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Inversion of plasmaspheric EUV remote sensing data
from the STP 72-1 satellite

R. R. Meier,! A. C. Nicholas,2 J. M. Picone,! D. J. Melendez-Alvira,! G. I. Ganguli,?
M. A. Reynolds,? and E. C. Roelof*

Abstract. Observations of the extreme ultraviolet emission of helium ions at 30.4 nm can
be used to study the global shape of the plasmasphere and its dynamical response to
geomagnetic forcing. In order to retrieve number densities of plasmaspheric He™ from
such observations, we have developed a new inversion technique based on discrete inverse
theory, which uses the optical data to optimize a parameterized model of the He™
distribution. We apply this inversion technique to several orbits of data obtained from the
Naval Research Laboratory extreme ultraviolet photometric experiment launched on the
STP 72-1 satellite in October 1972. The inversion is limited to nighttime conditions where
contamination from the topside ionosphere is minimal and where a simple
parameterization of the He* number density is applicable. We obtain excellent fits to the
data; however, some of the retrieved model parameters have large uncertainties due to
inadequate sampling of the plasmasphere. Our study shows that improved sampling using
observations from different locations and view directions would significantly enhance the
accuracy of the retrieved model parameters. Using a newly developed three-dimensional

imaging tool to visualize the plasmaspheric regions being sampled remotely, we
demonstrate that emission features observed from two of the STP 72-1 orbits originate
beyond the plasmasphere. Estimated number densities of this feature are roughly
consistent with observations of cold plasma seen at geosynchronous orbit by in situ

experiments.

1. Imntroduction

Photometric experiments carried out for more than 25 years
have shown that the plasmasphere can be sensed remotely
through the measurement of the extreme ultraviolet (EUV)
emission line of helium ions at 30.4 nm. Both rocket [Johnson
et al., 1971; Meier and Weller, 1972; Paresce et al., 1974; Yo-
shikawa et al., 1997] and satellite [Weller and Meier, 1974;
Chakrabarti et al., 1982; also see Jelinsky et al., 1995] missions
have demonstrated agreement of the optical data with models
of resonant scattering of the solar emission line by plasmas-
pheric He*. All of the plasmaspheric remote sensing data
obtained so far have been from low Earth orbit (LEO), pro-
viding “inside-out” views.

With the surge of interest in global imaging of the magne-
tosphere [e.g., see Williams et al., 1992, and references therein],
EUYV remote sensing of the plasmasphere has become one of
the three prime methods of achieving that capability, the other
two being energetic neutral atom and auroral imaging. A
NASA Magnetospheric Imager Mission concept definition
[Armstrong and Johnson, 1995] was followed by the selection of
the Imager for Magnetopause-to-Aurora Global Exploration
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(IMAGE) as a Medium-Class Explorer (MIDEX) mission (see
the web site http://image.gsfc.nasa.gov for more information).
This mission will reach 8 E » apogee to achieve global mapping
of the inner magnetosphere. Another imager, the extreme ul-
traviolet imaging photometer, is planned for flight in LEO
aboard the STP (U.S. Air Force Space Test Program) ARGOS
satellite to be launched within the next year (see the web site
http://www.te.plk.af.mil/arpics/apage4.htm). There are also
plans for an imaging mission from a lunar vantage point [Yo-
shikawa et al., 1997].

Lacking so far in the plasmaspheric imaging concept is a
quantitative measure of the information about the number
density of helium ions (a three-dimensional quantity) which is
retrievable from remote sensing images (essentially two-
dimensional in character). All of the analyses published so far
have used the forward modeling approach in which predictions
are made of the emission rate, compared with data, and the
model parameters are adjusted until the agreement is deemed
acceptable. Herein we develop a formalism for inverting plas-
maspheric remote sensing data based on the principles of dis-
crete inverse theory (DIT) [see Tarantola and Valette, 1982;
Tarantola, 1987; Menke, 1989; Picone et al., 1997a].

The objective of this work is to demonstrate how well plas-
maspheric parameters can be retrieved from EUV remote
sensing data. In this initial phase of the work we have limited
the approach to photometric observations (i.e., narrow scans in
specific directions), leaving the application to full images for
the future. Data from the Naval Research Laboratory (NRL)
EUYV experiment on the STP 72-1 satellite [Weller and Meier,
1974] provide an excellent opportunity to test the retrieval
method for LEO observing platforms. Consequently, we have
resurrected a limited set of data from that mission. However,

17,505



17,506

Table 1. STP 72-1 Mission and NRL EUV Instrument
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Flight Parameters

Geophysical Conditions

Instrumentation

Launch, October 2, 1972

Orbit, 740 km altitude

Inclination, 98.3°

Local time, noon/midnight
Orientation, spinning at 5 s period

Fio = 90 — 120

Ap = 3-34 for orbits analyzed

five Photometers, 17-150 nm total passband
detectors, spiral channeltron
NDS5, Al/C filter (17-60 nm passband)
ND4, Al filter (17-80 nm passband)
ND1, indium (75-105 nm passband)
fields-of-view, 9° full width at half maximum
orientation, 25° from orbital plane (115° from spin vector)

since Weller and Meier were unable to fit the nighttime ob-
servations with a simple parameterized model of the plasma-
sphere, the first task in this project was to determine if the data
could be reproduced at all. The next task was to invert the
observations to obtain the optimal set of parameters and to use
the DIT diagnostics to establish the quality of the retrieved
parameters. Last, we considered ways to improve the remote
sensing approach from LEO, especially using (synthetic) data
from more than a single observing site.

We begin the paper with a review of the STP 72-1 mission
and data and the optical model and the plasmasphere param-
eterization, and then we develop the DIT application to plas-
maspheric remote sensing. The remainder of the paper follows
the tasks described above, including a description of a new
system for visualizing and interpreting the complicated geo-
metric features seen in EUV remote sensing data.

2. STP 72-1 Mission and EUV Data

The STP 72-1 satellite was placed into Earth orbit on Octo-
ber 2, 1972. The NRL EUYV instrument began operations 3
days later. Details are given by Weller and Meier [1974] and
Meier and Weller [1974]. Briefly, the orbit is approximately
circular at about 740 km altitude and 98.3° inclination. This
configuration kept the Sun-Earth vector in the orbital plane, a
noon-midnight orbit. The spin axis of the satellite was main-
tained normal to the orbital plane in a so-called “cartwheel”
configuration. The NRL instrument line of sight (LOS) was
canted 25° from the spin (and orbital) plane to avoid viewing
the Sun during the day. In one rotation of the spacecraft the
instrument viewed within 25° of the local vertical, swept to the
horizon, then to within 25° of nadir, across the alternate hori-
zon, and back up to near zenith. The instrument pointed to-
ward earlier local times during the day and later local times at
night. A brief summary of flight and instrument information is
given in Table 1. A sketch of the orbital geometry is given in
Figure 2 of Weller and Meier [1974].

