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Thermal plasmaspheric morphology: Effect of geomagnetic
and solar activity

M. A. Reynolds,'? G. Ganguli,! J. A. Fedder,>* J. Lemaire,’ R. R. Meier,®
and D. J. Meléndez-Alvira®

Abstract. A multispecies kinetic model of the thermal plasma in the plasmasphere is
used to predict the spatial dependence of the hydrogen ion and helium ion density and
temperature for different levels of geomagnetic and solar activity. The particular convection
electric field model chosen is intended for the time intervals between substorms. The
plasma density and temperature in the equatorial plane are found to exhibit a local-time
variation that is sensitive to the details of the convection electric field. In particular, the
parallel temperature increases with altitude and the perpendicular temperature decreases
with altitude, except in the postmidnight sector, features that are only possible if kinetic
effects are taken into account. In addition, the ratio of the helium ion density to the
hydrogen ion density is found to agree with observations of the Dynamics Explorer 1
satellite. This behavior can be explained by the effects of convection on the thermal particles
that are magnetically trapped on closed field lines. These results have implications for the
interpretation and analysis of sunlight scattered by helium ions (He II) to be measured by

future global imaging satellites.

1. Introduction

Recently, there has been a resurgence of interest in the
study of the plasmasphere and the plasmapause. This in-
terest is especially topical because the upcoming IMAGE
[Burch, 1996] and ARGOS [McCoy et al., 1995] satellites
will provide information on the helium ion density in the
inner magnetosphere. Helium ions will be used as a sur-
rogate for total plasma density; it is therefore important to
develop a physics-based model that will predict the helium-
to-hydrogen ion density ratio. Previously, observations from
both geosynchronous satellites [McComas et al., 1993] and
polar satellites [Horwitz et al., 1986] have shown a com-
plicated dynamic behavior [e.g., Moldwin et al., 1995], and
the role that geomagnetic activity plays in the formation and
maintenence of the plasmapause continues to be a subject
of considerable interest [Carpenter et al., 1993; Ober et
al., 1997]. Future global imaging missions will not only be
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able to detect the plasmapause but will also be able to infer
the density variation of the plasma within the plasmasphere,
such as radial profiles and asymmetries in local time. The
interpretation and analysis of such images require a reliable
model for the thermal plasma density morphology. Satellites,
of course, have made in situ measurements of the plasmas-
phere, but these do not reveal the global structure, nor do they
shed light on issues of causality over global scales. In addi-
tion, communications and navigation satellite systems need
information on the plasmaspheric contribution to the total
electron content, which can affect their operations, primar-
ily on the nightside where the ionospheric plasma density
is low. With these motivations, this paper focuses on the
morphology of the plasmasphere itself.

We have developed a multispecies kinetic plasmasphere
model (MSKPM) that takes into account the effect of diurnal
convection on thermal plasma [Reynolds et al, 1997]. A
kinetic model is essential to properly include the disparate
physics of the trapped particles and those in the loss cone.
In the present paper, we generalize this model by including a
more realistic empirical convection electric field [Mcllwain,
1986] that depends on the magnetic activity index Kp, in-
corporates radial shielding, and has the expected day-night
asymmetry. This electric field is applicable to the time inter-
vals between substorms. In contrast to our earlier definition
[Reynolds et al., 1997] of the plasmapause as the outermost
closed equipotential [Nishida, 1966; Brice, 1967], we now
define the plasmapause from a consideration of convective
instability [Lemaire, 1974; 1975]. Finally, the effect of a vari-
able solar ultraviolet flux is simulated by varying the helium
ion fraction at the ion exobase. These generalizations should
significantly improve the agreement between the model and
observations. We demonstrate this with a comparison to in
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situ measurements of the helium-to-hydrogen ion density ra-
tio by the Dynamics Explorer 1 (DE 1) satellite [Craven
et al., 1997]. It should be noted that, in its present ver-
sion, MSKPM is not intended to reproduce plasmaspheric
morphology during the refilling process (for example, no
possibility of shocks is included).

In section 2, the plasmasphere model, MSKPM, is briefly
described, and the relevant physical issues are discussed. In
section 3, the convection electric field of McIlwain [1986] is
presented, along with the density and temperature structure
predicted by MSKPM when this electric field is used to drive
the convection. In addition, a comparison is made with
DE 1 observations of the helium-to-hydrogen density ratio.
Detailed descriptions of MSKPM and the electric field model
are left to the appendices.

