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Ĥ 0

Perturbed Hamiltonian in Perturbation Theory

ψn (0)

Unperturbed wavefunction in Perturbation Theory

c1 , c2 , .., cn

Coefficients in linear combination of wavefunction

e0

Ratio of e and 4πo

Jmn

Coulomb Integral

Kmn

Exchange Integral

ν

permutational symmetry

ρj

Probability density of electron j

ξ

Spin Orbital

Vi HF

Hartree-Fock potential

hi

Hatree Hamiltonian

xiii
Fµν

Fock operator

Pλσ

Density matrix

an

Percentage contributions of nth CSF

Tn

Cluster Operator

ψHF

HF wavefunction

EHF

HF energy

ρ̄

spherically averaged density

Tnl

Kinetic energy of non-interacting electrons

Vne

Attraction potential between nuclei and electron

Vee

Inter-electronic repulsion potential

Exc

Exchange Correlation energy

hi KS

Kohn-Sham Hamiltonian

τ

Kinetic Energy Density

Ecorr

Correlation Energy

x0 , y 0 , z 0

dimensionless Cartesian Coordinates

E0

Dimensionless energy in Hartree

i, j, k

Increment indices for x, y, z directions

A

Coefficient matrix

ψi,j,k

Value of the wavefunction at a grid point represented by i, j, k

n

Number of grid points in each direction x, y, and z

h

Grid spacing between ith and i − 1th point in a non-uniform mesh

αh

Grid spacing between i + 1th and ith point in a non-uniform mesh

βh

Grid spacing between i + 2th and i + 1th point in a non-uniform
mesh

γh

Grid spacing between i + 3th and i + 2th point in a non-uniform
mesh

xiv
h

Grid spacing between i − 1th and i − 2th point in a non-uniform
mesh

ηh

Grid spacing between i − 2th and i − 3th point in a non-uniform
mesh

(Hψ)i,j,k +x

Value of the Hamiltonian at origin (i, j, k) from +x direction

(Hψ)i,j,k −x

Value of the Hamiltonian at origin (i, j, k) from −x direction

(Hψ)i,j,k +y

Value of the Hamiltonian at origin (i, j, k) from +y direction

(Hψ)i,j,k −y

Value of the Hamiltonian at origin (i, j, k) from −y direction

(Hψ)i,j,k +z

Value of the Hamiltonian at origin (i, j, k) from +z direction

(Hψ)i,j,k −z

Value of the Hamiltonian at origin (i, j, k) from −z direction

ng

Number of grid points for the Least Squares Fit

ap

Coefficients in the Least Squares polynomial

ξ2

constant in the Soft-Core potential

Vi,j,k

Coulomb potential at i, j, k

VRavg

Averaged repulsion potential for two-particle systems

xv

ABBREVIATIONS

NEQAIR

Non-equilibrium Air Radiation

RAD/EQUIL

Radiation Equilibrium

LORAN

Langley Optimized Radiative Non-equilibrium

HARA

High Temperature Air Radiation

LAURA

Langley Aerothermodynamic Upwind Relaxation Algorithm

EAST

Electric Arc Shock Tube

HyperRAD

Hyper Radiation

VUV

Visible Ultra Violet

UV

Ultra Violet

IR

Infrared

NIST

National Institute of Standards and Technology

TDSE

Time-Dependent Schrödinger’s Equation

TISE

Time-Independent Schrödinger’s Equation

ODE

Ordinary Differential Equation

PES

Potential Energy Surface

BO

Born Oppenheimer

IRC

Intrinsic Reaction Coordinate

ANN

Artificial Neural Networks

RKN

Runge-Kutta-Nystrom method

SUSY

Super Symmetry

PS

Pseudospectral method

FEM

Finite Element Method

DVR

Discrete Variable Representation

DFT

Density Functional Theory

xvi
CC

Coupled Cluster

PT

Perturbation Theory

MPn

Moller-Plesset Pertuebation Theory of order n

SAPT

Symmetry Adapted Perturbation theory

CGF

Coulomb Green’s Function

SCF

Self Consistent Field

HF

Hartree Fock

AO

Atomic orbitals

MO

Molecular Orbitals

SRS

Symmetric Rayleigh-Schrödinger theory

SD

Slater Determinants

RHF

Restricted Hartree-Fock method

UHF

Unrestricted Hartree-Fock method

LCAO

Linear combination of Atomic Orbitals

GTO

Gaussian-Type Orbitals

STO

Slater-Type orbitals

STO-MG

Slater-Type Orbitals with M Gaussians

MIGCHF

Molecular Improved Generator coordinate Hartree-Fock

MGCHF

Molecular Generator coordinate Hartree-Fock

MCSCF

Multiconfiguration Self Consistent Field theory

CSF

Configuration State Function

CAS

Complete Active Space

RAS

Restricted Active Space

CASSCF

Complete Active Space Self Consistent Field

GVB

Generalized Valence Bond

RASSCF

Restricted Active Space Self Consistent Field

xvii
CI

Configuration Integration

CIS

CI Singles

CID

CI with double excitations

CISD

CI with single and double excitations

SF-CISD

spin-flip CISD

SF-CIS(D)

spin-flip CISD with double excitations from PT

MRCI

Multi-reference CI

LMP2

Localized Moller-Plesset Theory of second-order

CASPT2

Complete Active Space Perturbation Theory of second-order

MBPT

Many Body Perturbation Theory

CCD

CC method with double excitations

CCSD

CC method with single and double excitations

CCSD(T)

CC method with single,double and triple excitations

e.c.m

electron correlation method

KS

Kohn-Sham

LDA

Local Density Approximation

KSSCF

Kohn-Sham Self Consistent Field

GGA

Generalized Gradient Approximation

EDFT

Semi-Empirical DFT

CPMCSCF

coupled perturbed MCSCF

APDFT

Alchemical Perturbation density functional theories

AIM

Atoms in molecules

COSX

Chain of Scales

(UCC)SD(T)

UHF coupled-cluster

ME-SIF

Many-electron Self-Interaction Free

GAMESS

General Atomic and Molecular Electronic Structure System

xviii
NMR

Nuclear Magnetic Resonance

SLEPc

Scalcable Library for Eigenvalue Problem Computation

PETSc

Portable Extensible Toolkit for Scientific Computation

EPS

Eigenvalue Problem Solver in SLEPc

GD

Generalized Davidson

JD

Jacobi Davidson

CISS

Contour Integral Spectrum Slicing

LOBPCG

Locally Optimal Block Preconditioned Conjugate Gradient

CG

Conjugate Gradient

xix
ABSTRACT

With an increased interest in accurately predicting aerothermal environments for
planetary entry, recent researches have concentrated on developing high fidelity
computational models using quantum-mechanical first principles. These calculations
are dependent on solving the Schrödinger equation using molecular orbital theory
techniques. They are either approximate solutions to actual equations or exact
solutions to approximate equations. Exact solutions have not found favor due to the
computational expense of the problem. Hence, a novel numerical approach is
developed and tested here using linear algebraic matrix methods to enable precise
solutions.
The finite-difference technique is used to cast the Time-Independent Schrödinger
equation (TISE) in the form of a matrix eigenvalue problem. The numerical
singularity in the Coulomb potential term is handled using Taylor series
extrapolation, Least Squares polynomial fit, soft-core potential, and Coulomb
potential approximation methods. A C++ code is developed to extract the
eigenvalues and eigenfunctions with the help of PETSc and SLEPc open-source
packages. The eigenvalues represent the energies, and eigenfunctions represent the
orbitals of atoms.
The test cases include both one-particle and two-particle systems. The singularity
poses an issue in the computation by affecting the accuracy of energies and
wavefunctions obtained. Higher-order differences and non-uniform meshes are
implemented to resolve the issue, but they provide counterintuitive results and fail
to achieve the desired level of accuracy.
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1. Introduction

1.1

Background
Recent years have witnessed an increased interest in accurately predicting the

thermo-chemical and radiative non-equilibrium conditions that occur during
planetary atmospheric descent missions. The ground tests and flight tests that
predict such conditions are prohibitively expensive in most cases; hence, high
fidelity models are used to reproduce these conditions. As the thermal, chemical
and kinetic energy transfer rates are extremely high in hypersonic flows, the
properties of gases like composition, temperature, chemical reaction rates,
absorptivity, emissivity, etc., deviate from equilibrium conditions. A few decades
ago, these computational models were based on simple principles of physics, but,
with recent technological advancements, there is a call for modeling at an atomic or
molecular level from first known physical principles.
From a recent National Aeronautics and Space Administration (NASA) Early
Career Faculty (ECF) solicitation (NNH15ZOA001N-15ECF-B1), “The current
state of the art for predicting aerothermal environments for planetary entry are
dependent on physical models and underlying numerical methods that are, in many
cases, two to five decades old.” The solicitation sought, “innovative physical models
for high speed non-equilibrium flows (such as state-specific models to reduce
predictive uncertainty for non-equilibrium radiation),” and “novel approaches to
obtain validation data for these models (such as calibrated spectroscopic
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experiments in a shock tube or plasma facility or rapid ab initio calculations)” (pp.
6-7).
Currently, the leading computational tools that are capable of molecular
modeling are the codes developed by NASA. The three principal codes used by
NASA over the past 35 years to predict the shock layer radiation properties are
RAD/EQUIL, NEQAIR, and LORAN. The earliest of these was RAD/EQUIL
(Nicolet, 1973), which was used to model the spectral shape of each atomic line
based on atomic line data. The radiative heating properties were predicted by
assuming chemical and thermodynamic equilibrium. The other significant code is
NEQAIR (Nonequilibrium Air Radiation) (Park, 1985; Cruden & Brandis, 2014). It
avoids the equilibrium assumption by applying a collisional-radiative or a
non-Boltzmann model in the recent version NEQAIR v15.0 (Johnston, Hollis, &
Sutton, 2008). The NEQAIR spectroscopic databases can be used to generate
accurate potential energy surfaces (PES) for all relevant diatomic molecules
(M. J. Wright, Hughes, Calomino, & Barnhardt, 2015).
The results of LAURA (Mazaheri, Gnoffo, Johnston, & Kleb, 2013)/NEQAIR
and DPLRP93 (D. M. J. Wright, 2009)/HARA (Johnston, 2006) for some of the
transitions of N2 and IR atomic lines were compared with EAST (Electric Arc
Shock Tube) (Brandis & Cruden, 2017) measurements. It was found that at low
shock speeds where non-equilibrium is more significant, the differences were large.
There was a large under-prediction of VUV/UV up to 50% for DPLR/NEQAIR,
and an over-prediction of up to 20% in the IR (Brandis, Johnston, & Cruden,
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2016).
LORAN (Langley Optimized Radiative Non-equilibrium) (Chambers, 1994) is
composed of an atomic spectral model and quasi-steady state model of NEQAIR
and avoids the computationally intense line-by-line computation approach used in
NEQAIR (Johnston et al., 2008).
The other essential codes are HARA and HyperRAD. The HARA radiation
code is used to model the atomic radiation line-by-line and a smeared rotational
band model for predicting radiation. Even though the accuracy of the model is
within 5% of the model used in NEQAIR, the uncertainty in the atomic and
molecular databases contribute a 30% uncertainty in the radiative heat flux
calculations (Wood, 2012).
The HyperRAD radiation code (Brandis et al., 2013) is under development
within the NASA Hypersonics Project for several years. It is designed to compute
fully coupled radiative heating of the gas and body surfaces in hypersonic flow and
to provide spectral data comparable to the experimental and the flight tests. It has
an extended and updated physical model utilized in NEQAIR and HARA. It
includes atomic and molecular data from recent ab-initio quantum chemistry
calculations. Currently, the physical modeling of coupled thermal, chemical, and
radiative non-equilibria are being implemented in the code to provide significant
fidelity when compared to quasi-steady state models. Initial validations of
HyperRAD were done for equilibrium radiation conditions. The results of
HyperRAD compared with NEQAIR and HARA show that the agreement between
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the codes is good, but all three codes under-predict the radiation at low velocities.
Other discrepancies also occur in the VUV and the IR region (M. J. Wright et al.,
2015). These computational works are done to update the NIST databases and ab
initio computation of atomic and molecular energies (Thomas, 2016).
1.2