The NRL payload contained five photometers spanning the
wavelength band 17-150 nm, three of which covered the EUV
spectral region below 100 nm. These three bands are listed in
Table 1. Light entering a photometer was confined to a 9° full
field of view (FOV) by a collimator and baffles. Light then
passed through a filter wheel and was detected by spiral chan-
neltrons. Photometers ND4 and ND5 were sensitive to both
He I58.4 nm and He II 30.4 nm radiation. The responsivity of
ND4 was 40.0 counts s ' R™! at 30.4 nm and 13.8 counts s~
R~ at 58.4 nm. The responsivity of ND5 was 42.5 counts s !
R~ ' at 30.4 nm and 0.41 counts s—' R™" at 58.4 nm. ND5 was
the primary sensor for detecting He IT 30.4 nm emission. When
both 58.4 and 30.4 nm emissions were present, the responses of

both photometers were combined to derive the individual
emission rates.

The data set obtained from this mission was sparse. Typical
instrument operations were limited to two nighttime orbital
passes every other day and a full pass every 2 weeks. In actu-
ality, even fewer passes were obtained over the approximately
18 months of instrument operations. Only data taken at the
closest approach of the LOS to zenith and nadir have been
archived and are still available for analysis. Unfortunately, the
only archive medium remaining is paper strip charts, which
include the data and the attitude-orbit information. As will be
seen later, the missing spin-scan data would have been quite
valuable for improving the retrieval of model parameters.
Twenty of the orbital passes viewing near zenith have been
digitized, courtesy of G. R. Gladstone, and are now available
for analysis. We have chosen six representative passes for de-
tailed analysis.

An example of the near-zenith emission rate of plasmas-
pheric He™ is shown for orbit 650 in Figure 3 of Weller and
Meier [1974]. Examples from orbit 650 and three additional
orbits are shown in Figure 1 in a somewhat different format. In
each plot Earth is at the center of the plot, with lines of
geomagnetic latitude and longitude superimposed. The
smooth solid lines display the L = 4 dipole lines of the
magnetic field, which approximate the boundary of open and
closed field lines (the plasmapause). Magnetic north is verti-
cally upward. The antisolar direction is indicated with arrows
to the left of each orbit depiction, and the Earth shadow is
shown by the shaded regions to the right. The satellite altitude
of 740 km is approximated by the innermost dotted circle. The
FOV of the EUV experiment is indicated in the top left. The
25° cant out of the orbital plane is behind the plane of Figure
1. As the satellite progresses around in orbit, the emission rates
are plotted radially outward as points connected with a thin
irregular line. The zero emission rate level coincides with the
orbital location, and the 3 and 6 R levels are also shown as
dotted circles. While the satellite orbit was usually not posi-
tioned along a magnetic meridian (although the solar vector
was in the orbital plane) and the projections into the Figure 1
plane are not exact, this form of data display provides a useful
framework for visualizing the observations from low Earth
orbit. For example, if the plasmasphere and topside iono-
sphere were (albeit unrealistically) uniformly filled with helium
ions, the emission rate curve would track the dipole field lines
during the day.

The emission rate shows large decreases over the polar re-
gions, consistent with the lack of high-latitude helium ions on
open field lines. The emission rate is fairly smooth during the
day but structured at night in part because of the Earth shadow
cutting through the plasmasphere. The examples shown in
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Figure 1. Equatorial display of STP 72-1 He II 30.4 nm column emission rates. Geomagnetic latitude and
longitude are drawn on the Earth at the center. L = 4 dipole lines are shown. Arrows indicate the antisolar
direction; the shadow is shown by the shaded region. The field of view (FOV) of the EUV experiment is shown
in the top left. The 25° cant out of the orbital plane is behind the plane of Figure 1. The innermost dotted circle
indicates the satellite altitude. Column emission rates are plotted radially outward from the satellite position.
The zero emission rate level coincides with the orbital location, and the 3 and 6 R levels are also shown as

dotted circles. See text.

Figure 1 display the diversity of structure seen in the data. The
point-to-point variations are due to counting statistics. A few
data gaps can be seen in the individual orbit depictions. Com-
parison of the plasmaspheric emission morphology with that of
the tropical arcs [Anderson et al., 1976] clearly demonstrates
that there is no ionospheric O* airglow contamination of the
signal from ND4 or NDS5 photometers.

As will be discussed in section 5.4, the daytime observations
from LEO contain substantial foreground emission from the
topside ionosphere; consequently, we will concentrate on the
analysis of nighttime observations in this work. At night most
of the emission comes from the plasmasphere since the iono-
sphere is usually shadowed. As well, much better diagnostic
information is available at night because of the action of the
Earth shadow as a height differentiator of the emission rate.
We will show in section 5.3 that this is particularly compelling
where measurements in the shadow direction reveal plasma
from beyond the plasmasphere.

Early attempts at modeling the STP 72-1 data were fortu-
itously successful during the day (see above) but failed to
reproduce the emission rate during the night [Weller and Meier,
1974]. A reexamination of the raw data has revealed the main
source of the difficulty. The latitudinal range of disagreement
between models and data turns out to be closely associated
with EUV equatorial bands seen in the nadir by both photom-
eters ND4 and ND5 [Meier and Weller, 1975]. No emission was
seen in photometer ND1. The emission rate reported by those

authors has morphological characteristics in common with low-
altitude quasi-trapped high-energy helium ions [Scholer et al.,
1975]. Meier and Weller [1975] attributed the emission rate to
the recombination/electron capture spectrum of He™™ into
He* taking place well below the 740 km spacecraft orbit (~150
km). The spin-scan data revealed strong support for a low-
altitude origin of the signal [Meier and Weller, 1975, Figure 5].
During the present reexamination we discovered that there is
also an effect of these bands in the data taken in the near-
zenith direction. Careful scrutiny of the raw data shows a slight
rise in signal correlated with the occurrence of EUV bands in
the nadir. This rise is masked to a large extent because it
compensates for the drop in He II 30.4 nm plasmaspheric
emission when viewing toward Earth’s shadow. Observations
by other experiments [Chakrabarti et al., 1982] show little or no
emission when viewing directly down the shadow. Paresce et al.
[1983] suggest that as much as 0.02 R is possible in the data of
Chakrabarti et al. A weak sub-Rayleigh emission from the
shadow region was detected from Extreme Ultraviolet Ex-
plorer [Jelinsky et al., 1995], which may be due to a small
amount of secondary scattering [Meier and Weller, 1972, equa-
tion (18)], even though the plasmasphere is optically thin for
practical purposes.