2. Multispecies Kinetic Plasmasphere Model

MSKPM [Reynolds et al., 1997] has three key features.
First, it includes multiple ion species. The density of each
species is determined separately, although they are coupled
through the ambipolar electric field. Second, it is kinetic.
There are many classes of ion orbits on closed field lines (es-
caping, incoming, ballistic, and trapped; see, for example,
Lemaire [1976a]). However, they can be divided into two
distinct populations, those that are in the loss cone and those
that are trapped. Thermal ions that are trapped on closed
field lines are not in thermodynamic contact with the iono-
sphere, while those in the loss cone are in continual contact.
Resolving this dichotomy requires that the two populations
be treated separately; therefore a kinetic treatment is nec-
essary. Third, the model incorporates the effects of diurnal
convection. Convection results in flux-tube compression and
rarefaction, both in configuration space and velocity space,
with corresponding local-time asymmetries in density and
temperature caused by the different dynamical evolution of
particles in the two populations. The mathematical details of
this model are included in Appendix A, and the remainder of
this section highlights the important physical properties.

The model starts with a Maxwellian velocity distribution
at the ion exobase. The ion exobase is defined as the lower
boundary of the ion exosphere, above which collisional ef-
fects can be neglected. A Maxwellian is chosen for simplic-
ity, although it is straightforward to incorporate other veloc-
ity distributions. One possibility is a generalized Lorentzian
distribution [Pierrard and Lemaire, 1996], which results in
a parallel temperature that increases with altitude. Such pos-
itive temperature gradients have been observed [Comfort,
1986]. Here we want to focus on the effect that convection
plays in determining the temperature and its anisotropy. As
the exobase distribution ascends the field line, it is trans-
formed into a source-cone (or anti-loss-cone) distribution.
The particles in this source-cone distribution are in contact
with the ionosphere, which means that their characteristics
(such as density and temperature) are determined by the con-
ditions at the exobase. The trapped region of velocity space
is not empty but is populated by velocity-space diffusion
(due to collisions and wave-particle interactions) from the
loss cone over a timescale of a few days [Lemaire, 1989].
This trapped population is isolated from the ionosphere and
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therefore is strongly affected by the diurnal dynamics. Both
populations, of course, play a role in determining the am-
bipolar potential and the global morphology. The relative
density of this trapped population is presently chosen empir-
ically through the magnitude of the parameter  explained
in Appendix A, but in the future, physical processes such as
velocity-space diffusion will be used to calculate its value.
(The ratio of the density of the trapped to the untrapped par-
ticles is given by n multiplied by a function of position; this
function of position incorporates the effects of convection.)

As each flux tube drifts diurnally under the influence of the
external magnetospheric convection and corotation electric
fields, there is compression and rarefaction in configuration
space. The result is an increase in density when the flux
tube is close to Earth and a decrease in density when the flux
tube is far from Earth. This effect can be explained by the
variation of the flux tube volume and can be understood in a
fluid formulation [Khazanov et al., 1994]. Compression and
rarefaction occur in velocity space as well. This principally
affects the trapped particles and is outside the scope of a
fluid formulation. There are two important consequences of
this “breathing” in velocity space. First, the two regions of
velocity space are not in equilibrium. Second, these velocity
distributions will likely drive fluctuations whose character-
istics are asymmetric in local time. While it is true that the
plasmaspheric densities are high close to Earth, a condition
of diffusive equilibrium probably does not exist farther from
Earth owing to the effects of convection. The radial mo-
tion of a flux tube is constantly rearranging the proportion of
trapped and untrapped particles.

These properties were easily seen when a simple electric
field was used to drive the convection [Reynoldsetal., 1997].
However, the details of the convection can play an important
role in determining the morphology, so for the purpose of
comparison with observations, it is essential to use a more
realistic electric field model. The altitude and density of the
exobase can also play an important role in determining the
morphology; we will address this aspect in future work. It
should be emphasized that this model is only applicable to the
region between the exobase and the plasmapause. Outside of
this region (within the ionosphere proper and on open field
lines), the physics is quite different.