Ab initio Calculations
Ab initio in Latin means ‘from the beginning.’ Hence, ab initio calculations

involve the solution of Schrödinger’s Equation, which is the fundamental equation
of quantum mechanics.
The time-dependent form of Schrödinger’s equation (TDSE) for one particle
system in Cartesian coordinates is,
~2 2
~ ∂Ψ(x, y, z, t)
=−
∇ Ψ(x, y, z, t) + V (x, y, z, t)Ψ(x, y, z, t)
−
i
∂t
2me

(1.1)

In Equation 1.1, Ψ describes the state of the system in quantum mechanics and is
known as the wave function (often written as wavefunction) or the state function.
Max Born postulated that the |Ψ(x, y, z, t)|2 dx dy dz, gives the probability at time
t of finding a particle in the volume defined by the limits x and x + dx in the x axis,
y and y + dy in the y axis and z and z + dz in the z axis. V is the potential energy
function of the system (Levine, 2014).
A common simplification is done by expressing the wavefunction as a product of
spatial and temporal terms. If the potential energy is assumed to be independent of
time, then the wavefunction becomes,
Ψ(x, y, z, t) = f (t)ψ(x, y, z)

(1.2)
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Equation 1.1 can be simplified as,


1 ~ df (t)
1
~2 2
−
=
−
∇ + V (x, y, z) ψ(x, y, z)
f (t) i dt
ψ(x, y, z)
2m

(1.3)

Since the L.H.S of Equation 1.3 is a function of t only and the R.H.S of Equation
1.3 is a function of space variables only; the two sides must be equal to a constant.
If the constant is tentatively designated as E, two ODEs can be extracted from
Equation 1.3. They are,
1 ~ df (t)
iE
=−
f (t) i dt
~

(1.4)


~2 2
∇ + V (x, y, z) ψ(x, y, z) = Eψ(x, y, z)
−
2m

(1.5)

−



Solving Equation 1.4 and omitting the integration constant, we have,
f (t) = exp

−iEt
~

(1.6)

Equation 1.5 is the time-independent form of Schrödinger’s Equation for one
particle system or atom. For these cases,
|Ψ(x, y, z, t)|2 = |ψ(x, y, z)|2

(1.7)

the probability density does not change with time; hence, these states are called
stationary states (Levine, 2014).
For complex molecules, the time-independent form of Schrödinger’s equation is
similar to Equation 1.5, but includes coordinates for every particle. It is expressed
as,
Ĥψ(qi , qα ) = Eψ(qi , qα )

(1.8)
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where, qi symbolize the electronic coordinates, and qα symbolize the nuclear
coordinates. The Hamiltonian operator Ĥ can be expressed as,
N
n
N −1 N
~2 X 2 X X Zα Zβ e2
~2 X 1 2
∇ −
∇ +
Ĥ = −
2 α=1 mα α 2me i=1 i α=1 α>β 4πo rαβ

N X
n
n−1 X
n
X
X
Zα e2
e2
−
+
4πo rαi i=1 j=i+1 4πo rij
α=1 i=1

(1.9)

The first term in Equation 1.9 represents the operator for the kinetic energy of the
nuclei. The second term represents the operator for the kinetic energy of the
electrons. The third term represents the repulsion potential energy between the
nuclei, rαβ being the distance between nuclei α and β having atomic numbers Zα
and Zβ respectively. The fourth term represents the attraction potential between
the nuclei and the electrons, riα being the distance between nucleus α and electron
i. The fifth term represents the inter-electronic repulsion potential, rij being the
distance between electrons i and j. This Hamiltonian is incomplete because it
omits spin-orbit and other interactions. The omitted terms are small unless the
atomic number of the atoms is very high (Levine, 2014).
Equation 1.8 is difficult to solve; hence, Born-Oppenheimer (BO) approximation
is used. Since nuclei are much heavier than the electrons and the electrons move
much faster than the nuclei, the position of the nuclei can be fixed, and the
position of the electrons can be found relative to them. Applying this
approximation to Equation 1.8, the Schrödinger’s equation for electronic motion
can be written as,
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ˆ
Hel + VN N ψel = U ψel

(1.10)

The purely electronic Hamiltonian operator is given by,
n−1 X
n
n
N
n
X
e2
~2 X 2 X X Zα e2
∇i −
+
Hˆel = −
2me i=1
4πo rαi i=1 j=i+1 4πo rij
α=1 i=1

(1.11)

The nuclear repulsion potential is,

VN N =

N
−1 X
N
X
α=1 α>β

Zα Zβ e2
4πo rαβ

(1.12)

Hence, the electronic energy U includes the nuclear repulsion term. To solve
these sets of equations for molecules, it is necessary first to fix the nuclear
coordinates, solve the electronic Schrödinger’s equation, and then repeat the
procedure for various nuclear coordinates. For each nuclear coordinate, a different
set of energy levels are obtained. These energy levels are used for further analysis
as described in the next section (Levine, 2014).
1.3

Potential Energy Surfaces
Once the electronic Schrödinger’s equation is solved for various nuclear

coordinates, potential energy curves or surfaces can be plotted. A potential energy
surface is essentially a plot of the potential energy or the behavior of the molecule
expressed in terms of the positions of nuclei. It arises naturally when
Born-Oppenheimer (BO) approximation is invoked in the solution of Schrödinger’s
Equation It basically assumes that the electronic distribution adjusts itself
depending on the movement of the nuclei. When the potential energy surfaces for
different states get close or crisscross each other, the movement of the electrons are
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complex and cannot be predicted efficiently by using the BO approximation
(Schlegel, 2003).
When considering a potential energy surface, the molecules and the transition
states linking them are of interest. The lowest energy path connecting them is
called the intrinsic reaction coordinate (IRC) (Lewars, 2011). The IRC is usually
drawn on a surface that uses mass-weighted Cartesian coordinates which are
represented by mα 1/2 xα , mα 1/2 yα and mα 1/2 zα ,where, mα represents the mass of
nucleus α (Levine, 2014).
The points of interest on the surface are the stationary points where the surface
is parallel to the horizontal line connecting one of the geometric parameters, i.e.,
the first derivative of the potential energy with respect to each geometric parameter
is zero.

∂V
∂V
=
= ... = 0
∂q1
∂q2

(1.13)

In Equation 1.13, V represents the potential energy and q1 , q2 , etc., represent the
geometric coordinates in different directions. Stationary points for actual molecules
correspond to the minima or the lowest energy point in its region of the PES. It
can be observed that along the IRC a molecule going from one minimum to another
must acquire energy to overcome the activation barrier while passing through the
transition state. If a molecule has high energy, it can stray outside the IRC to some
extent. The transition state linking the two minima represents a maximum along
the direction of IRC, but minimum in all other directions, hence it is a saddle point
(Lewars, 2011).
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Figure 1.1. A sample PES showing the minimum energy path or IRC (top) and the
formation of transition state and product along the IRC (bottom).
A sample PES is shown in Figure 1.1. The top section of Figure 1.1 shows a
PES for a chemical reaction. The intersection of the plane and the surface gives
the minimum energy path or the IRC. The bottom section of Figure 1.1 shows the
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stationary points, i.e., the minimum energy regions for the reactants and products,
and the maximum energy region for the transition state.
Hence for molecules and transition states for all q except along IRC, its a
minimum represented mathematically in terms of second derivatives as,
∂ 2V
>0
∂q 2

(1.14)

and along IRC, it is a maximum represented as,
∂ 2V
<0
∂q 2

(1.15)

Some PES’s have points where the second derivative of energy with respect one or
more geometric coordinates is negative. These are called higher-order saddle points
or hilltops (Lewars, 2011).
The local minima can also correspond to the reaction intermediates that are
obtained in the elementary steps of the reaction. As they are too short-lived, their
structure cannot be determined from spectroscopy. Hence, a very significant
application of quantum chemistry is the determination of the structure and the
relative energies of the reaction intermediates (Levine, 2014).
The energies of the reactions can be calculated from the altitudes of the minima
for the reactants and the products. Reaction rates can be obtained from the height
and profile of the mountain passes between the valleys of the reactants and
products. The shape of the valley around a minimum determines the vibrational
spectrum for the molecules. Each electronic state of the molecule has its own PES
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and separation between those surfaces yields the electronic spectrum. Thus the
structure, properties, and reactivity for molecules can be easily determined from
the potential energy surfaces (Schlegel, 2003).
Although a considerable number of reaction models have been used for decades,
recent researches have concentrated on improving the models using first principles
or ab initio methods. This research focuses on a novel approach to solve the
electronic Schrödinger’s equation using simple linear algebraic matrix methods.
These calculations can be repeated for various nuclear configurations, and the
energies obtained can be used in the construction of PES. Once the PES is
constructed for the reactions that occur during non-equilibrium reentry flows,
properties like, reaction rate constants can be extracted.
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2. Literature Review

Three different approaches have been used to solve the Time-Independent
Schrödinger’s equation. They are analytical, numerical, and approximate
approaches. The three sections below discuss these approaches in detail.
2.1