This contamination of the near-zenith data is puzzling.
There is too little atmosphere above 740 km to allow for
recombination radiation or charge capture by energetic helium
jons. Perhaps a small part of the apparent emission from the
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nadir is actually due to energetic particles passing through the
thin metal film filters and impacting the detector. This would
be present in the zenith as well and could account for the signal
recorded by ND4 and ND5 and for the lack of detection by
ND1, since its filter is made of indium with atomic mass much
greater than aluminum. In any case, data near the magnetic dip
equator were excluded from the present analysis by using the
much stronger nadir-viewing detections of the EUV bands to
identify the regions of contamination in the near-zenith data.

3. Forward Model

The “forward model” is a description of resonant scattering
of solar 30.4 nm emission line photons by helium ions in the
terrestrial plasmasphere. It is used to predict the results of
optical measurements based on the observing geometry, the
resonant scattering process, and a parameterized model of the
plasmaspheric He™ number density distribution. Conventional
forward analysis consists of adjusting the parameters of the
model until a fit is obtained to data which is judged adequate
by some (hopefully) objective criteria. An alternative ap-
proach, which we introduce in section 4, is to use discrete
inverse theory to retrieve model parameters from the remote
sensing data. The forward model forms the core of our inver-
sion procedure, which systematically adjusts the parameters
characterizing the He* number density distribution to obtain
an optimal fit of model intensity values to the measurements.
The resulting model parameter values then define the maxi-
mum likelihood He™ distribution underlying the observations.
In this section we describe the forward optical model, which
contains the geometry and the scattering process, and the pa-
rameterized model of the ion distribution.

3.1. Optical Model

The original optical model was presented by Meier and
Weller [1972] and has not changed except for the parameter-
ization of the He™ concentration. It is useful to review here the
relationships between the observed column emission rate and
the ion number density to set the stage for the inverse problem.

The plasmasphere is optically thin at 30.4 nm [Meier and
Weller, 1972]; thus the column emission rate, 4wl (Rayleigh),
can be written as

4l = g(6) Ny /10°, M

where g is the scattering rate of solar photons, ¢ is the phase
function for scattering through angle 6, and N, is the column
number density of helium ions. The g factor (photon s™'
ion™") is defined as

2
g = j FSun(/\)O'(A) d)\ = %fIZFSun(vﬂ)a (2)

2.1

where Fg,, is the solar 30.4 nm photon flux (photon cm™“ s
nm™') and o is the resonant scattering cross section at wave-
length A. In (2), f,, is the transition oscillator strength, and the
other factors are the usual fundamental constants. Since the
solar emission line is much broader than the plasmaspheric
line width, the solar flux can be taken out of the integral.
Converting the solar flux at line center, A, = 30.387 nm, into
units of photon cm 2 s~ Hz ™! (Fg,,(1), where v, is the line
center frequency), and uvsing the standard form for the cross

section, the right-hand side of the equation results [Meier,
1991].
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He™ has the same electronic configuration as atomic hydro-
gen. Since helium has zero nuclear magnetic moment, the
phase function should also be the same as for hydrogen but
without hyperfine splitting. In deriving the phase function for
atomic hydrogen, Brandt and Chamberlain [1959] were able to
ignore hyperfine components because natural line broadening
is much larger than the hyperfine splitting. Thus the Brandt
and Chamberlain phase function,

¢(0) =%—%sin2 0, €)]

is applicable to helium.

If the 30.4 nm column emission rate from the plasmasphere
is measured and the solar flux is known, the column concen-
tration of helium ions can be calculated from (1). The rela-
tionship between the column concentration and the number
density of helium ions ny, at a given L shell and geocentric
distance r is

NHe=J nHe(r’ L) ds(r, L): (4)

where the integral is carried out along the LOS path s(r, L) of
the measurement. The various geometric conditions are con-
tained within the coordinate system, the limits on the integrals,
and the number density distribution.

The forward model is quite general and can be used for
either “inside-out” viewing or to generate global images from
a viewing perspective external to the plasmasphere. Since the
number density description is a subroutine in the model code,
it is easy to change from one type of distribution to another.

3.2. Parameterization of He* Concentration

The early parameterized model of Meier and Weller [1972]
was based on a rather simplified description of in situ plasma-
spheric ion measurements up to that time. The model was
sufficient to demonstrate that the 30.4 nm emission observed
from the early rockets and satellites [Weller and Meier, 1974]
originated in the plasmasphere, but it was unable to reproduce
details of the nighttime satellite data. As noted above, part of
the difficulty was due to the contamination of the satellite
signal near the magnetic equator. More recent parameteriza-
tions have been developed by Gallagher et al. [1988] and Craven
et al. [1997]. The former utilizes nine parameters, and the latter
is too elaborate for use with an inversion method. Reynolds et
al. [1997] derived a kinetic description of the collisionless plas-
masphere which we are currently studying for application to
the plasmaspheric imaging problem. The approach taken here
is to arrive at the minimum number of parameters for an
adequate description of the plasmasphere and to evaluate the
need for a more extensive model based on the STP analysis.

We have developed a new parameterization which is based
on several sources of plasmaspheric information. The equato-
rial dependence of number density with L shell is obtained
from the empirical expression derived by Carpenter and Ander-
son [1992] for the total electron density in a saturated plasma-
sphere

napex(L) = n010_aL1 (5)

where the subscript “apex™ indicates the apex of the field lines,
the constant 4 = 0.3145, and n, is a constant to be deter-
mined from the data. As an initial value of n,, we chose the
Carpenter and Anderson normalization (10>°) divided by 10 to
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Figure 2. Comparison of He* number densities as functions of altitude along the indicated L shell.
Individual points are from the field line interhemispheric plasmasphere (FLIP) model, and solid lines are from

equation (6).

approximate the He™ concentration. This value is further
scaled as described below. We have used this function down to
the ionosphere where it is merged with a Chapman layer to
describe the ionospheric distribution of the plasmasphere. De-
tails of the Chapman layer are not important to this work, since
we focus on analysis of nighttime data where the ionosphere is
not illuminated.