3. Results
3.1. External Convection Electric Field

Any external electric field can be used as input to drive
convection in the present model, with two restrictions. Fitst,
the magnetic field lines are assumed to be equipotentials.
Strictly speaking, this is incorrect, but because the parallel
electric potential differences due to ambipolar and polariza-
tion charge separation are typically only a few volts inside
the plasmasphere, it is a reasonable approximation and sim-
plifies the analysis considerably. With this assumption the
electric potential ® needs to be specified only in the magnetic
equatorial plane. No inductive electric field is included in
our current model, although transient electric fields are likely
to be present during the substorm growth phase. However,
time-dependent electric fields will be implemented in the fu-
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ture. Second, the drift trajectories (or equipotentials of &)
ate assumed to be closed. In the collisionless limit, pitch-
angle scattering is ignored; in the cold plasma approximation,
when the kinetic energy of the particles is small, curvature
and gradient drifts are ignored. Under these assumptions
all particles in a given flux tube drift along an equipotential
surface of @, which is equivalent to ideal MHD models of
magnetospheric convection. Since the model assumes that
this convection is quasi-stationary and since each trajectory
is treated independently, the path of each flux tube must be
closed. In reality, of course, the time dependence of the drift
velocity makes it impossible to determine at any given instant
whether a flux tube is on an open or closed trajectory.

The outermost closed equipotential has often been iden-
tified with the plasmapause [Nishida, 1966; Brice, 1967].
This identification is problematic when the convection pat-
tern is variable in time, for the main reason that a flux tube
does not know where the future pattern will take it. Addition-
ally, when the centrifugal potential is included, a convective
instability above a certain altitude is possible. We choose to
define the plasmapause in a manner that takes these issues
into consideration, as proposed by Lemaire [1974, 1975].
In this picture, if a flux tube is beyond the “zero-parallel-
force” surface, the plasma near the apex of the flux tube
is convectively unstable and will be peeled off. The zero-
parallel-force surface is defined as the locus of points where
the centrifugal force (determined from the E x B velocity)
balances the other field-aligned forces (gravity and polariza-
tion electric field) at the apex of the flux tube. Therefore we
define the plasmapause to be the equipotential that is tangent
to the zero-parallel-force surface at its deepest penetration.
Under time-dependent conditions, the plasmapause will de-
pend on the history of the convection pattern (see Lemaire
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and Gringauz [1998] for a discussion of this aspect), but we
restrict the present study to quasi-stationary conditions. De-
fined in this manner, the plasmapause can be determined for
any electric field model [Lemaire, 1976b].

There are many empirical models of the convection elec-
tric field, both for high latitudes and low latitudes. The
simplest is a uniform field pointing from dawn to dusk [Ka-
vanagh et al., 1968], which results in a teardrop shape for
the outermost closed equipotential. This field was used in
a previous exposition of the model [Reynolds et al., 1997].
More realistic is that of Volland [1973], in which the external
convection potential is shielded and where the shielding is
modeled in an ad hoc manner by a power law in geocentric
distance. This shielding is an important physical effect that
must be included in any realistic electric field. More compli-
cated models typically consist of many terms of a spherical
harmonic expansion [e.g., Foster et al., 1986; Weimer, 1996].
This level of complexity is not necessary for the present pur-
pose but can be added in a straightforward manner.

We have chosen to use the empirical model deduced by
McIlwain [1986] from particle flux observations. This model
incorporates three important physical effects: an electric field
that is not restricted to the dawn-dusk direction, asymmet-
ric radial shielding of the potential, and a dependence on
geomagnetic activity through the Kp index. One impor-
tant feature of this model is that the radial component of
the electric field is enhanced in the postmidnight sector. A
detailed description of this electric field model is given in
Appendix B. Here we simply note that there are 10 param-
eters used as input, which quantify the physical effects just
described. Figure 1 shows the equipotential contours in the
magnetic equatorial plane for Kp = 1 and Kp = 5. Figure 1
and all subsequent plates and figures use the solar magnetic
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Equatorial equipotential contours of the convection electric field model of McIlwain [1986]

for (a) Kp = 1 and (b) Kp = 5. The thick solid lines are the outermost closed equipotential and the
plasmapause. The solid lines (thick and thin) are 3 kV apart, as measured from the outermost closed
equipotential. The dotted line is the equatorial cross section of the zero-parallel-force surface. (The
absolute value of the potential is arbitrary and is not indicated.) The solar magnetic (SM) coordinate

system is used, with the Sun to the right.
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(SM) coordinate system and view the magnetic equatorial
plane from the north, with the Sun to the right. Also shown in
Figure 1 are the outermost closed equipotential, the plasma-
pause, and the zero-parallel-force surface. For low magnetic
activity the plasmapause is almost circular and is situated at
approximately 5 Rg. The drift trajectories also are almost
circular, so that a typical flux tube experiences little radial
motion. Again, if the convection pattern is time dependent,
the plasmapause will be determined by a time history consis-
tent with the peeling process taking place in the postmidnight
sector. For high magnetic activity the plasmapause is asym-
metric and the flux tubes are compressed in the postmidnight
sector.