Analytical Solutions
Exact analytical solutions to the time-independent Schrödinger’s equation exist

only for ‘hydrogen-like’ atoms, i.e., atoms with a nucleus and one electron, for
instance, H, He+ , and so forth. The wavefunctions for these cases, i.e., for one
electron is known as an orbital. The Coulomb potential that represents attraction
between the nucleus and the electron is expressed as,
V =−

Ze2
4πo r

(2.1)

where, r is the distance between the nucleus and the electron, and e is the charge
on the electron. Introducing a reduced mass parameter,

µ=

me mN
me + mN

(2.2)

where, me and mN are the electronic and nuclear masses. Thus, the Hamiltonian
can be rewritten as,
Ĥ = −

~2 2
Ze2
∇ −
2µ
4πo r

(2.3)

In Equation 2.3, ∇2 is the Laplacian operator which can be expressed in spherical
coordinates as,
1 ∂
∇ = 2
r ∂r
2



∂
r
∂r
2



1
∂
+ 2
r sin θ ∂θ



∂
sin θ
∂θ


+

1
∂2
r2 sin2 θ ∂φ2

(2.4)
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As it is a one particle central force problem, the wave function can be written
as,

ψ(r, θ, φ) = R(r)Yl,m (θ, φ),

l = 0, 1, 2, .., . |m| ≤ 1

(2.5)

where, Yl,m is known as spherical harmonics and is the solution of the angular
equation, and R(r) is the solution of the radial equation. Both the angular and
radial equations are obtained by substituting Equation 2.5 in Equation 2.3 and
solving it using separation of variables (Levine, 2014).
The radial equation is written as,
1 d
R(r) dr



2mr2
2 d
r
R(r) − 2 [V (r) − E] = l(l + 1)
dr
~

(2.6)

and, the angular equation is written as,
1
∂
Y (θ, φ) sin θ ∂θ



∂2
∂
1
sin θ
Y (θ, φ) +
Y (θ, φ) = −l(l + 1)
∂θ
Y (θ, φ) sin2 θ ∂φ2

(2.7)

where, l(l + 1) is the separation constant.
The spherical harmonics can be expressed as,
Yl,m (θ, φ) = fl,m (θ)gm (φ)

(2.8)

Substituting Equation 2.8 in Equation 2.7 and simplifying it; we get two equations,
one in terms of θ, known as the polar angle equation and the other in terms of φ,
known as the azimuthal angle equation. The separation constant is chosen as m2 .
The polar angle equation is,
sin θ d
f (θ) dθ



d
sin θ
f (θ) + l(l + 1) sin2 θ = m2
dθ

The azimuthal angle equation is,

(2.9)
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1 d2
g(φ) = −m2
2
g(φ) dφ

(2.10)

The solution to Equation 2.10 is,
1
gm (φ) = √ eimφ
2π

(2.11)

Equation 2.9 should be solved using the change of variables technique by
replacing x with cos θ and then substituting back in terms of x after simplification.
This results in the associated Legendre equation which reduces to Legendre
equation when m = 0. Associated Legendre equation is written as,
00

0

(1 − x2 )f (x) − 2xf (x) + l(l + 1)f (x) = 0

(2.12)

and, its solutions are known as associated Legendre polynomials and can be
generated using the formula,
p
dm
2
m
(1 − x )
Pl (x)
Pl,m (x) = (−1)
dxm
m

(2.13)

where, Pl (x) are Legendre polynomials given by,
(−1)l dl
Pl (x) l
(1 − x2 )l
l
2 l! dx

(2.14)

By substituting these solutions in Equation 2.8, we can derive the spherical
harmonic functions.
s
Yl,m (θ, φ) = (−1)m

(2l + 1)(l − m)!
1
1
Pl,m (cosθ) √ eimφ = Slm (θ) √ eimφ
4π(l + m)!
2π
2π
Yl,−m (θ, φ) = Y ∗ l,m (θ, φ),

m<0

m≥0

(2.15)
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To calculate a spherical harmonic for m < 0, we use m = |m| and then compute the
adjoint (Griffiths, 1995).
According to Levine (2014), to solve the radial equation, power series can be
used. At large r, Equation 2.6 can be simplified as,
00

R +

8πo E
R=0
ae2

(2.16)

The solutions for Equation 2.16 are,
8πo E 1/2
 r
±
2
ae
e




(2.17)

There are two possible cases depending on the value of E. If E ≥ 0, the term in
the square root in Equation 2.17 is negative and the solution is imaginary. This
shows that all non-negative energies are allowed similar to a free particle, and this
corresponds to the case when the electron is not bound to the nucleus. The positive
energy eigenfunctions are known as continuum eigenfunctions. The second case is
E < 0, which is known as the bound state. The term in the square root of Equation
2.17 is positive. As the eigenfunction should remain finite at r tending to infinity,
considering the positive sign with a two-term recursion relation,

R(r) = exp(Cr)K(r);

C≡

8πo E
ae2

1/2
(2.18)

Substituting Equation 2.18 in Equation 2.6 and using the power series of the
form, we can find that the first few coefficients are zero.

K=

∞
X
k=0

ck r k

(2.19)
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Assuming the first non-zero coefficient is cs , letting j = k − s and defining bj ≡ cj+s ,
we have,
K=

∞
X

cj+s r

j+s

=r

s

∞
X

bj r j ;

bo 6= 0

(2.20)

j=0

j=0

Substituting Equation 2.20 in Equation 2.6 and setting r = 0, s can be calculated
as s = l and s = −l − 1 which are tw linearly independent solutions. For the
root, s = l, R(r) behaves properly at the origin, but for the root s = −l − 1, R(r)
is proportional to

1
rl+1

which makes it infinite. The normalization integral for the

radial functions are written as,
Z

2 2

Z

|R| r dr =
o

o

1
dr;
r2l

f or small r

(2.21)

For l = 1, 2, 3, .. Equation 2.21 is infinite, however for l = 0 it is finite. Thus, the
quadratically integrable solution to the radial equation behaves like r−1 for small
r, but this solution is rejected as experimental results show that there is no energy
value that corresponds to this solution. Taking the first root s = l, and substituting
it in Equation 2.6, we can calculate the coefficients as,

bj+1 =

2C + 2Cl + 2Cj − 2Za−1
bj
j(j + 1) + 2(l + 1)(j + 1)

(2.22)

Terminating the series with a finite number of terms, we have, 2C(k+l+1) = 2Za−1
for k = 0, 1, 2, ... Defining n ≡ k + l + 1; for n = 1, 2, 3, ..., we get, Cn = Za−1 .
Solving for E,
E=−

Z 2 e2
n2 8πo a

(2.23)

we can calculate the discrete bound state energy levels for hydrogen-like atoms.
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Hence, the three quantum numbers, n known as the principal quantum number,
l known as the azimuthal quantum number and m known as the magnetic quantum
number, define various states of the atom.
n = 1, 2, 3, ...;

l = 0, 1, 2, ..., n − 1;

m = −l, −1 + 1, ..., 0, ....l − 1, l

(2.24)

The value l is also indicated using letters s, p, d, f, ... that correspond to
l = 0, 1, 2, 3, .. respectively and are used to denote the orbitals. The energy levels
are degenerate, except for n = 1, where l and m are zero. Using C = Z/na, the
bound state radial function can be computed as,
l −Zr/na

Rnl (r) = r e

n−l−1
X

bj r j

(2.25)

j=0

Hence, the complete hydrogen-like wavefunctions are of the form,
1
ψnlm = Rnl (r)Slm (θ) √ eimφ
2π
Some real hydrogen-like wave functions are shown in Table 2.1 (Levine, 2014).
Table 2.1
Real Hydrogen-like wavefunctions

Orbital #
1s
2s
2pz
2px
2py

Wavefunction

1
Z 3/2 −Zr/a
e
1/2
a
π

 −Zr/2a
1
Z 3/2
Zr
2
−
e
1/2
a
a
4(2π)

1
Z 5/2
re−Zr/2a cos θ
4(2π)1/2 a

1
Z 5/2
re−Zr/2a sin θ cos φ
1/2
a
4(2π)

1
Z 5/2
re−Zr/2a sin θ sin φ
1/2
a
4(2π)

(2.26)
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The wavefunctions shown in Table 2.1 are plotted in Figure 2.1 (Blinder, 2002).

Figure 2.1. 1s, 2s, 2px , 2py ,and 2pz hydrogen-like wavefunctions. Adapted
from Chapter 7 The Hydrogen atom; Atomic Orbitals University of Michigan,
Chemistry 461/570, S.M. Blinder, 2002, p. 18, Retrieved October 15, 2019, from,
http://www.umich.edu/ chem461/QMChap7.pdf .
Obtaining exact solutions for different potentials is important because,
Rosen-Morse potentials are utilized for analyzing the quark-gluon dynamics,
Eckhart potential terms are necessary for molecular and high energy physics,
q-deformed hyperbolic potentials are used for modeling atom-trapping potentials in
vibrational spectra of diatomic molecules, Mie-type potentials are helpful in
modeling molecular interactions, and so forth. However, even with various efforts
over the decades, the exact solutions for Schrödinger’s equation are limited to a
small set of potentials (Okon, Ituen, Popoola, & Antia, 2013; Abdalla & Eleuch,
2016).
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Mie-type potentials are solved by the factorization method using the change of
variables technique. They are given by,
V (r) = −

A B
+ 2 +c
r
r

(2.27)

It helps describe diatomic molecules. This potential reduces to Coulomb potential if
B = c = 0, and to Krazer-Feus potential if c = 0. Schrödinger’s equation is solved
by separation of variables but, an effective potential is used in place of actual
potential. The effective potential is defined as (Okon et al., 2013),
Vef f = V (r) −

l(l + 1)~2
2µr

(2.28)

Bound state solutions for generalized inverted hyperbolic potential were
obtained using Nikiforov-Uvarov method. Hyperbolic potentials are used to model
inter-atomic and inter-molecular forces. It is done by reducing the second-order
differential equation into a hypergeometric-type equation by coordinate
transformations. Rosen-Morse potential, Poschl-Teller potential, and Scarf
potentials can be obtained as special cases of this potential (Ikot, Ibanga, Awoga,
Akpabio, & Antia, 2012). Abdalla and Eleuch (2014) analyzed the behavior of
modified Morse q-type potential, which is a product of exponential and q-deformed
hyperbolic functions. The exact solution is found in terms of some orthogonal
functions, especially, Heun Function (Abdalla & Eleuch, 2016).
In addition to being limited to hydrogen-like atoms, and to few potentials for
which exact solutions can be obtained, analytical solutions have another issue. A
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recent study investigated the singular behavior of the Laplace operator in polar,
spherical coordinates and its consequences on the radial wave function. It was
shown that while transitioning to the reduced radial wavefunction, a Dirac delta
function appears which has not been noticed previously. The solutions for
Schrödinger’s equation with this delta function are known as irregular solutions. It
was mathematically proved that the correct form of representing the Laplacian
operator is,