With data from the retarding ion mass spectrometer exper-
iment on Dynamics Explorer DE 1, Horwitz et al. [1990]
showed that He™ closely tracked H™ in the plasmasphere, so it
appeared that use of (5) for helium as a proxy for the total
plasma was justified. However, Craven et al. [1997], analyzing
the same data set, found that the helium-to-hydrogen ratio
does, indeed, vary with geocentric distance. The differences
between these two analyses of the same data set has not been
resolved. As a result, we keep a constant in this work, recog-
nizing that future studies with better quality observations than
STP 72-1 could allow for a to be retrieved from the data.

The ion concentration described at the field line apexes by
(5) must now be mapped down to ionospheric altitudes. For
guidance we turned to the field line interhemispheric plasma-
sphere (FLIP) model [e.g., see Newberry et al., 1989, and ref-
erences]. A series of FLIP simulations of plasmaspheric con-
ditions appropriate to the STP 72-1 nighttime observations
showed that the number density at night can be described by a
power law in altitude z from the apex nearly down to the
ionosphere:

n(z, L) = naypex(L) (Zapenl2) P, (6)

where the altitude at the apex of an L shell is z,,., = Rg(L — 1)
and R is the radius of the Earth. FLIP calculations showed
that (6) departed from the numerical values near the iono-
sphere at high latitudes (L ~ 4). Again, this is not a significant

issue for the nighttime observations. Carpenter and Anderson
[1992] included a parameterization of the plasmapause L,
which depends upon the geomagnetic index Kp. However we
define the plasmapause L shell as a parameter to be retrieved
from the data. The plasma trough description is that given by
Carpenter and Anderson. The analysis is not sensitive to the
magnitude of the trough value. The FLIP output indicated that
the power « of the density variation along the field line de-
pends on L shell through the following relationship:

log, (k) = aflog, (L)]* + B[log, (L)] + v,

where a, B, and vy are parameters to be retrieved.

By combining (1)—(7), it is clear that the magnitude of the
column emission rate in (1) depends linearly on the product of
Fg,, and ng; it is not possible to derive values for the two
individually without independent information. Thus constant
values are assumed for each, and a magnitude scalar of the
intensity f is introduced as a parameter to be extracted from
the data. Since the most important information expected from
plasmaspheric imaging involves the dynamic response to geo-
magnetic forcing, the absolute values of the He* concentration
are not of great significance [Armstrong and Johnson, 1995].

Note that there is no local time parameterization in this
model. This is acceptable for the STP 72-1 nighttime analysis,
since local solar time varies only by about 1 hour or less along
the instrument LOS when sunlit at high altitudes. Also, the
current parameterization does not include latitudinal asymme-
tries about the magnetic equator. Certainly, north/south asym-
metries exist and should be parameterized in future work. The
impact of this limitation on the present analysis will be ad-
dressed in section 5. Thus the model currently includes only
the five parameters: L, f, a, B, and 1.

Figure 2 compares the parameterized model with a FLIP run

M
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Table 2. Solar-Geophysical Conditions for Selected Orbits

Orbit Date Fio F2e Ap
603 Nov. 13, 1972 89 110 4
692 Nov. 19, 1972 102 110 11

1799 Feb. 4, 1973 97 101 7

appropriate to the conditions of STP 72-1 orbit 603 on No-
vember 13, 1972. The solar/geophysical conditions for orbit 603
and others discussed herein are listed in Table 2. The model
parameters used were 3.7, 0.4, 0.175, —1.03, and 1.39 for L pp>
f, a, B, and v, respectively. The FLIP results show a north/
south asymmetry which is probably related to the higher ion-
ization rate in the winter ionosphere. Clearly, the parameter-
ized model provides a good fit to the FLIP values above the
ionosphere and should contain sufficient flexibility to adjust for
varying plasmaspheric conditions at night. (See section 5.4 for
discussion of the daytime case.)

4. Discrete Inverse Theory

Before testing the forward model described in section 3, we
describe the methodology for inverting data. The inversion
process begins with discrete data, a parameterized forward
model of those data, and a method of retrieving the parame-
ters and their uncertainties from the data. In an ideal situation,
complete orthogonal sampling of the plasmasphere would al-
low retrieval of the three-dimensional distribution of helium
ions (tomography). Given the impracticality of this scenario, a
priori information must be introduced in the form of a model
(ideally based on physics) having parameters which can be
retrieved from data. Qur approach is to use the iterative max-
imum likelihood method [e.g., Tarantola and Valette, 1982;
Menke, 1989], but we do not use the actual iterative formalism
derived by those authors (as did Meier and Picone [1994]).
Rather we employ the Levenberg-Marquardt (LM) method
which is an efficient way of minimizing the generalized x*
(defined below). Picone et al. [1997a, b] have applied this tech-
nique to evaluate the retrieval of ionospheric parameters from
OII 83.4 nm remote sensing data. Press et al. [1992] provide a
good discussion of the LM method. A brief summary of the
process follows, using the notation of Menke [1989]. More
details are given by Menke [1989] and Tarantola and Valette
[1982].

The forward model consisting of the combined optical and
density models can be described by the following vector func-
tion G:

G(m) = dP*, 8)

where m is a vector containing the model parameters (L, f,
a, B, and y) and d° is a vector containing predictions of
column emission rates corresponding to observed data. The
vector function G maps the parameterized He™* density distri-
bution onto column emission rates. The maximum likelihood
method maximizes the probability density ® governing the
relationships between the data and model parameters:

@(m', d, d°) x P(d°d’) P(d'|m") P(m’, (m)). )

In (9), P(d°|d") is the conditional probability that the observed
column emission rates will be d° given the true values d’;
P(d|m’) is the conditional probability that the model G gives
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the true result d’ when the input parameters are m‘; and P(m’,
(m})) describes the distribution of model parameters based on
a priori or expected values (m), which are derived from other
sources. The two conditional probabilities allow for both ran-
dom and systematic errors in the data and the model. The third
probability density allows for the imposition of constraints
from external information, a requirement when the problem is
underdetermined or mixed-determined. Maximizing @ is
equivalent to minimizing x> Assuming the instrument sensi-
tivity is known, x? is given as [Picone et al., 1997b]

x2 = (d° — G(m))"([Cov d°] + [Cov G])"}(d’ — G(m))