The exact values of the parameters that quantitatively de-
termine the electric field are not as important as the physical
effects that are represented. For example, when Kp = 1,
the empirical model predicts that geosynchronous orbit is
outside the plasmapause. However, geosynchronous satel-
lites observe plasmaspheric plasma at all local times when
Kp S 2 [McComas et al., 1993]. A slight change in the
values of the parameters would expand the plasmapause to
match these observations but would not alter the qualitative
conclusions presented here. In practical terms, the parameter
values that cotrespond to any patticular state of the plasmas-
phere might best be determined by an inversion process using
global images [Meier et al., 1998].

3.2. Plasmasphere Morphology

We now discuss the effect of this external convection elec-
tric field model on the plasmasphere morphology. Because
MSKPM determines the distribution functions, macroscopic
quantities such as density and temperature are calculated
from moments of the distribution functions in a straightfor-
ward manner.

Plate 1 shows the total plasma density in the magnetic
equatorial plane as predicted by MSKPM for the electric field
model shown in Figure 1. Here we have taken the exobase
to be spherical and uniform, with an altitude of 3185 km
(= 0.5 Rg), atemperature of 3000 K, a density of 10% cm~3,
and a helium fraction of 20%. (The actual exobase is not
uniform, but observations of hydrogen and helium densities
show little local time variation at low latitudes.) The relative
density of the trapped particles is given by the parameter
11 = 1.75 (see Appendix A). The convection pattern clearly
determines at which local times the flux tubes are compressed
and hence where the density is enhanced (compare with Fig-
ure 2 of Reynolds et al. [1997]). The higher density in the
postmidnight sector and the corresponding lower density at
other local times near the plasmapause should be detectable
in global imaging experiments. The “flaring” of the density
contours in Plate 1(b) near the postmidnight plasmapause is
due to the asymmetry of the convection electric field. Specif-
ically, the flux tubes reach their maximum drift velocity at
an earlier local time than their closest approach to Earth, and
it is between these two positions that the flaring occurs. A
similar effect exists in Plate 1(a), but there it is not noticeable
because the flow trajectories are almost symmetric.

Strictly speaking, the density and temperature at the
exobase are simply parameters in the model. The model
does not predict these values at the exobase for the following
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two reasons: (1) % is not unity, which formally means that
the distribution is Maxwellian but not isotropic because the
trapped and loss-cone populations are unequal; and (2) the
discontinuity at the exobase is an artifact that means that the
model does not strictly apply close to the exobase.

As noted earlier, the convection process forces a com-
pression and rarefaction in velocity space, which results in a
strong temperature anisotropy. Plates 2 and 3 show the paral-
Iel and perpendicular hydrogen temperatures in the magnetic
equatorial plane for the same values of the parameters as
Plate 1. (These are the true thermodynamic temperatures, ob-
tained as moments of the distribution functions.) As expected
from qualitative considerations (e.g., conservation of energy
and magnetic moment), Tjj > T when the flux tubes ate far
from Earth and the density is low, i.e., near the plasmapause
(except postmidnight). Note that T} increases with altitude
for most local times. Such a positive temperature gradient
has been observed routinely in the plasmasphere [Comfort et
al., 1985]. Previous attempts to explain these hot ions within
a fluid formulation have resorted to ad hoc heating mecha-
nisms [Newberry et al., 1989; Comfort et al., 1995). Here
we show that including the physics of collisionless convec-
tion results naturally in such a positive temperature gradient.
Another physical mechanism that predicts positive tempera-
ture gradients and which also requires a kinetic picture is a
non-Maxwellian distribution function at the exobase [Pier-
rard and Lemaire, 1996]. Including both physical effects
will allow the model to agree with observations in a natu-
ral way. One consequence of the nonequilibrium nature of
the distribution functions is that any fluctuations driven by
microinstabilities will be asymmetric in local time. Indeed,
such local-time asymmetries in the wave power spectra have
been observed [Boardsen et al., 1995].

