22 -0.33 -0.24 -0.25 -124 -B 7S -3.38

0.75 1.85/396E 0.00
0.93 0.33

1
1153 A2
1. .51

1 -0.23
B1 -0.7F
A8 -1.52
108 -135
.72 -Z53
.32 -Z.88
-0.15 -3.15
-0.67 -3.52

0.60
-8.65

Ay

Wi

200

5.64

323 12.33

16.57

20.21

£3.86 27.50 3114 34.73 33.43

4207

45.71

43,36

=3.00

Delta

0.00
143
2.6
4.23
2.7
AL
8.57
10,00
143
12.36
14.23
151
17.14
158.57
20.00

0.00
0.03
0.06
0.03
0.1z
015
015
0.1
0.24
02T
0.23
0.3z
0.34
0.36
0.35

0.00
027
0.55
0.5z
103
136
162
187
212
£.35
2.58
2.80
3.m
3.20
3.33

000 -0t
0.7s 157
155 312
23 457
306 5.33
373 .57
446 5.53
5.03 551
2,43 543
2.6 5.20
2.7 &Mm
5.6 4.75
5.57 4.52
243 416
.22 30T

-0.02
2T
4.35
5.45
2.4

-0.02
4.22
5.39
5.06

-0.03 -0.04 -0.06 -0.07 -0.03
206 523 518 525 5439
5.53 470 510 555 551

-0.11
5.596
4.71

014
5.35
-4.45

-0.13
2,10
37z

-0.22
4.33
-5.63

Betal

deqg)

Walmis)

2.00

5.6d

9.23 12.33

16.57

2041

£3.86 2750 3114 34.73 35.43

4207

45.71

43.36

53.00

Delta
[deg)

0.00
143
Z.36
4.23
5.7
.14
8.57
10.00
.43
12.86
14.25
L=
17.14
18.57
20.00

-0.03
0.60
123
1.36
243
312
3.75
4.35
52.m
5.64
B.26
5.35
T.43
g.10
3.70

-0.02
0.45
0.33
1.50
2.00
2.50
£33
3.45
3.96
4.43
4.30
2,35
2.73
B.23
5. 66

-0.02 -0.0z
0.z3 -0.13
046 -0.55
066 -147
073 -273
.52 -3.25
067 -3.23
026 -Z75
-0.33 -Z32
-0.88 -174
-0.87 -z2.0z
-0.61 -1.26
004 -1.06
026 -0.74
.77 -0.52

002
-0.839
-2.91

-4.M

-0.01
-2.29
-4.35

-0.01 000 000 001 002
-3.83 -4.33 -4.34 -4.80 -6.32
-2.97 -2.45 -d.60 -3.07 -3.73

0.03
-5.47
-d.56

0.04
-10.61
4.45

0.06
-1z.0z
-16.33

0.05
-1z.44
B.13
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4000 T
3000
2000

1000

-1000
-2000
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-4000
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Rear Steer Bicycle (degree)

/ Rate Limiter

.// - Multiport

- T -7 |Switch
— | 0|00 |
L A 3
ART
ART Choice 0
Constant Delta_r p
1
Tanh SMC Zeno SMC
PID(s)

Error

Desired Ay

Dervaiive2 Gain

L Trigonometric Gaind
F

nction

u=ntanh(K /BL)

Us,err

Derivative3

BL - boundary layer.
- for error less than 3*BL, the tanh() function is approximately linear
- for error larger than 3*BL, tanh() looks like signum, which is -1, 0, or +1

Derivative2

Ayd

Derivative3 Abs

99



100

Normal Force Estimate

@[

dexa  (rag) Vieel Argle (rad)
.|' detar (rad)
detar (rad) SrecTe
Deta (deg)
Tre Tuning Parameters .n
F2(N)

a_lst(G)

ma2t0G

—@

v_x(mis)
Vy_cg (més)

De2a (rad)t
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