+ (m — (m))[Covm] }(m — (m)). (10)

If the measurements are independent, the covariance matrix
Cov d° is diagonal with elements containing the variances of
each measurement. (See Menke [1989] for definitions of the
covariance matrices.) Uncertainties in the model are charac-
terized by Cov G and uncertainties in the a priori model pa-
rameters {m) are accounted for in Cov m. If no a priori infor-
mation is available or necessary, Cov m may be considered as
infinite, and the second term is zero. Minimizing x> results in
optimal estimates of the model parameters m®. The parameter
uncertainties can be estimated, in analogy with the general
linear Gaussian case, using the following expression for the
covariance matrix which is a measure of the correlation among
the retrieved parameters [Menke, 1989; Tarantola and Valette,
1982],

[Cov m?] = VG™([Cov d°] + [Cov G])(VG™)T + [{ - R]
-[Covm][i — R]" = (VG([Cov d°] + [Cov G])"'VG
(11)

where 1 is the identity matrix and R is the model resolution
matrix [Menke, 1989]:

R = VG™VG. (12)

In (11) and (12), VG™ is the generalized inverse of VG, the
matrix of partial derivatives of the model intensity with respect
to each parameter evaluated at each data point. For overde-
termined or exactly determined cases in which the model pa-
rameters are resolved, R = i and the a priori information
contained in Cov m is irrelevant. For underdetermined or
mixed-determined problems, VG can have elements at or near
zero, requiring the use of a priori information. As will be
discussed in section 5.2, the behavior of R allows one to de-
termine if a particular data set is sufficient to extract individual
parameters of the model. For example, when R # I, fidelity is
lost in the retrieved parameters. (See chapter 4 of Menke
[1989] for a discussion of the model resolution matrix.)

The diagonal elements of the covariance matrix are a mea-
sure of the width of the distribution of the retrieved parame-
ters, and the off-diagonal elements indicate the degree to
which pairs of parameters are correlated. Variance estimates
for the retrieved model parameters can be obtained from
the diagonal elements of Cov m®, and the standard deviation
of m{ is o, = (Covmg)'/2. Off-diagonal elements are related
to the correlation coefficient between parameters, r =
Cov m,,/(Cov m,, Cov m )"/

Uncertainties in helium ion densities computed from the
model with the retrieved parameters and their uncertainties
can now be calculated by propagation of errors [Bevington and

+ [Covm]™")7},
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Plate 1. Three-dimensional visualization rendering of idealized plasmasphere on November 13, 1972 (orbit
603) with L,, = 4. Sun shines from lower left to better view surface intersections along FOV. STP 72-1
instrument field of view is represented by a yellow cone. Note complex intersection of plasmasphere with
Earth shadow. Expanded view of intersection of the instrument field of view and shadow is shown at the

bottom.

Robinson, 1992]. The variance, “var,” of the He™ concentration
at altitude z along a given L shell is given by

var [ny(z, L)] = 3, >, [Covm‘],

J

. (anﬂeu, L))*(annxz, L))‘, (13)

am, om,

where, again, the superscript indicates evaluation at the esti-
mated model parameters returned in the retrieval process.
More detailed discussion of (8)—(13) is provided by Picone et
al. [1997b].

5. Analysis of Selected Orbits
5.1. Visualization

Remote sensing of the plasmasphere from LEO poses a
formidable obstacle to visualization of the region being sam-
pled. Especially difficult is the night sector where the detector
LOS begins at the satellite, progresses through the shadow,
breaks into sunlight (unless pointed directly down the shadow),
and encounters scattering from sunlit helium ions. As STP 72-1
moved around Earth, the volume of plasma sensed changed
dramatically, causing variations of the nighttime intensity pro-
files in ways which are not intuitive (see Figure 1).

In order to visualize the complex geometrical influences of
the sensor LOS, the shadow, and the plasmapause, we devel-
oped a three dimensional imaging approach using Strata Stu-
dioPro™. An example of the complex geometry encountered

when viewing within the Earth shadow is illustrated in Plate 1.
The plasmasphere is rendered as a torus-like translucent solid
created by rotating a dipole around Earth. The outer surface
represents the plasmapause at L,,, = 4. The Sun shines from
the left producing the cylindrical shadow projected to the right.
A small amount of secondary (artificial) lighting is used to
highlight the three-dimensional character of the plasmasphere.
Viewing conditions are illustrated for STP 72-1 at the equator
during orbit 603 on November 13, 1972. Note the complex
intersection of the plasmapause and the shadow due to the
southern hemispheric location of the subsolar point. Plasmas-
pheric shadowing in the polar regions is complicated as well.
The STP 72-1 instrumental FOV is a right conic section, shown
in yellow outside the plasmasphere. The translucent plasmas-
phere permits visualization of the region of sunlit helium ions
being detected between the shadow and the plasmapause. The
FOV cone is expanded for better viewing in the bottom of
Plate 1.

Plate 2 displays viewing conditions for 12 orbital locations of
orbit 603 in order to illustrate the changing illumination con-
ditions. For these images the Sun is to the right to better see
the FOV exiting the shadow and plasmapause during the night.
During the day the instrument views the topside ionosphere
and the plasmasphere. Little emission is expected over the
polar regions because of the lack of plasma confinement by the
magnetic field; this is faithfully rendered by the geometry. At
night the emission rate rises (Figure 1) as the LOS crosses into
the sunlit plasmasphere (Plate 2) but then decreases as the
shadow-plasmapause intersection moves to higher altitudes.
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STP 72-1 Orbit 0603

20N

Equator

Plate 2. Three-dimensional visualization of regions of plasmasphere viewed by STP 72-1 instrument for
selected orbital locations of orbit 603. L, = 4. These images have the Sun to the right for better viewing of ’
the FOV intersection with the shadow/pl’e)lsmapause.