3.3. Helium Ion Density

Extreme ultraviolet (EUV) images detect only the helium
ion content of the plasmasphere, so it is important to under-
stand not only the morphology of the total plasma density but
also the behavior of the helium itself. Early studies [Horwitz
et al., 1986] concluded that the ratio of helium ion density to
hydrogen ion density is relatively constant. A more recent
examination of the DE 1 observations [Craven et al., 1997]
revealed strong statistical relationships between the helium-
to-hydrogen density ratio and both geocentric distance and
solar activity. On the other hand, only a weak dependence
on magnetic activity and local time was observed. As will
be seen next, the present model not only agrees qualitatively
with these observations, but more important, they can be
explained by the underlying physics.

Figure 2 shows the helium-to-hydrogen density ratio pre-
dicted by MSKPM as a function of geocentric distance r for
two values of exobase helium fraction, 20% and 40%, and for
two values of magnetic activity, Kp = 1 and Kp = 5. The
shaded areas represent the local-time variation for Kp = §,
and the narrow solid areas along the bottom of the shaded
areas represent the local-time variation for Kp = 1. For a
fixed r, the spread in the density ratio is due to local-time
variation. Also shown in Figure 2 is the statistical straight-
line fit to the DE 1 observations deduced by Craven et al.
[1997] for two different values of solar activity, P = 75 and
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log,, [He]/[H]
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Figure 2.  Ratio of the helium density to the hydrogen

density as a function of geocentric distance for two values of
the exobase helium fraction, 20% and 40%. The shaded areas
represent the local-time variation for Kp = 5, and the narrow
solid areas along the bottom of the shaded areas represent
the local-time variation for Kp = 1. For comparison, the
two straight lines are the statistical fit to DE 1 observations
[Craven et al., 1997] for two different values of the solar
EUV proxy: dashed, P = 75; dotted, P = 150. The
exobase is spherical and uniform, with an altitude of 3185
km (= 0.5Rg), a temperature of Tp = 3000 K, and a density
of 10® cm™3. The relative density of the trapped particles is
given by n = 1.75.

P = 150. (Craven et al. [1997] define P as a time average
of the solar Fyg.7 flux.)

The behavior of MSKPM is in agreement with the obser-
vations. First, there is a strong dependence on geocentric
distance. This dependence is not strictly log linear, as in the
statistical fit, but has a stronger variation for » < 2Rg. This
is due simply to the fact that helium is heavier than hydrogen
and is more strongly affected by the gravitational force. The
stronger-than-linear variation for » < 2R predicted by the
model can be seen in the raw data of DE 1 (see Figure 3 of
Craven et al. [19971), but does not manifest itself in the log
linear fit. (Although the DE 1 satellite was in a polar orbit
and Figure 2 shows the model predictions only in the equato-
rial plane, a comparison between the two is valid because the
model predicts similar behavior along field lines, owing to
the fact that gravity acts in a spherically symmetric fashion.)
Second, there is a strong dependence on solar activity. In
our model, the effect of solar activity is included through a
variation of the helium fraction at the exobase. This is rea-
sonable becanse the production of helium ions is primarily
determined by photoionization, while the density of hydro-
gen ions is primarily determined by charge exchange with
oxygen [Banks and Kockarts, 1973]. Third, there is a weak
dependence on local time. The physical reason for this weak
dependence is that both species are affected by the convection
in a similar manner. In Figure 2, for a given radial distance,
there is a spread of ratios, with the largest density ratios oc-
curring near dusk and the smallest density ratios occurring
in the postmidnight sector. This local-time variation is much
smaller than the variations due to geocentric distance and
solar activity. Finally, there is a weak dependence on mag-
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netic activity. That is, the difference between the solid areas
and the shaded areas in Figure 2 is small compared with the
radial variation. This can be understood, again, by the fact
that both hydrogen and helium are affected by the convection
in a similar manner.

4. Conclusion

The equatorial density and temperature morphology pre-
dicted by MSKPM exhibits a strong local-time asymmetry
due to the process of large-scale convection. The increase of
the parallel temperature with altitude and the structure of the
temperature anisotropy are features that arise naturally from
the kinetic physics.

We have focused solely on the convection process in this
paper so that the results would not be masked by other effects
such as a complicated exobase. A realistic exobase will have
both latitudinal and longitudinal variations in altitude, den-
sity, temperature, and possibly distribution functions. These
variations will affect the predictions of MSKPM and will be
included for actual comparison with images.