2 d
d2
+
2
dr
r dr


=

1 d2
(r.) − 4πδ (3) (r)r
r dr2

(2.29)

and, the solution for wavefunction ψ = u/r never satisfies the initial radial
equation, because it results in −1/r term which is a sub-harmonic function. This
restriction is present irrespective of whether the potential is regular or singular. It
was suggested that only those non-singular solutions of the full radial equation
should be considered, that are compatible with full three-dimensional equations
(Khelashvili & Nadaresishvili, 2015).
To eliminate irregular solutions, it is necessary to validate virial theorem
(Martin, 2004). The virial theorem holds good for both classical and quantum
cases. For quantum case, it connects the expectation kinetic energy with the
potential, and can be expressed as,
+
*
X ∂V
= 2hT i
qi
∂q
i
i

(2.30)

where, qi represents the Cartesian coordinates (Levine, 2014). For the radial
equation, if the solution derivative u0 (r) = u0 (0) = 0, when r tends to zero, then the
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virial theorem is not violated. If

Rr
Ro

V (r0 )dr0 tends to ±∞, then it is impossible to

have a derivative that tends to zero, and hence the virial theorem is violated. The
same is true for potentials which are more singular than Coulomb potential.
Therefore, it is necessary to verify the virial theorem to have accurate solutions to
the radial equation (Martin, 2004).
2.2

Numerical Solutions
Various numerical methods have been used to solve Schrödinger’s equation.

Some of them are Numerov methods, shooting methods, finite element methods,
matrix methods, Fourier methods, symplectic methods, and so forth.
00

Numerov methods can be applied to equations of the form ψ = G(x)ψ(x). For
instance, in solving the radial equation the transformation R(r) = r−1 F (r) can be
used. Simplifying Equation 2.6 we get,
00

F (r) = G(r)F (r);

G(r) =

m
l(l + 1)
(2V − 2E) +
2
~
r2

(2.31)

Each value of l has to be considered to solve numerically. As R(r) behaves as 1/rb
at the origin, it is not quadratically integrable; hence b = 1 cannot be used and
F (r) must go to zero. To avoid numerical singularity at r = 0, extremely small
values of r are considered. Finite differences are used to approximate the
differences. With an initial guess for ψ(r), the values at the grid points can be
updated, and the final solution can be found (Levine, 2014).
Pillai, Goglio and Walker (2012) applied matrix Numerov method to 1D
Schrödinger’s equation by rewriting it, and applying finite differences.
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00

ψ = f (x)ψ(x);

The matrix equation was,

f (x) =

−2m(E − V (x))
~2

(2.32)

~2 −1
B Aψ + V ψ = Eψ. The ψ at different points were
2m

represented as a column vector. Assuming the particle to be inside a infinite
walled-box, Dirichlet boundary conditions were used, and the matrix was solved to
find the energies and the wavefunctions. The authors experimented with
variable-mesh grids and found that for certain problems like hydrogen atom, they
give increased accuracy (Pillai, Goglio, & Walker, 2012).
Simos (2009) developed and tested a family of hybrid Numerov-type methods of
various algebraic orders based on the requirement that the phase-lag and its
derivatives should vanish. It was applied to the resonance problem of radial
Schrödinger’s equation with Wood-Saxon potential. A finite interval in x with the
large domain on energies ranging until 1000 was used. For positive values of
energies, the potential dies much faster than the term

l(l + 1)
, thus reducing the
x2

Schrödinger’s equation in the form of an ODE given by,


l(l + 1)
y (x) + k −
x2
00

2


y(x) = 0;

(2.33)

Equation 2.33 has linearly independent solutions of spherical Bessel and Neumann
functions. Considering the asymptotic form,






lπ
lπ
y(x) = AC sin kx −
+ tan δl cos kx −
2
2
where δl is the phase shift, and k represents the 2k-step method. It was found that
the two-step Numerov method with minimum phase lag was more efficient than an
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exponentially fitted four-step method. The newly proposed Numerov-type method
was more efficient than the Numerov method (Simos, 2009).
Raptis and Allison (1978) used exponential-fitting methods to find numerical
solutions to Schrödinger’s equation. The linear multi-step methods can be applied
to the equation y 00 + f y = 0. The approach to solve the equation is to associate an
operator L to the linear k-step methods of the form,

L[y(r); h] =

k
X

2

αj y(r + jh) − h

j=0

k
X

βj y 00 (r + jk)

j=0

and then impose the requirement that it annihilates. For the radial equation of the
form,



l(l + 1)
2
y + k −
− V (r) y = 0
r2
00

with boundary conditions y(0) = 0 and y(r) → sin(kr + η where, η is the phase
shift. The coefficients are evaluated for a constant interval h in the same manner as
Numerov method. One of the problems with this method is that it is seldom
possible to find an acceptable fit in the nonclassical region where the potential
rapidly varies, and the behavior of the equation cannot be predicted (Raptis &
Allison, 1978). Simos (1991) tested a new four-step exponential method for
Schrödinger’s equation with Wood-Saxon potential. The low energies were accurate,
but the results were increasingly better for higher energies (Simon, 1991).
Shooting methods for the Schrödinger’s equation were implemented to work
with various integrators, including the Numerov one. Many researches tested the
solution of two-point boundary problem,
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−D2 ψ + x2 ψ = Eψ

(2.34)

and found that when E = −1, simple shooting methods starting at x = 0 become
unstable. Killingbeck (1987) used boundary conditions ψ(0) = 0 and ψ(L) = 0 and
finite differences to express Equation 2.34 in the form,


ψ(x + h) = 2 + h2 (V (x) − E) ψ(x) − ψ(x − h)

(2.35)

and supplemented it by a starting equation,
ψ(h) =


1
2 + h2 (V (0) − E) ψ(0) + hG
2

(2.36)

0

to produce a solution with ψ (0) = G. Equation 2.36 can be solved in two ways; E
can be fixed, and G can be varied to have ψ(L) = 0, or G can be fixed, and E is
varied until ψ(L) = 0 (Killingbeck, 1987).
Another type of shooting method is known as the power series shooting method.
If the potential is a power series which can be expressed using the general term
Vn xn , then the wavefunction is,
 ∞
1 2 X
An xn
ψ = exp − βx
2
0


(2.37)

This gives a recurrence relation,
(N + 1)(N + 2)AN +2 = [(2N + 1)β − E] AN − β 2 AN −1 +

X

VM AN −M

(2.38)

M
0

with initial conditions, ψ(0) = 1 = Ao and G = ψ (0) = A1 . The convergence is
quick and depends on β. The exponential term is responsible for ensuring ψ(L) is
zero (Killingbeck, 1987).
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Another accurate shooting method type used the concept of Wronskian. After
applying the finite difference recurrence relation,
ψ(N + 2) = F (N + 1)ψ(N + 1) − ψ(N )

(2.39)

Using x − N h, ψ(0) has a value one but nothing is assigned for ψ(1) = ψ(h) to
initiate the calculation. An auxiliary equation is then introduced,
φ(N + 1) = F (N + 1)φ(N ) − φ(N − 1)

(2.40)

with initial values φ(0) = 1 and φ(−1) = 0. By simple simplification it can be found
that ψ(No ) = 0. Hence the solution proceeds backward using the recurrence
relations. The results showed that the stable shooting methods gave accurate
solutions for the wavefunctions and could be applied to all E irrespective of
whether they were any quantum mechanical solutions. The power series shooting
method had the same kind of instability as the simple shooting methods
(Killingbeck, 1987).
Hodgson (1988) utilized analytically continuing Frobenius series to write the
boundary problem in the form,
00

u + Q(z)u = 0;

Q(z) = E − z 2

(2.41)

The solution is expanded using Taylor series about the point zo as,
u=

Ni
X

Cj (z − zo )j

(2.42)

i=0

The recurrence relations are found using Equation 2.42 to calculate the solutions.
The authors found that the analytic continuation approach gives accurate
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wavefunctions and energies. Nevertheless, Q(z) is developed from finite polynomials
and works well only when the function can be expanded in the form of Taylor series
(Hodgson, 1988).
A highly stable shooting method was experimented by H.Kobeissi, El-Hajj, and
M. Kobeissi (1990) with the Numerov integrator. The conventional shooting
method with Numerov integrator fails for the case E = −1; and, for the radial
Schrödinger’s equation with given E and initial values at the origin, it becomes
unstable for large x when a Numerov integrator is used. Hence, the authors
suggested an approach of starting the integration at a large value of L and stepping
backward towards x = 0. Although this method does not improve the eigenvalue
computation, it computed eigenfunction independent of L (Kobeissi, El-Hajj, &
Kobeissi, 1990).
Hall and Seigel (2015) used two coupled Schrödinger’s equation to calculate the
excited states of helium atom. The shooting method was used in addition to the
product state functions to compute the singlet and the triplet levels. The results
obtained were in good agreement with the experimental data (Hall & Seigel, 2015).
Liu et al. (2000) implemented symplectic schemes to solve a one-dimensional
time-independent Schrödinger’s equation. The test cases include one-dimensional
harmonic oscillator, hydrogen atom, and a double-well anharmonic oscillator. The
1D Schrödinger’s equation is expressed in the form,

ψ̈ +

∂U
= 0;
∂ψ

1
U (x, ψ) = B(x)ψ 2 ;
2

B(x) = 2[E − V (x)]

(2.43)
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If x is assumed to be the time variable, then ψ̇ acts as generalized velocity and ψ̈
acts as generalized acceleration. Hence utilizing Newtonian equation for a particle
with unit mass moving in a complex space, there is a Lagrange function,
1
1
L(ψ, ψ̇, x) = T − U = ψ̇ 2 − B(x)ψ 2
2
2

(2.44)

This is transformed into a Hamiltonian canonical equation by means of the
Legendre transformation. The Hamiltonian equation is given as,

H(ψ, φ, x) =




 φ̇ = − ∂H = −B(x)ψ
∂ψ

φ2 1
+ B(x)ψ 2 ;
2
2



 ψ̇ =

∂H
∂φ

(2.45)

=φ

The spatial variation of the canonical form solution from x1 to x2 is given as,








 φ(x2 ) 
 φ(x1 ) 

 = gH x1 x2 





ψ(x2 )
ψ(x1 )