STP 72-1 Orbit 1799

L quator

Plate 3. Three-dimensional visualization of regions of plasmasphere viewed by STP 72-1 instrument for
selected orbital locations of orbit 1799. L, = 4. Note that in the north at night the FOV does not break into
sunlight until well beyond L = 4.
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Figure 3. Comparison of model emission rates using concentrations shown in Figure 2 to nighttime data
from orbit 603 on November 13, 1972. (a) Equatorial plot as described in Figure 1 caption. Model results are
shown by smooth curve. (b) Model-data comparison in rectilinear format. The shaded region covers contam-
inated data which were not included in the analysis (see text). Individual data points connected by dotted line.
(c) He* concentrations versus magnetic latitude for selected altitudes. (d) L shell where instrument line of
sight (LOS) breaks into sunlight. The solid curve gives the L shell of the center of the instrument FOV, while
the dotted curve indicates the lowest sunlit L shell which is seen within the full 9° FOV.

Minimum intensity occurs at the closest approach of the LOS
to the antisolar direction.

5.2. Night Observations

As mentioned above, we focus the analysis on selected night-
time orbits of STP 72-1. We begin by showing in Figure 3 a
comparison of the observations and a forward calculation with
the model parameters used in Figure 2, m° = [L,,,.f, &, B, ¥] =
[3.7, 0.4, 0.175, —1.03, 1.39]. Figure 3a shows a polar-style plot,
Figure 3b contains a rectilinear plot, Figure 3c displays the
model densities, and Figure 3d contains a plot of the L shell
where the instrument LOS breaks into sunlight. Note that data
near the magnetic equator in Figure 3b have been shaded to
indicate the region of contamination described in section 2.
Although the model emission rates have been integrated over
the full instrumental FOV, they differ little from those com-
puted with a single LOS. The emission rates are higher in the
southern hemisphere at night since that part of the plasmas-
phere receives greater illumination in November. While the
magnitudes of the observed and modeled intensities are simi-
lar, the variations with latitude (and angle from the Sun) are
somewhat different.

The DIT inversion procedure is now employed to see if the
fit to the data shown in Figure 3 can be improved. We start by
using the model parameters for the FLIP case as initial values.
No a priori information was invoked. Contaminated data in the
shaded region of Figure 3b were not included in the inversion

analysis. Convergence was achieved after five iterations, using
the criteria that the change in x? is less than 107> for successive
iterations. The actual value of the reduced x” is 1.5, suggesting
that a somewhat better fit is possible. The probability () that
the value of x? is larger than 1.5 based on random chance alone
is about 0.002 in support of that hypothesis [Press et al., 1992,
pp. 654 and 658]. The resulting estimated parameters are m® =
[3.70, 0.364, 0.913, —5.66, 4.10] with uncertainties of o =
[0.0142, 0.0378, 0.395, 1.36, 1.08], respectively. Comparison of
the model with the data is shown in Figure 4. Clearly, the
retrieved parameters provide much better agreement with the
data than do the FLIP-equivalent values in Figure 3. The low
values of o, and o, for L, and f, respectively, imply that those
parameters are retrieved with high accuracy. However, the
larger values of o; for the remaining parameters are evidence
that we have not been able to retrieve precise values from the
STP 72-1 data set.

Although there are difficulties with the results of the analysis
of orbit 603, we have, nonetheless, achieved our initial goal of
demonstrating that the nighttime data can be fit with a model
of the plasmasphere (at least where contamination is not a
problem). Thus we have satisfied a necessary condition of the
model but have not established sufficiency.

A second example is shown in Figure 5 for orbit 692 on
November 19, 1972. Again, the fit to the data appears to be
quite good. The retrieved parameters are m® = [4.00,
0.0979, 1.28, —3.47, 2.81] with uncertainties of o =
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Figure 4. Comparison of data from orbit 603 with model emission rates using retrieved parameters. (a)
Equatorial plot. (b) Model-data comparison in rectilinear format. (c) He* concentrations versus magnetic
latitude for selected altitudes. (d) L shell where instrument LOS breaks into sunlight. See Figure 3 caption.
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Table 3. Diagonal Elements of Model Resolution Matrix R

Case Condition Data* Ry, L,, Ryf Raye Ry B Rey
Orbit 603 observed A 0.998 0.949 0.015 0.280 0.502
Orbit 603 low-noise data S 0.999 0.999 0.207 0.856 0.929
Sky scan 0° latitude S 1.00 1.00 0.644 1.25 1.14
Sky scan 0° and 50° latitude S 1.00 1.00 1.01 0910 0.952

*A, actual data; S, synthetic data.

[0.0523, 0.0128, 0.326, 0.728, 0.409], respectively, and the re-
duced »* is 1.2. The value of Q is 0.05, indicating that an
acceptable fit has been achieved. As in orbit 603, the values of
o; are low for the first two parameters and are high for the
remainder. Similar results were found for data from the other
orbits as well. Inversions of data from two other orbits were
aborted because of a matrix inversion error. This was caused by
insensitivity of the observations to one or more model param-
eters, so that the partial derivative matrix is singular, and the
problem is underdetermined or at least mixed-determined.
Imposing a priori constraints (e.g., plasmapause is required to
be between 2 and 7, and magnitude scalar is positive definite)
rendered the inversion stable.

As discussed in section 4, a number of tests are available for
investigating the quality of the retrieved parameter values and
hence the information content of the STP 72-1 data. The first
is the basic reproducibility test to see if the estimated param-
eters could be consistently returned using different initial
guesses of parameter values. (We avoid using the often mis-
applied term “uniqueness.” Since uncertainties are present in
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both the observations and the model, it is not possible to
demonstrate uniqueness. However, a robust inversion problem
must be able to produce values of the parameters to within
their uncertainties.) We found that the values of m*® returned
from case to case varied by more than their 1¢ values, depend-
ing upon the initial guess, even though values of x* were
comparable.

The second test explores the properties of the model reso-
lution matrix R which characterizes the relationship between
m° and the “true” parameter values m‘, which best describe
the plasmaspheric state underlying the data. This is clearly
seen in the ideal linear case [Menke, 1989], where m° = Rm'.
When R = I, m* = m', and each parameter is resolved by the
data set. R can be considered a filter of the “true” model
parameters by the given observational approach. Even though
true model parameters are usually not known when inverting
actual data, R still provides a very useful indicator. The diag-
onal elements of the model resolution matrix for the retrieval
applied to orbit 603 were diagonal (diag) R = [0.998, 0.949,
0.0146, 0.280, 0.502]. Similar values were obtained for the
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emission rates using retrieved parameters. (a) Equatorial plot. (b) Model-data comparison in rectilinear
format. (c) He™ concentrations versus magnetic latitude for selected altitudes. (d) L shell where instrument

LOS breaks into sunlight.
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other passes. This is an indication that parameters of the
model, other than f and L ,,, might not be resolvable with the
STP 72-1 observational approach.