In its present version, MSKPM can lend insight into the
problem of global helium imaging. The radial dependence
of the ratio of the helium density to the hydrogen density
predicted by the model is in good agreement with satellite
observations. This means that the values for the helium
density that will be extracted from 30.4 nm images can be
directly converted into total plasma density; but because con-
vection affects both helium and hydrogen ions in a similar
way, overall plasmaspheric morphology will be evident im-
mediately from visual inspection of images. The use of an
empirical model of the convection electric field will allow
the retrieval of the parameters of this global field, in addition
to the plasma densities, from EUV images using inversion
techniques already developed [Meier et al., 1998].

Appendix A: MSKPM Details

This model is applicable to the region between the exobase
and the plasmapause. In the present version, this region is
taken to be collisionless [Lemaire, 1989] and the convection
of trapped particles is included. Below the exobase, Coulomb
collisions dominate and the plasma distribution function is
Maxwellian. Beyond the plasmapause, the trapped parti-
cles are absent because they are sporadically convected away
from the corotating portion of the plasmasphere. In addi-
tion, we take the low-energy limit, ignoring both curvature
and gradient drifts, and the particle motion conserves both
energy and magnetic moment.

The velocity distribution is assumed to be Maxwellian at
the exobase and transforms into a source-cone distribution
as the particles flow up the field line. These particles will
reenter the ionosphere (either in the same hemisphere or the
conjugate hemisphere) in approximately 1 hour. The trapped
particles in each flux tube, however, remain there indefinitely
(in the limit of no diffusion) and convect under the influence
of the electric field. Only those trapped particles that never
encounter the exobase during their diurnal motion (and hence
would be lost to the ionosphere) are included. Also, only
those trapped particles that drift entirely around the Earth are
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included. The distribution of the trapped particles is taken
to be Maxwellian over their permitted region of velocity
space, and their density, relative to that of the source cone, is
determined empirically by the parameter 7.

The lower boundary condition (at the exobase) on a given
field line is a normalized, isotropic Maxwellian distribution
fo for each species

m
folvo) =ma (21rlcT0 2kTy ’

(AD)

) 3/2 exp { _ m (”ﬁo + ‘03_0)

where ng, Ty, and v, are the exobase density, temperature,
and velocity, respectively, and m is the particle mass. (In
general, any distribution can be used here.) The source-cone
distribution f; at a higher altitude r on the same field line
is determined by applying Liouville’s theorem (conserving
energy and magnetic moment) and taking into account the
accessibility condition. The result is

fo (vo(v)) (A2)
B U-T
x© (m [Uﬁ +2TO] — ’Ui) ’

where O is the unit step function; B and U are the magnetic
field and the potential energy at r; By and Uj are those quan-
tities at the exobase; and vo(v) is the velocity transformation
between the exobase and positionr

fs(v,r}) =

vy = vj+vi (1-Bo/B)+2(U ~Us)/m,(A32)
v2, = v} By/B. (A3Db)

The potential energy U of a particle with mass m and charge
g consists of the gravitational, electrostatic, and centrifugal
potential energies

GMgm m
— —02%r2cos? ),
T

U= 2

+9¢— (A4)

where Mg is the mass of the Earth, ¢ is the field-aligned
electrostatic (ambipolar) potential, @ = E/BLRg is the
angular frequency of the flux tube’s rotation, L is the dimen-
sionless Mcllwain parameter, Rg is the radius of the Earth,
and A is the latitude. In calculating €2, the electric field
model described in Appendix B is used, along with a dipole
magnetic field. The equatorial magnetic field model of Mcll-
wain [1986] is more realistic, but inside the plasmasphere
(L £ 4) it does not differ significantly from a dipole. For
reasons of simplicity and convenience, therefore, we use a
dipole magnetic field in the present version of MSKPM. The
© function in (A2) indicates the region of velocity space that
the source-cone distribution occupies. This region of veloc-
ity space is commonly called the loss cone. To determine the
trapped distribution, we include the effects of convection on
the region of velocity space left undetermined by (A2). We
assume that the distribution in this region is proportional to
fo, but that accessibility limits the trapped distribution f; to
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flvir) = nfo(vo(v))