(2.46)

where, the symplectic transformation gH x1 x2 is,

gH

x1 x2


= exp 





Z

x2

x1



 0 −B(x)  

 dx

 
1 0

(2.47)

This is solved using two methods: symplectic scheme-matrix eigenvalue method
and the symplectic scheme-shooting method. The second-order symplectic scheme
is given as,

x = ψ n + 21 hy

y = φn
n+1

φ

= y − hB

n+1/2

x

ψ

n+1

=x+

1
hφn+1
2

(2.48)
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For the matrix-eigenvalue method, the symplectic schemes are applied to obtain the
matrix [A − 2h2 EI]ψ = 0 and a column vector of ψ at each grid point. This
tridiagonal symmetric matrix is solved for ψ. The shooting scheme a trial value of
E is used and then the lower limit of E is first computed that makes ψ(b) = 0.
Then the iterations are performed to find correct values of E greater than this
inferior limit. The results showed that both methods are in good agreement. The
symplectic shooting method needs less computer time and is better than the
symplectic-matrix method for the eigenvalue problem (Liu, Xiao-Yan, Zhao, Ding,
& Pan, 2000).
Van der Maeleen Uria, Garcia-Granda and Menendez-Velazquez (1996)
experimented matrix methods to Schrödinger-like equations to compute several
eigenvalues and eigenvector at the same time-saving computation. Finite differences
are used to discretize the domain and express the Schrödinger’s equation in the
form of a matrix eigenvalue problem. The finite difference equation and the matrix
eigenvalue problem can be expressed as,


ψi−1 + 2h2 Ei − 2h2 Vi (xi ) − 2 ψi + ψi+1 = 0

→

Aψ = ψλ

(2.49)

QR algorithm is applied to find the eigenvalues and eigenvectors of this symmetric
matrix. Computations were performed for a harmonic oscillator, anharmonic
oscillator and for hydrogen-like potentials. The results showed that the lower
energy level eigenvalues were accurate, but a larger grid was necessary to obtain
accurate higher energy levels. The authors describe that the method is efficient, but
is restricted to bound states. The importance of boundary condition at r = 0 is also
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clearly analyzed for the radial equation (Van der Maelen Uria, Garcia-Granda, &
Menendez-Velazquez, 1996).
Salejda, Just and Tyc (2000) solved one dimensional Schrödinger equation in
Cartesian coordinates using matrix methods. ASSME program written in Delphi
created a universal tool with a graphical user interface for solving the equation.
Finite differences were used to create the matrix eigenvalue problem. Various
numerical algorithms were implemented to compute the eigenvalues and
eigenvectors, for instance, the use of EISPACK routines, Sturm-Martin, Dean
sequences approach that uses the bisection method, modified Sturm-Pade
algorithm, etc. The authors describe that the form of potential energy function
used determines the accuracy of the solution. Different bounded potentials were
tested: coulomb potential, Morse potential, Konwent potential, and harmonic
oscillator potential. The results showed that the method was accurate and efficient
and could use state of the art numerical linear algebraic algorithms (Salejda, Just,
& Tyc, 2000).
The three-dimensional matrix method for Schrödinger’s equation for
hydrogen-like atoms in Cartesian coordinates was implemented by Mahmood
(2016). Second-order central differences were used to formulate the matrix
eigenvalue problem. The eigenvalues and eigenfunctions were obtained using
MATLAB. The results show that the energy values and the probability distribution
are in good agreement with the analytical results. However, the authors do not
mention whether the Coulomb singularity was treated or discarded. In addition to
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that, the results are only discussed for the hydrogen atom case and not for other
hydrogen-like atoms to investigate the effect of the atomic number on energies
(Mahmood, 2016).
Shani (2017) attempted to apply finite difference and matrix methods to
multi-dimensional systems, for instance, with n particles and m dimensions. The
wavefunction is written as a tensor product of individual particle wavefunctions.
Ψ(~
r1 , r~2 , ..., r~n ) = ψ (1) (~
r1 , r~2 , ..., r~n ) ⊗ ψ (2) (~
r1 , r~2 , ..., r~n ) ⊗ ...ψ (n) (~
r1 , r~2 , ..., r~n ) (2.50)
This was computationally demanding; hence, it was applied to only one particle
system in two dimensions and two-particle systems with one dimension. The results
were compared with the Arnoldi method. The node at the singularity has been
neglected for the calculation. The results show that the Arnoldi method yields
accurate results, and the finite element approach gives better performance when
compared to finite difference (Shani, 2017).
Montegranario et al. (2016) applied a numerical meshless scheme to solve one
and two dimensional Schrödinger’s equation. The authors used the collocation
method with Radial Basis function interpolants. These interpolants can be
expressed as,
S(x) =

M
X

αi φ(||x − ai ||) + p(x);

x, ai ∈ Rn

(2.51)

i=1

where φ is the radial basis function. Some commonly used φ functions are multi
quadratic functions, thin-plate splines, and Gaussian. The wavefunction ψ is
expressed in terms of a radial basis function without the polynomial term and N
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distinct collocation points are considered. Forming ψ as a column vector, we get a
matrix in terms of φ at the collocation points; with the restriction that A is strictly
positive definite. The boundary condition that the wave function must vanish as
the domain tends to infinity is applied to get physically meaningful solutions. Then
the coefficients αi ’s are calculated, once a proper ψ is chosen depending on the
boundary conditions. The method was tested for 1D harmonic oscillators, particle
confined in a finite double square well, Schrödinger’s equation for a particle in an
isosceles triangle, particle in an infinite quantum disc. The results show that for all
the test cases, there is a remarkably good agreement with the well-known results. A
major disadvantage is that the interpolation matrix for the radial basis functions is
full. If the distance between the collocation points is reduced, the matrix becomes
ill-conditioned leading to numerical singularity and inaccuracy (Abdalla & Eleuch,
2014).
A novel approach of solving non-linear Schrödinger’s equation by feed-forward
neural networks was proposed by Shirvany, Hayati, Moradian (2008). Artificial
Neural Network (ANN) is a parallel distributed processor which consists of
computing units known as neurons. The interconnection between neurons helps in
the storage of information. The feed-forward neural network have training
algorithms, and the mathematical equation for them are,
ok = wk ak−1 + bk ;

ak = f k (ok );

k = 1, 2, ..., n

(2.52)

where, ao = x the input vector, ak , f k are n-dimensional outputs and the activation
of the function in the k − th layer of neural networks respectively, w represents the
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weights and b the bias. The gradient descent algorithm is used to find the
minimization of energies with respect to weights and bias. For the Schrödinger’s
equation, the wavefunction is decomposed into two components ψ(x) = A(x).S(x).
The network takes in the position coordinate value and outputs A(x), S(x). Then
gradient descent back-propagation method is used to minimize the non-negative
energy function E 0 = E1 0 + E2 0 + ... + Ek+1 0 . This was tested for a square well, and
the results were compared with high accuracy Runge-Kutta methods. The results
show that this method gives excellent function approximations (Shirvany, Hayati, &
Moradian, 2008).
Kalogiratou, Monovasilis, Simos (2010) suggested a new modified Runge-KuttaNystrom (RKN) method of fifth and sixth order for the numerical integration of
Schrödinger’s Equation. These methods are designed to integrate equations of the
form y 00 = −ω 2 y. The Schrödinger’s equation is written in the form,
1
− y 00 + V (x)y = E(y),
2

x ∈ [a, b],

y(a) = y(b) = 0

(2.53)

Three simple test cases: the harmonic oscillator, double harmonic oscillator, and
exponential potential were considered for study. The ω = B(x) where B contains b
and b0 , the coefficients of the method. The authors produced the modified RKN
methods from Simo’s approach of first and second exponential order and then
extended it to the fifth and sixth order. The results show that the modified RKN
methods have superior accuracy when compared to the previous RKN methods
(Kalogiratou, Monovasilis, & Simos, 2010).
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Certik, Pask, and Vacker (2013) developed a robust and general Schrödinger’s
equation and Dirac solver known as ‘dfatom’ for atomic structure calculations.
They used general potentials and meshes like, uniform, exponential, and others that
are defined by distribution and derivative functions. Radial integrations were
performed using asymptotic forms, Runge-Kutta, and implicit Adams method, and
the eigenfunctions were computed using bisection and perturbation methods
(Certik, Pask, & Vackar, 2013).
Taseli and Alici (2015) proposed a Laguerre pseudospectral method for solving
the radial Schrödinger’s equation. Both the dependent and the independent
variables are transformed to resemble the Laguerre differential equation using a
quadratic transformation ξ = (cr)α ,where, both α and c are greater than zero and
ξ ∈ (0, ∞). These parameters can be varied to accelerate convergence. The radial
solution R(r) can be expressed as R(ξ) = ξ l/α e−ξ/2 y(ξ) and the radial equation can
be written as,
2

ξy 00 + (y + 1 − ξ)y 0 + Q(ξ)y = λξ α −1 y

(2.54)

where Q represents the modified potential given by,
2
1
1
1
Q = ξ − (γ + 1) −
ξ α −1 V (ξ 1/α /c)
2
4
2
(αc)

γ=

1
(2l + M − 2);
α

λ=−

1
En,l ( M )
(αc)2

(2.55)

In Equation 2.55, M represents the number of dimensions.
2

The constant xi α −1 is seen as a weight function hence Equation 2.54 is also
known as weighted and perturbed Laguerre (WPL) equation. A pseudo-spectral
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method or the spectral collocation method depends on the N th degree polynomial
interpolation of the function y(ξ) represented by,

PN (ξ) =

N
X

fn (ξ)yn

(2.56)

n=0

where yn are computed at different points of ξ. The wavefunction is defined by
Lagrange’s polynomials Ln γ (ξ). The interpolation function is differentiated to
formulate the differentiation matrix D(k) . Using this a linear algebraic system
(W − ξI)ψ = b is formulated. The R.H.S. of this system has only one non-zero
value; hence, the system reduces to an eigenvalue problem from which the
eigenvalues and the wavefunctions can be computed. The results show that the
WPL is suitable for a large number of potentials that have positive and negative
terms in the Taylor series expansion (Alici & Taseli, 2015).
Pseudospectral methods were tested on different potentials. Shizgal (2016)
applied pseudospectral methods to compute the solution of Schrödinger’s equation
with Morse and Poschi-Teller (SUSY) potentials using non-classical polynomials.
Three methods have been tested. The first method uses quadratures defined in
terms of non-classical polynomials that are orthonormal to the weight function and
equate them to the square of the ground state eigenfunction. The other two
methods are the Fourier grid method and the Lagrange mesh method based on
Hermite quadrature. The eigenfunctions are represented using a basis set of
orthogonal polynomials Pn (x) which are orthonormal to the weight function w(x).
The basis functions Rn (x) that are orthonormal to the weight function are used to
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evaluate the matrix form of the Hamiltonian,
Z
Hnm = −