A third related test is to examine the correlation matrix. If
the parameters are nearly orthogonal, the correlation coeffi-
cient between individual parameters should be near zero. Of-
ten, the correlation coefficient between pairs of «, B, or -y was
found to be moderate or high, supporting the notion that the
parameters are interdependent and therefore difficult to resolve.

There are at least three possible reasons for the ambiguities
in a, B, and vy: (1) there is too much noise in the data; (2) the
observational sampling is inadequate (i.e., the problem is un-
derdetermined or mixed-determined); and (3) the parameter-
ization of the helium number density is inappropriate for rep-
resenting the plasmaspheric properties being sensed by the
experiment. We examine these in detail next, using the model
resolution matrix as the chief djagnostic.

5.2.1. Noisy data. To test the effect of counting statistics
on the retrieval problem, we created synthetic data using the
retrieved parameters for orbit 603. The process consists of
using the forward model to compute column emission rates for
each of the observing locations and directions. Statistical noise
is then added by converting the emission rates into counts,
calculating the standard deviation of each point, combining
with a set of normally distributed random numbers, superim-
posing the noise onto the computed intensity, and then con-
verting back to Rayleighs. In this case and those which follow,
the “true” model parameters, m‘ are known. For the present
example, an “instrument” calibration factor of 107 counts Ray-
leigh ™" was employed to minimize the effect of noise. The
comparison between diag R for the retrieval using the actual
data and the synthetic data with low noise is shown in the
upper part of Table 3. The first row shows R,, for the observed
data from orbit 603, and the second row shows R;; for the
low-noise synthetic data. Although there is some increase to-
ward unity in the diagonal values corresponding to «, B, and v,
the parameters are still unresolved. The correlation between
parameters also remains high. We conclude that although poor
counting statistics contribute to the parameter resolution prob-
lem, it is not the sole source.

§5.2.2. Inadequate sampling: Comparison with multipoint
observing. To test this hypothesis, we consider how the sam-
pling would improve the resolution of parameters if the full
spin-scan data were still available. We first constructed a set of
62 synthetic data points for a single sky scan in the orbital
plane from horizon through zenith and back to the opposite
horizon. The spacecraft was located at the antisolar point of
orbit 603. Again, the high “instrument” sensitivity was used in
constructing the data to avoid the effect of counting statistics.
The model resolution matrix diagonal elements from the in-
version of the single sky scan are shown as the third row of
Table 3. There is some improvement in R5, but R, and R
are comparable to those obtained from the simulation of STP
72-1 (second row of Table 3). Thus a single sky scan is not
much better than an orbital pass with near-zenith viewing.

Next, synthetic data from a second sky scan were created in
this case with the observing site at 50° latitude. The two sky
scans were then inverted together as a single data set to study
the effect of multipoint viewing. Values of diag R are shown as
the last row in Table 3. The values of R,, are much closer to
unity, showing a significant improvement in the ability to re-
solve the model parameters. We conclude that the observa-
tions made around the orbit in the near-zenith direction are
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not sufficient to extract parameters of the present model but
that sky scans from multiple observing sites would be sufficient
to do so.

5.2.3. Model parameterization. The results of our tests
described earlier and the improvement realized by adding a
second simultaneous (simulated) observation set strongly indi-
cate that the STP 72-1 data provide useful information on the
global plasmaspheric parameters L, and f but do not contain
sufficient information to determine the internal structure, that
is, the dependence of the He* density on L. For this reason we
have not investigated different forms of the L dependence
except for a linear form of (7), which proved to be unsatisfac-
tory. Without local time, latitude, and longitude parameteriza-
tions the present model has severe limitations. It is possible
that a functional form more strongly based on physics would
provide a much better representation of the plasmasphere
without running into the problems of parameter resolution.
We are currently investigating application of a new first-
principles model to the inversion problem [Reynolds et al.,
1997]. It is unlikely that the limited information from the STP
72-1 data would be sufficient to completely specify the param-
eters of any alternative model. .

Because of the difficulties encountered in resolving the
model parameters, we do not present uncertainties in the He™
concentrations shown in Figures 4 and 5. They are large (a few
percent to more than 100%), reflecting the propagation of the
retrieved parameter uncertainties (equation (13)).

5.3. Detection of He* Outside of Plasmasphere

On February 4, 1972, two contiguous full orbits of data were
obtained. The inversion process was applied to them with
rather startling results. Figure 6 shows the comparison of the
retrieved model with the data for the nighttime portion of orbit
1799. The retrieved value of L ,, for orbit 1799 is 3.78. The
model does a reasonable job of matching the southern obser-
vations but predicts nearly zero emission rate in the north. A
study of the observing geometry illustrates why. The images in
Plate 3 reveal that the instrument FOV remains within the
Earth shadow throughout the northern part of the orbit. That
is, the FOV breaks into sunlight only beyond the plasmapause,
beginning at about L = 5.5 (see Figure 6d). Thus the emission
rate in the north is coming from outside the plasmasphere
proper as modeled.

Because the emission covers some 30° of latitude, the glow-
ing plasma would be about 3 R in north-south extension if it
were located at 6 R geocentric distance (ignoring any mag-
netic field geometry). The He* column concentration can be
estimated from (1). The 30.4 nm g factor for solar minimum
conditions is 1.84 X 1073 s™! [Meier, 1991]. (Note that the
value in Table IV of Meier [1991] is low by a factor of 2, an
error traceable to the fact that the line profile used to compute
the line-center flux was plotted with a second-order wavelength
scale by Doschek et al. [1974].) Using the Hinteregger et al.
[1981] solar proxy model for February 4, 1972, we calculate
g = 2.7 X 1073 571, For an emission rate of 0.5 R, the
column concentration Ny, = 1.8 X 10'° jions cm™2. An esti-
mate of the size of the emitting region is needed to calculate
number densities. The data of Moldwin et al. [1995] and Ober
et al. [1997] indicate cold plasma regions of the order of 1 R
or greater at geosynchronous altitude. If the thickness of the
emitting region were 1 Ry, the average number He™ density
would be about 30 cm 3. If the He*/H™ ratio were known, we
could estimate the electron density (H* + He™). For a helium
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to hydrogen ratio of 0.2 the electron density is about 170 cm ™3,

However, if the ion ratio were 0.4 and the emitting region
covered 2 R, the electron density would be about 50 cm™3,
Both of these estimates are larger than the typical observed
electron densities beyond the plasmapause of less than 10
cm ™2 [Carpenter and Anderson, 1992], although Moldwin et al.
[1995] report occasional observations of electron densities at
geosynchronous altitude which are consistent with our lower
estimates.