B 2 A U—Uua
-7 pZ — Y0d
Boa—B[v”-I_ m ])

where 7 is a parameter that characterizes the density of the
trapped population relative to the source cone; By and Ug
are the magnetic field and potential energy at the equator of
the flux tube when the potential energy is a minimum; and
Byq and Uy are the same quantities at the exobase of the flux
tube at this same position. The local time of this “minimum
potential energy” depends on the electric field model: for a
uniform dawn-dusk electric field it is dawn; for the electric
field given by Mcliwain [1986] it is in the postmidnight
sector. Those parameters with a subscript d are controlled
by the electric field model, which determines the drift path
of the flux tube, and those parameters with a subscript 0
are controlled by the field-aligned potential energy. The
first © function in (AS) allows only those particles that do
not encounter the exobase during their diurnal convection.
That is, we keep only those trapped particles whose turning
point is always above the exobase. The rest are assumed
lost to the ionosphere when they come in contact with the
exobase. The second © function in (AS5) is the accessibility
condition from the flux tube’s closest approach. That is,
we keep only those particles that actually drift completely
around the Earth. This neglects the high-energy portion of the
distribution function, but these particles have a low number
density. It is important to note that 7 is not the density of
the trapped particles relative to the density of the untrapped
particles; rather, it is a weight given to the trapped distribution
function. The actual density of the trapped particles is given
in (A7). The value of the parameter % will depend on flux-
tube filling and loss processes, as well as the recent history
of the plasmasphere.

The number density is determined by integrating the dis-
tribution function over velocity space. For the source-cone

population
/ d*vf,

= o [exp(—4) - 4y/2exp (~4/40)] ,
where ¥ = (U — Up)/kTo is the dimensionless potential

energy and A9 = 1 — B/By. The density of the trapped
population is

m(r) = / d*vf,
= 1y [A(l),/iz exp (—voa/Aoa)

- A,lzﬂ exp (—oa — 1/Jd/ﬂd)] )

(A6)

ng(r) =

(A7)

where "/»'Od = (U - Ugd)/kTo, "/’d = (U - Ud)/kTo, Agd =
1- B/B()d, Ad =1- B/Bd, and,Bd = Ad/(l - Ad). The
total density is the sum of the two populations, n = ng; 4 ny,
as given by (A6) and (A7). In these expressions the field-
aligned electrostatic potential ¢ is unknown and must be
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Plate 1. Plasma density # in the magnetic equatorial plane for (a) Kp = 1 and (b) Kp = 5. The exobase is spherical and uniform, with
an altitude of 3185 km (= 0.5R;), a temperature of T, = 3000 K, a density of 10° cm™, and a helium fraction of 20%. The relative
density of the trapped particles is given by 7= 1.75.
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Plate 2. Parallel temperature scaled to the exobase temperature, TJ/T,, in the magnetic equatorial plane for (a) Kp = 1 and (b) Kp =

5. The exobase is spherical and uniform, with an altitude of 3185 km (= 0.5Rp), a temperature of T, = 3000 K, a density of 10° cm3,
and a helium fraction of 20%. The relative density of the trapped particles is given by 7= 1.75.
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Plate 3. Perpendicular temperature scaled to the exobase temperature, T'./Ty, in the magnetic equatorial plane for (a) Kp = 1 and (b)
Kp =5. The exobase is spherical and uniform, with an altitude of 3185 km (= 0.5R;), a temperature of T, = 3000 K, a density of 10°
cm?, and a helium fraction of 20%. The relative density of the trapped particles is given by 7= 1.75.
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calculated self-consistently by applying the quasineutrality
conditionn, = E,- n;. The electrons are treated in the same
manner as the ions, with T, = T;.

Besides the density, knowledge of the total distribution
allows the calculation of the thermodynamic temperature,
determined from the second-order moment of the velocity
distribution function. This integral gives the diagonal ele-
ments of the pressure tensor (for the choice of a Maxwellian
distribution at the exobase, the off-diagonal elements are
zero). In the parallel direction,

P, = / v (m'uﬁ) fs (A8)
= noTy [exp (—v) — 47 exp (~9/40)] ,
P, = / d% muﬁ fi (A9)

= nnoTh [A a2 exp (- Yod/Aoa)
— AY*exp (—yoa — ¢a/ﬂa)] -

The thermodynamic temperature in the parallel direction is
obtained from the total pressure weighted by the total density

T = Pis + Py

. Al0
ns + m ( )

The perpendicular components of the pressure tensor are
1
3 / d*y (mvi) fs

= nTp [CXP =¥ -

3/2
exp (—9/Ao) { A (1 + [';’;) + %}

1
P = E/ds'" (m,UZ
2302
nmoTo [CXP (—%o0a/Aoa) { Agi’ (1 + ZOZ) + ZﬁOd}
3/2
—exp (- 1/’04—1/’&//34){ 1/2( Zd) +%ﬁ:}

where Bo = Ao/(1 — Ao) and Boa = Aoa/(1 — Aoa). The
factors of 1/2 appear because the perpendicular direction has
2 degrees of freedom. The perpendicular thermodynamic
temperature is obtained in the same manner as the parallel
temperature

P, = (All)

(A12)

P+ Py,

ns +mn '
More complicated distributions functions can be used for fo
(e.g., drifting Maxwellian or generalized Lorentzian distri-
butions) and other velocity moments of the distribution can
be calculated (e.g., flows and heat flux).