R0 n (x)R0 m (x)dx + Vnm

p
Rn (x) = w(x)Pn (x);

Z
w(x) = exp

(2.57)

0



W (y )dy

(2.58)

where W (y) is known as the superpotential. The matrix representation is
transformed into pseudo-spectral space and then solved using quadratures. This
requires the potential to belong to the class of supersymmetric quantum mechanics.
If not the difference between the actual potential and the potential defined by the
wave function should be added. The results show that the nonclassical quadrature
provided fast convergence. The Fourier grid had rapid convergence for Poschl-Teller
potential, but Hermite quadrature showed poor convergence (Shizgal, 2016).
Shizgal (2017) compared the pseudospectral methods for the solution of
Schrödinger’s equation for Lennard Jones (n,6) potential when n = 8, 10, and 12.
The solution was computed using a nonclassical polynomial quadrature method. As
Lennard-Jones potential does not belong to the class of SUSY quantum mechanics,
a super-symmetric weight function is used to approximate the potential. The
results for this method are compared with the direct numerical integration of the
radial equation using pseudo-spectral Fourier method and other analytical methods.
The convergence of the nonclassical method is very rapid, and the results are
comparable with other methods (Shizgal, 2017). Morrison and Shizgal (2019)
computed the pseudospectral solution for Rosen-Morse and Eckart potentials and
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compared the convergence of non-classical basis sets with Legendre, Laguerre, and
Fourier basis (Morrison & Shizgal, 2019).
Bao and Shizgal (2019) implemented the pseudospectral method to Kratzer and
pseudoharmonic potentials. The basis set that is orthogonal to the weight function
is used to create a discrete matrix representation of the Hamiltonian of N
dimension. The vibrational energies of diatomic molecules like, H2 , CO and N O
are computed by numerical diagonalization of the matrix. Utilization of the
oversimplified pseudoharmonic and Kratzer potentials show that the potential
energy curve can deviate drastically when compared to Morse potential (Bao &
Shizgal, 2019).
Grabowski and Chernoff (2010) performed pseudospectral (PS) calculations to
compute the wavefunctions of two-electron atoms i.e., helium and negative
hydrogen ion. Both the ground and the excited s-states were computed. As the PS
methods are sensitive to discontinuous derivatives of all orders, the method loses its
exponential convergence and oscillations may occur. The wavefunctions have
discontinuities at the singular points. With previous studies by Kato, it was found
that the discontinuity in the derivative of a wavefunction at two particle
coalescence point can be expressed as,
∂ ψ̂
∂r

= µi,j qi qj ψ(r = 0)

(2.59)

r=0

where r is the distance between the particles, ψ̂ is the average value of the
wavefuncton on a sphere with center at r = 0, and q denotes the charges on the
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particles. The authors explore the behavior of the method for non-smooth functions
like, cardinal function expansion to cusps and logarithmic terms and also methods
that handle semi-infinite domains. In complicated problems, a radial-like coordinate
is adopted at the cusps. For two-electron systems, there is no global coordinate
system at each of the two-particle coalescences, hence both individual and
overlapping domains are studied near the coalescence point for proper treatment.
The results show that the logarithmic term does not slow convergence unless
high resolution or small values of ρ are considered. PS method does not require any
assumption about the behavior of wavefunction near cusps or at large distances,
and the local energy is equal to the global energy at the collocation points.
Chebyshev polynomials form an effective basis for problems with non-smooth
functions. As the collocation points increase, the exponential convergence comes up
to the desired level (Grabowski & Chernoff, 2010).
Hajj (1985) utilized a simple finite difference method to compute the eigenvalues
using finite difference approximation. An arbitrary initial solution for eigenvalue is
assumed and a correction formula developed from finite difference approximation of
Schrödinger’s equation is used to update the solution. The correction formula for
the helium atom with s-limit approximation is obtained from the radial equation
and is expressed as,

∂ 2u
= (ui−1,j − 2ui,j + ui+1,j )/h2
2
∂r1
∂ 2u
= (ui,j−1 − 2ui,j + ui,j+1 )/h2
2
∂r2
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ui,j = (ui−1,j + ui+1,j + ui,j−1 + ui,j+1 )/[4 + 2h2 (Vi,j − E)]

(2.60)

The initial solution is assumed as ui,j = 1. The domain of the solution is chosen
to be a square with side lengths D, and one of its vertices at (0, 0). r1 axis is
considered to be imaginary, and due to the symmetry between r1 and r2 , the
solution is considered on the lower triangular half of the domain. In the three
dimensions, computations of the ground state of the helium atom and lithium atom
in s-limit approximation is computed. The results show that this method is much
simpler and shorter than the matrix method and the variational approaches. The
excited state calculations were not attempted. The only restriction is that the
starting value of E should be close to the exact value for the starting solution to
have correct symmetry (Hajj, 1985).
Higher-order finite difference equations have been tested to solve the S-limit
Schrödinger’s equation for helium atom. S-limit equation is derived by averaging
the Hamiltonian over θ or by its spherical component. The finite difference matrix
is too large for direct diagonalization; hence, an iterative approach is used to
compute the energies and the eigenfunctions. The initial vector is taken and its
0

Rayleigh mean Eo = ηo Aηo /|ηo |2 is calculated, and ηo is refined by a suitable
approximate solution of the homogeneous equation Aη = Eo η (Barralough &
Mooney, 1971).
Shore (1973) utilized Rayleigh-Ritz-Galerkin method for constructing singleparticle bound state radial wavefunctions for hydrogen atom. The method utilizes
piece-wise continuous cubic splines basis functions represented as,
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Qi (x) = S(x − i + 1). The derivatives in the radial equation are computed using the
basis sets. The Galerkin integral,
Z
hQl |F i =

N

dxf 0 (x)[S](x − i + 2)[F ](x)

(2.61)

0

is evaluated using the Gauss-Legendre quadrature points xq and weights wq to yield
the approximation,
hQl |F i =

4NQ
X

f 0 (xq )[wq S](xq − i + 2)[F ](xq )

(2.62)

q=1

where NQ is the number of quadrature points. The boundary conditions are applied
as supplement Galerkin equations and solved for the hydrogen atom. The results
show that the cubic splines can reproduce the physically observable properties with
accuracy. By using a dozen basis functions, the errors for the excitation spectrum
lies in between the tolerance range (Shore, 1973).
Finite Element methods (FEM) have been used for decades to approximate the
eigenvalues of quantum mechanical systems. Ram-Mohan et al. (1990) investigated
the accuracy of FEMs using various approximations and tested it for the radial
equation, a simple harmonic oscillator for the one-dimensional case and for the
hydrogen atom in an external magnetic field. The radial equation is multiplied by
the complex conjugate of the wavefunction i.e., ψ∗ and then integrated from 0 to
∞. The integration by parts is carried out using Green’s theorem gives,
Z

∞

drr
0

2




Z ∞
2
ψ ∗ (r)ψ (r) − ψ ∗ (r)ψ(r) = 
drr2 ψ ∗ (r)ψ(r)
r
0
0

(2.63)

For FEM, an upper limit of integration r = rc has to be set, hence it is chosen
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by intuition with the requirement that wavefunction is at least six orders of
magnitude smaller than at rc than at origin. The integrals are discretized, and at
each nodal, a linear interpolation function is considered for every, y i.e., the local
coordinate. The wavefunction is given by, ψ(r) =

P

α=1,2

φα ψα (n) , where, φ1 = 1 − y

and φ2 = y are the linear interpolation functions. The integration is performed to
compute the energies. The accuracy of the scheme can be improved by increasing
the degree of the interpolation function or refining the grid by increasing the
cut-off. The results are very accurate for the test cases with the use of improved
interpolation functions. The integration over the finite elements can smooth out the
numerical differentiation errors. The singularity in the Coulomb potential
V (r) = 1/rα with 0 < α ≤ 2 does not present any difficulty for the finite elements,
as, r2 r−α is bounded in the entire domain (Ram-Mohan, Saigal, & Shertzer, 1990).
Braun (2012) performed finite element calculations for systems with multiple
Coulomb centers. This is because both Kato’s cusp condition has to be satisfied in
addition to the matrix elements of the potential, which is difficult to obtain with
global basis functions. The author suggests approximation for the wavefunction in
the form of a product of function fc that satisfies the cusp condition and and a
smooth function i.e. ψ(r) = fc (r)φ(r). The three-dimensional finite element
calculations are performed for the ground state of H + 2 . The results show that this
method helps in solving the Coulomb singularity, but if high accuracy is required,
memory requirements are large (Braun, 2012).
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Ding and Chen (2011) investigated a dimensional scaling (D-scaling) model of
solving excited states for Helium atom. They suggested simple numerical methods
of solving it by considering the fact that the ground and excited states are the
critical points and have at least one global minimum. For this case, the number of
negative eigenvalues of the Hessian matrix or the Morse index is zero showing that
it is a local minimum. Hence, a steep descent algorithm can be used to compute
the energies (Ding & Chen, 2011).
A discrete variable representation (DVR) based on orthogonal polynomial basis
and their quadrature rules. They have also been generalized to non-polynomial
basis. This approach is extremely powerful in many dimensions due to diagonality
of potential, although it offers only few benefits for one-dimensional problems over
complete variational treatments. This is usually used on top of FEM yielding
FEM-DVR methods (Lehtola, 2019a).
2.3

Approximate solutions
Some of the methods used for electronic structure calculations are variation

method, perturbation theory, Hartree-Fock self-consistent field (HF-SCF), Density
functional theory (DFT), Coupled Cluster, etc.
The variation method can be used to approximate the ground state energy of
a system without solving the Schrödinger’s equation. It is based on the variational
theorem which states that, if Ĥ represents a Hamiltonian of the time-independent
system with lowest energy E1 , and φ is a normalized well-behaved wavefunction of
the coordinates of the system, then it satisfies the condition,

R

φ∗ Ĥφ ≥ E1 This can
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be extended to higher excited states using the relation,
R ∗
φ Ĥφdτ
R
≥ Ek+1
φ∗ φdτ

Z
if,

Z

∗

ψ1 φdτ =

Z

∗

ψ2 φdτ = ... =

ψk ∗ φdτ = 0

(2.64)

For some problems like, one dimensional problems with even potential function, it
can be ensured that

R

ψ1 ∗ φdτ = 0 or in the bra-ket notation < ψ1 |φ >= 0, however

it makes the method troublesome to apply for some cases (Levine, 2014).
The variation method can be used to compute the energies and wavefunctions
of hydrogen and helium atom. For the hydrogen atom, choose a trial function φ =
r

Ae(−α ao ) . The integral should first be computed,
R ∗
φ Ĥφdτ
E(α) = R ∗
φ φdτ

(2.65)

∂E
= 0, we get the value for α for which E is minimum. Normalizing φ, we
∂α
1/2
α3
can calculate the coefficient A =
. As φ is normalized, and since it depends
πao 3
and set

only on r, we can use the Hamiltonian part that depends on r for the integration
from Equation 2.65. Solving for E, we have,
e2 α
~2 α2
−
E(α) =
2mao 2
ao



(2.66)

Different forms of trial functions can be used to obtain the desired accuracy
(Ghatak & Lokanathan, 2004).
For a helium atom with two electrons and two protons, the dimensionless form
of the Hamiltonian can be expressed as in Equation 2.67.