The northern data in Figure 6 suggest that the plasmapause
has contracted, freeing plasma to move outward toward the
magnetopause. Evidence for such movement of cold plasma at
geosynchronous orbit, both at dusk and in the premidnight
sector, has been reported by Moldwin et al. [1995, 1996], Weiss
et al. [1997], and Ober et al. [1997]. In those experiments the
near-midnight phenomena appears to be associated with the
growth phase of a geomagnetic substorm following an ex-
tended period of low magnetospheric activity. Our conditions
are different: geomagnetic activity on the day of and before
orbit 1799 was not particularly significant (—25 < DST <
—4; Kp < 4). In fact, this is consistent with the findings of
McComas et al. [1993] and Moldwin et al. [1994] that for low
levels of magnetic activity (Kp = 2), regions of cold plasma at
geosynchronous orbit could be observed at any local time.
McComas et al. [1993, Figure 6d] show one example of cold
plasma present at high altitude on March 3, 1992, when Kp
ranged from 2— to 3+. The plasma was highly variable, ex-
panding and contracting at various local times, even close to
0100 LT. Our results in Figure 6 confirm the qualitative con-
clusion that the plasmapause is not necessarily well defined
when Kp is small. Unfortunately, the present observations are
not detailed enough nor numerous enough to shed further
light on the specific nature of this region of the magneto-
sphere. However, future experiments imaging the plasmas-
phere from an external high-altitude location will provide un-
ambiguous views of the structure and dynamics of plasma at
and beyond the plasmapause.

5.4. Daytime Observations

STP 72-1 observations during the day from 740 km contain
He* EUV emission from both the ionosphere and the plas-
masphere. In order to obtain an estimate of the relative con-
tributions from these regions, we carried out FLIP calculations
corresponding to the November 1972 period. The resulting
He™ concentrations did not follow the simple power law found
for night conditions (equation (6)). Rather, two peaks were
found in the variation of concentration with altitude along a
field line, one in the ionosphere and the other at a few thou-
sand kilometers. Similar results were reported by Newberry et
al. [1989] for the case when the photoelectron energy loss in
the plasmasphere was set at 55% (the value used in the present
calculations as well). Significant differences were seen between
the northern and southern distributions in our FLIP runs,
again reflecting the higher photoionization rate of helium at-
oms due to the northern winter neutral helium bulge.

Here we assess the ability to differentiate the ionospheric
and plasmaspheric contributions to the daytime STP 72-1 sig-
nals. On the basis of our nighttime study, we conclude that the
data do not contain sufficient information to warrant develop-
ing a complex parameterization of the daytime He™* concen-
tration for similar inversion studies. Fortunately, a qualitative
assessment requires only the evaluation of the column emis-
sion rate along two lines of sight corresponding to northern
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and southern magnetic latitudes. Here we have chosen +43.1°
magnetic latitude (L = 2.1 at 740 km). The column concen-
tration was calculated with FLIP for various distances along
the lines of sight and converted to emission rate via (1). In the
south, 50% of the column emission rate originated between
740 and 2200 km. In the north the 50% altitudes were 740 and
1800 km. We conclude that the daytime emission rate is sig-
nificantly influenced by ionospheric plasma and that a single
detector viewing radially outward from LEO provides inade-
quate data for discriminating between the high-altitude (plas-
maspheric) and low-altitude (ionospheric) sources.

6. Discussion and Conclusions

We have demonstrated that the STP 72-1 satellite observa-
tions of the plasmasphere using EUV remote sensing can now
be well fitted with a simple parameterized model based on a
first-principles approach (FLIP). Earlier problems with prim-
itive plasmasphere models and contamination of the data by
emissions, apparently from ring current neutral particles, have
been overcome. A new powerful method of inverting remote
sensing data has been developed and applied to the STP data.
Within this framework, tools are available for investigating the
quality of the retrieved model parameters and diagnosing
problem areas in the data interpretation. Analysis of a number
of orbits of STP data shows that the data can be reproduced by
the model to well within the statistical uncertainty and that
global model parameters (L,, and f) can be retrieved satis-
factorily. However, sampling of the plasmasphere with only
near-zenith observations is inadequate for determining inter-
nal plasmaspheric structure. He* number densities retrieved
from the EUV data are not of sufficient precision to provide
quantitative tests of plasmaspheric models such as FLIP. Al-
ternatively, tests with synthetic data show that spin-scan data
from multiple observing locations would, indeed, provide suf-
ficient observational sampling to resolve both global and struc-
tural parameters of the current model. We believe that com-
bining simultaneous LEO and high Earth orbit imaging data
would constitute a powerful means of obtaining quantitative
knowledge of the plasmasphere on a global scale.

While observing the plasmasphere from LEO poses formi-
dable problems in visualization, a significant step forward has
been made with the development of a new three-dimensional
imaging system. This “cartoon-like” approach enables rapid
appraisal of the plasmaspheric region being detected and
should prove to be an effective tool for planning of future
missions. Video simulations are easily created and aid visual-
ization tremendously. Noteworthy is its application to the STP
72-1 observations on February 4, 1973, where a major disagree-
ment between the data and the model is apparent. On the basis
of the geometric considerations alone, the three-dimensional
imaging system quickly demonstrated that the emitting region
had to reside beyond the plasmapause. Our estimates of the
electron densities are roughly consistent with occasional ob-
servations of cold plasmaspheric plasma at geosynchronous
altitude. Apparently, the plasmapause contains structure, even
under conditions of low geomagnetic activity.

The next step in evaluating EUV remote sensing is to apply
DIT to the external viewing case. This is straightforward for
single sky scans, but significant computational barriers arise
with the large number of pixels present in an image. More
degrees of freedom will be needed in the models. We also
intend to explore the advantages of multipoint imaging from
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two or more viewing perspectives. The tools developed in this
work will aid tremendously in evaluating observational scenar-
ios which are needed to remove ambiguities, to eliminate un-
derdetermined or mixed-determined problems in the image
inversion process, and to provide accurate model parameters
and plasmaspheric He* number densities.
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