T = (A13)
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The expressions for the source-cone population, (A6),
(AB), and (A11), are equivalent to those given by Lemaire
[19764a] for the ballistic and escaping particles at position
A. The expressions for the trapped population, (A7), (A9),
and (A12), are similar to those given by Lemaire [1976a] for
the regions #; and %, at position A, but with the effects of
convection included in the accessibility condition. Because
we have defined the subscript d to refer to the position of
minimum potential energy as the flux tube convects around
the Earth, we do not encounter a situation like position B of
Lemaire [1976a).

Appendix B: Electric Field Model

Mcllwain [1986] has developed a useful empirical model
of the equatorial convection electric field. Like that of Brice
[1967], it consists of two contributions, a corotation poten-
tial ®., and an external convection potential ®.. In this
appendix, we describe this model in detail, paying special
attention to the relevant physics.

The total potential, ® = ®, + Pexi, is expressed as a
function of the two spatial coordinates in the equatorial plane,
geocentric distance » and azimuthal angle ¢, the magnetic
activity index Kp, and 10 parameters. (Here we use the SM
coordinate system in the magnetic equatorial plane, and ¢
is measured eastward from noon.) The corotation potential,
which does not include the effect of the dipole tilt, is

®,=-92x%x10*V %. (B1)
The external convection potential consists of a uniform elec-
tric field of arbitrary direction (i.e., not necessarily in the
dawn-dusk direction) shielded asymmetrically by the auro-
ral ring and enhanced by magnetic activity. This external
convection potential has the form

Bext = Buni £(Kp) S, (B2)

where ®,;; is the potential of a uniform electric field with
components E; and E,, offset an amount ®.5 from the
corotation potential,

®ui = —7 (Ezcosp + Eysing) + &o5,  (B3)

£ is an enhancement factor that increases monotonically with
Kp,
€=1+ak,, (B4)

K, = Kp/ (1 + 0.1Kp) is a modified Kp index, and S rep-
resents the radial shielding factor,

1
=—, (BS5)
1+ (ro/r)"
whose shielding radius 7 has a value of
ro = BRE {S1 — Sacosp + K, (S3 — Sscosp)}. (B6)

The shielding radius r¢ is proportional to the radius of the
auroral ring.

The 10 parameters are Si1, S3, S3, Ss, e, B8, Ez, Ey, B,
and v. Of course, B is not independent, but it does carry
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physical meaning in that it allows the shielding transition to
occur equatorward of the auroral ring. The specific realiza-
tion used in this paper is given by the following set of values
(see Mcllwain [1986] for details): S; = 9.8, S, = —1.4,
S3=-09,8 =-03,a=03,8=08, E; = 0.03
mV/m, By = 0.12 mV/m, ®o¢ = 3.0kV,and y = 8. In
this realization, the uniform electric field is not purely in the
dawn-dusk direction but is rotated 13° from dusk toward the
Sun.

The shielding behavior is quite important. The specific
functional form given in (B5) exhibits the realistic behavior
of § - 1lforr > o0oand § — 0 forr — 0. There is a
transition at » = ro, with a transition width Ar given by

ar_2 (B7)
To v

This implies that for large -y the transition is very sharp. For
the values used here, 7o/ Rg =~ 8 — Kp and Ar = 2Rg, with
slight dependences on local time.

For the purpose of inverting global images in order to
obtain values of a parametrized model, the electric field as it
stands is not suitable. There are redundant parameters and
the dependence on Kp does not necessarily have the correct
form. For image inversion, a simplified version, yet one with
all the essential physics, would be

‘_I’l _ 7‘(@2 cos p + &3 sin <p) + &4
T 14 {(@s— ®scosp) /r}®

' (B8)

where (4, ..., ®7) are the seven essential parameters. Of
course, to determine the density, other parameters will enter,
namely, the exobase density, temperature, and helium frac-
tion, bringing the total of parameters to 10. The robustness of
this model to the inversion process has yet to be determined.
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