~2
e2
2
2
1
2
2
H=−
(∇1 + ∇1 ) −
+ −
2m
4πo r1 r2 |r1 − r2 |

(2.67)
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The ground state can be computed using the variational principle. The final term,

Vee =

e2
1
4πo |r1 − r2 |

(2.68)

constitutes the inter electronic repulsion. If this term is neglected, the Hamiltonian
can be split into two hydrogen Hamiltonians, and the exact solution for the
wavefunction is the product of the hydrogen wavefunctions. It can be expressed as,
ψo (r1 , r2 ) = ψ100 (r1 )ψ100 (r2 ) =

8 −2(r1 +r2 )/a
e
πa3

(2.69)

When the energy for this case is computed, it comes to −109eV. The experimental
value of energy for the ground state of the helium atom is −78.975eV. Hence, to
find a better approximation, we can assume ψo as the trial function and use the
variational principle. In this case, the energy value obtained is −75 eV (Griffiths,
1995).
To get a better approximation, a trail function of the form,

ψ1 (r1 , r2 ) =

Z 3 −Z(r1 +r2 )/a
e
πa3

(2.70)

can be used. Considering Z to be the variational parameter, we can calculate the
value of Z that minimizes the Hamiltonian. Solving it, we get Z = 1.69. A smaller
value of Z is reasonable, because the other electron partially shield the nucleus,
thus reducing its effective charge. The ground state of helium has been calculated
with great precision using complicated trial functions and more parameters, for
instance, by E.A. Hylleraas in 1959 (Griffiths, 1995).
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Kinoshita (1959) further attempted to improve the accuracy of the ground state
energy of the helium atom. They utilized the variational method of Stevenson and
Crawford to improve the lower bound of ground state energy. The linear
combination of up to 80 terms of general Hylleraas type is used for the numerical
computation (Kinoshita, 1959).
Rahman et al. (2018) implemented a scheme of computing the numerical
solution of the three-dimensional iso-electronic series of hydrogen atom using
one-dimensional basis functions. They suggested the use of a linear combination of
one-dimensional wave functions to facilitate numerical integration. The basis set
can be expressed as,
φ(x) = A

kx −kx 1
e L n−1 (2kx)
n

(2.71)

where L is the generalized Laguerre polynomial. The wave function is written as,
ψo (x, y, z) = c1 ψ(x) + c2 ψ(y) + c3 ψ(z)

(2.72)

Cartesian coordinates are used to exploit the simplicity of the Hamiltonian. An
iteration technique is used to find the exact energies and the wavefunctions by
using variational principle by minimizing the coefficients. The results show that the
system is efficient and can be easily extended to many-body systems, as
demonstrated for hydrogen anion (Rahman, Zhao, Sarwono, & Zhang, 2018).
According to Levine (2014), the second method of approximation is known as
the Rayleigh-Schrödinger Perturbation theory. The Hamiltonian denoting the
bound states of the unsolvable system is considered to be the sum of the
Hamiltonian of a known system (Ĥ 0 ) or the unperturbed system and the

45
perturbation Ĥ 0 i.e., Ĥ = Ĥ 0 + Ĥ 0 . The perturbation treatments for the degenerate
and the nondegenerate levels are different. For the nondegenerate levels, the
Schrödinger’s equation for the perturbed state is,
Ĥψn = (Ĥ 0 + λĤ 0 )ψn = En ψn

(2.73)

where λ shows the degree of perturbation correction with λ = 0 denoting the
unperturbed system. The first-order energy correction is computed by averaging
the perturbation Ĥ 0 over the appropriate unperturbed wavefunction. The first-order
correction can be expressed as,
En

(1)

(0)

0

=< ψn |Ĥ |ψn

(0)

Z
>=

ψn (0)∗ Ĥ 0 ψn (0)

(2.74)

To find the wavefunction correction for ψn (1) , it is expanded in terms of a
complete orthonormal set of unperturbed eigenfunctions ψm (0) . The first order
wavefunction correction is expressed as,
ψn = ψn

(0)

X < ψn (0) |Ĥ 0 |ψn (0) >
ψm (0)
+
(0)
(0)
En − Em
m6=n

(2.75)

The second-order energy correction is expressed as,
En (2) =

X | < ψn (0) |Ĥ 0 |ψn (0) > |2
En (0) − Em (0)
m6=n

(2.76)

A single integral H 0 nn is evaluated to determine the first-order correction in energy,
whereas, the matrix elements of Ĥ 0 are evaluated for the second-order energy. In
many cases, the second-order corrections are difficult to compute; hence, the higher
order corrections are difficult to deal with. Variation-Perturbation method helps
in evaluating the second-order correction without computing the infinite sum. It is
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based on inequality,
< u|Ĥ 0 − Eg (0) |u > + < u|Ĥ 0 − Eg (1) |ψg (0) + < ψg (0) |Ĥ 0 − Eg (1) |u >≥ Eg (2) (2.77)
where u is any well-behaved function that satisfies the boundary conditions, and
g denotes the ground state. u is taken as the trial function and then minimized to
estimate Eg (2) (Levine, 2014).
The Variation-perturbation method has been used to compute the
intermolecular forces. It is based on the assumption that the small size of the Van
der Waals energies should make it easier to compute the energies. The procedure
starts with the variational calculations of valence bond functions, which are suited
to determine intermolecular forces. The Hamiltonian matrix is determined with the
exact Hamiltonian and the full anti-symmetry of the system. Using numerical
perturbations, the interaction potential is calculated. The excited orbitals are also
optimized for efficient description of induction and dispersion. This technique
utilizes a minimum number of orbitals (Gallup & Gerratt, 1985).
The Perturbation theory has been used to approximate the ground state of the
helium atom. The inter-electronic correlation term in Equation 2.68 is considered
as the perturbation, and the unperturbed state is assumed to be the sum of the two
hydrogen-like Hamiltonians, one for each electron.
0

0

Ĥ = Ĥ1 + Ĥ2

0

Ĥ1

0

Ze0 2
~2
2
∇1 −
=−
2me
r1

Ĥ2

0

Ze0 2
~2
2
=−
∇2 −
(2.78)
2me
r2

and the unperturbed energies is the sum of energies for both the electrons, i.e.,
E (0) = E1 (0) + E2 (0) .
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E

(0)

= −Z

2



1
1
+ 2
2
n1
n2



e02
2ao

(2.79)

If the atomic wavefunction is written as a product of one-electron orbitals, the
02

e
= −108.83 eV As this does include the
energy would be E1s2 (0) = −Z 2 (2) 2a
o

correlation term it is higher than the actual ground state energy of helium which is
−79.01 eV . The unperturbed ground state is nondegenerate, hence the energy for
the state is calculated as E (1) = < ψn (0) |Ĥ 0 |ψn (0) >. Solving the integrals we get,
E (1)

=

5Z e02
8 2ao

=

34.01 eV . The approximation to the energy is,

E = E (0) + E (1) = −108.83 eV + 34.01 eV = −74.82 eV . This has about 5.3% error
when compared to the experimental result. Until today computing all the
contributions to E (2) using direct calculations have not been performed (Levine,
2014).
For a degenerate level with degeneracy d, there are d linearly independent
unperturbed wavefunctions. As the eigenvalue for the degenerate states are the
same, the wavefunctions are formed by linear combinations of wavefunctions, i.e.,
(0)

c1 ψ1 (0) + cψ2 + ... + cd ψd (0) . As there are infinite combinations possible, it is
necessary first to determine the correct zeroth-order wavefunction denoted by φn (0)
(Levine, 2014).
Using perturbation treatment, it can be found that d linear homogeneous
equations can be formed with d unknown c1 , c2 , ..., cd . The d linear homogeneous
equations are given in Equation 2.80. When expressed in matrix form, it can be
observed that the diagonal elements contain the corrections to the energy.
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0
0
0
(H11
− En (1) )c1 + H12
c2 + .... + H1d
cd = 0
0
0
0
cd = 0
− En (1) )c2 + ... + H2d
c1 + (H22
H21

(2.80)

...............................................................
0
0
0
Hd1
c1 + Hd2
c2 + ... + (Hdd
− En (1) )cd = 0

where,

0
=< ψm (0) |Ĥ 0 |ψi (0) >
Hmi

For this set of equations to have a non-trivial solution, the determinants of the
coefficients must vanish i.e., det(< ψm (0) |Ĥ 0 |ψi (0) > −En (1) δmi ) = 0

0
(H11
− En (1) )
0
H21

0
H12

...

0
H1d

0
(H22
− En (1) ) . . .

0
H2d

..
.

..
.

..

0
Hd1

0
Hd2

...

.

..
.

=0

(2.81)

0
(Hdd
− En (1) )

The roots of this secular equation are first-order corrections to energy. Assuming
these roots are different, we can compute them using Equation 2.81. Then
substituting it in Equation 2.80, the coefficients c2 , c3 , ...cd of the correct
zeroth-order wavefunction can be computed. The coefficient c1 is computed using
normalization

Pd

k=1

|ck |2 = 1.

Now, a procedure similar to the degenerate case can be applied to compute the
first-order corrections. The correct zeroth-order wavefunctions make the secular
determinant to be diagonal. This simplifies the calculations of the corrections to a
large extent (Levine, 2014).
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This perturbation treatment is applied to the first excited state of helium.
Using Equation 2.79, we get E (0) = −68.03 eV . This energy level is four-fold
degenerate and there are eight unperturbed wavefunctions,
ψ1 (0) = 1s(1)2s(2)
ψ2 (0) = 2s(1)1s(2)
ψ3 (0) = 1s(1)2px (2)
ψ4 (0) = 2px (1)1s(2)
ψ5 (0) = 1s(1)2py (2)
ψ6 (0) = 2py (1)1s(2)
(2.82)
ψ7

(0)

= 1s(1)2pz (2)

ψ8 (0) = 2pz (1)1s(2)
The real orbitals for the 2p level are considered. The secular equation has to be
solved; and as the secular determinant is symmetric, it reduces the computation of
the integrals almost in half. Due to parity, most of the integrals are zero, and the
secular equation reduces to a block-diagonal form. All the diagonal elements in the
secular matrix remain the same in the block and can be written in the form of a
Coulomb integral(J),
Jmn



e02
fm (1)f n2
= fm (1)fn (2)
r12

(2.83)

where fm , fn denoted the respective orbitals of electron 1 and 2 (Levine, 2014).
The sub-diagonal and the super-diagonal elements are represented using the
exchange integral,


Kmn =


e02
fm (1)fn (2)
fn (1)fm (2)
r12

(2.84)
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The secular determinant is solved for the coefficients, and the correct zeroth-order
wavefunction is formed. Hypothetically they are split into two nondegenerate levels,
as shown in Equation 2.85.
φ1 (0) = 2−1/2 [1s(1)2s(2) − 2s(1)1s(2)]
φ2 (0) = 2−1/2 [1s(1)2s(2) + 2s(1)1s(2)]
φ3 (0) = 2−1/2 [1s(1)2px (2) − 1s(2)2px (1)]
φ4 (0) = 2−1/2 [1s(1)2px (2) + 1s(2)2px (1)]
(2.85)
φ5

(0)

−1/2

=2

[1s(1)2py (2) − 1s(2)2py (1)]

φ6 (0) = 2−1/2 [1s(1)2py (2) + 1s(2)2py (1)]
φ7 (0) = 2−1/2 [1s(1)2pz (2) − 1s(2)2pz (1)]
φ7 (0) = 2−1/2 [1s(1)2pz (2) + 1s(2)2pz (1)]
The correlation term

1
has an expansion of the form,
r12

l
∞ X
X
4π rl <
1
=
[Y m (θ1 , φ1 )]∗ Yl m (θ2 , φ2 )
l+1 > l
r12
2l
+
1
r
l=0 m=−l

(2.86)

The Coulomb and the exchange integrals are evaluated, and the first-order
corrections are computed using the values of these integrals. The first order
corrections for the fourth wavefunction φ4 (0) gives closer results to the energy i.e.
−53.9 eV when compared to the lower energy levels −57.8 eV . It was found that
the inter-electronic repulsion makes the 2s orbital to have lower energy than 2p
orbitals. The concept of indistinguishability of electrons can be used to remove
exchange degeneracy, i.e., the kind of degeneracy that occurs between functions
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that differ only in the interchange of two electrons. Perturbation calculations are
hard to perform as infinite sums over discrete states, and integrals over continuum
states have to be evaluated. The perturbation method computes the energy more
accurately than the wavefunction; similar is the case with variation method
(Levine, 2014).
Various perturbation theories were developed in the previous decades. Kelly
(1967) applied the perturbation theory developed by Brueckner and Goldstone to
solve the correlation problem in the atoms. According to this approach, the
first-order approximation to the solution of Schrödinger’s equation is obtained by
replacing the Hamiltonian H with Ho =
P

i<j

vij has been replaced by

Pn

i=1

Pn

i=1 (Ti

+ Vi ), where the correlation term

Vi i.e., a single-particle potential that has to be

determined. The perturbation is expressed as,
H 0 = H − Ho =

X

vij −

i<j

n
X

Vi

(2.87)

i=1

If all the linked terms are included in the Hamiltonian term Uα (0), the
wavefunction of the perturbed cluster system is computed as,

ψo =

X
L

1
H0
Eo − Ho

n
φo

(2.88)

where φo is the wavefunction of the unperturbed system.
Linked terms are those for which one or many particles are excited after the last
interaction. This perturbation method can be extended to atoms in external fields,
considering them as additional perturbations (Kelly , 1967).
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Ritche (1968) developed a perturbation theory for determining the exchange
interactions between atoms and molecules and showed that the development of the
complete orthogonalized set is unnecessary. The special case of two interacting
hydrogen atoms was considered. The perturbation expansion was done using a set
of nonorthogonal eigenfunctions of H0 0 {|b >} where {|b >} represents the ket space
(Ritche , 1968).
Korona, Moszynski, and Jeriorski (1997) implemented a symmetry-adapted
perturbation theory for helium atoms and between a hydrogen molecule and a
helium atom. The investigated the convergence properties of this method. The
perturbation expansion that corresponds to the symmetry adaptation scheme is
defined as a power series solution, i.e.,
v (ζ) =

∞
X

ζ n ν E (n)

(2.89)

n=1

where ν represents the permutational symmetry of the state at ζ = 1 and ν E
represents the interaction energy. The results showed that the symmetric
Rayleigh-Schrödinger (SRS) theory gives low order accurate values for the Coulomb
and exchange parts of the interaction energy. In high orders, the convergence of the
SRS theory becomes extremely slow, and the series appears to converge to a
nonphysical limit close to the exact interaction energy (Korona , Moszynski, &
Jeziorski, 1997).
Regular Perturbation theory (RPT) for ground and excited states was
developed by Feranchuk and Triguk (2011). For the first time, it was proved that
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the summation of the matrix elements from the electron-electron interaction
operator over all the intermediate states can be calculated in closed form by using
two-particle Coulomb Green’s function. For the ground state of two-electron atoms,
the potentials with effective charge Ze are used to separate the zeroth-order
Hamiltonian. The expression for the zeroth-order energy is,

Emn

(0)



1
−Ze 2
1
=
+
2
(n + 1)2 (m + 1)2

n, m = 0, 1, 2, ...

(2.90)

The perturbation operator is,
V̂ − −

Z − Ze Z − Ze
1
−
+
r1
r2
|~
r1 − r~2 |

(2.91)

This is used to calculate the first-order corrections, and the sum over
intermediate states is analytically expressed using Coulomb Green’s functions
(CGF). For the excited states, the same effective charge is considered for both the
electrons, and the permutation of electrons is also taken into account in the
zeroth-order wavefunction. The results show that this approach could also be
applied to two-electron atoms in external fields (Feranchuk & Triguk, 2011).
Two new types of Symmetry-Adapted perturbation theory (SAPT) have been
proposed. The first type is better than SRS because it corrects SRS by including
correction terms to predict the large cumulative effect, instead of using infinite
order as in SRS. The second theory is more advantageous than SRS in terms of
accuracy as it provides good results with first-order truncation of wavefunction
(Adams, 2002). SAPT has been utilized to analyze the electrostatic nature,
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induction, dispersion, and exchange contribution to the total interaction energy.
The results show that the interaction energy is not dominated by a single
component (Cukras & Sadlej, 2008).
According to Cramer (2004), Hartree-Fock (HF) is one of the most commonly
used methods of molecular orbital theory. In this method, the many-electron
wavefunction is written as a product of one-electron wavefunctions,
ψHF = ψ1 ψ2 ...ψN . Thus the Schrödinger’s equation becomes,

HψHF =

N
X

!
i

ψHF

(2.92)

i=1

where the Hartree Hamiltonian is expressed as,
M
1 2 X Zk
+ Vi {j}
hi = − ∇i −
2
rik
k=1

(2.93)

The last term in Equation 2.93 represents the interaction potential with all of the
other electrons occupying the orbital j. It can be computed as,
X Z ρij
Vi {j} =
dr
rij
j6=i

(2.94)

where, ρj = |ψ|2 is the probability density of electron j.
The nuclei are treated as point masses while the electrons are treated as
wavefunctions with charge spread out as wavefunctions. As the wavefunctions are
not known before to calculate the charge density, Hartree proposed an iterative
‘self-consistent field’ (SCF) solution. The wavefunction ψ is first guessed for all of
the occupied molecular orbitals (MO)s, and one-electron operators hi are
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constructed. This produces a new set of ψ that can be used to update the solution.
As all of the one-electron operators are summed up to avoid double-counting the
interaction potential, the energy is computed as,
E=

X
i

1X
i −
2 i6=j

|ψi |2 |ψj |2
dri drj
rij

Z Z

(2.95)

where i, j runs over all the electrons (Cramer, 2004).
The integral in Equation 2.95 is the Coulomb integral Jij . Pauli’s exclusion
principle states that when two electrons are interchanged, the wavefunction changes
sign, and is said to be antisymmetric. Slater determinants are used to generate
antisymmetric wavefunctions,
χ1 (1)

χ2 (1)

...

χN (1)

χ1 (2)
1
ψSD = √
..
N!
.

χ2 (2)

...

χN (2)

..
.

..

..
.

.

χ1 (N ) χ2 (N ) . . .

(2.96)

χN (N )

where N is the total number of electrons, and χ is the spin-orbital, which consists
of a product of the spatial orbital and an electron spin eigenfunction. Every
electron appears in every spin-orbital somewhere in the expansion because of the
indistinguishability of electrons. Pauli’s principle reflects the reduced probability of
finding any two electrons close to each other, a situation known as ‘Fermi-hole’.
Although Fock proposed the extension of Hartree’s SCF procedure to Slater
determinant orbitals, it was Roothan who described algebraic equations for it. The
one-electron Fock operator defined for each electron is,
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nuclei
X Z
1 2
+ Vi HF {j}
fi = − ∇ i −
2
rik
k

(2.97)

where the final term is the HF potential, i.e., 2Ji − Ki and Ji and Ki represent the
Coulomb and Exchange integrals. To determine the MOs using Roothan’s
approach, we solve the secular equation,
F11 − ES11

F12 − ES12

...

F1N − ES1N

F21 − ES21

F22 − ES22

...

F2N − ES2N

..
.

..
.

..

..
.

.

FN 1 − ESN 1 FN 2 − ESN 2 . . .

=0

(2.98)

FN N − ESN N

and determine the roots Ej , where, S represents the overlap matrix elements. A
most commonly used notation is,

Fµν =

 nuclei
 X



X
1 2
1
1
µ − ∇ ν −
Zk µ −
ν +
Pλσ (µν|λσ) − (µλ|νσ) (2.99)
2
rk
2
k
λµ

The notation < µ|g|ν >=

R

φµ (gφν )dr represents an operator g that takes in a basis

function φν . P is the density matrix that describes the degree to which an
individual basis function contributes to the many-electron wavefunction and is
computed as Pλσ = 2

Poccupied
i

aλi aσi , where the coefficients aζi represent the

contribution of basis function ζ to MO i (Cramer, 2004).
HF constructed from the Roothan approach has a chief chemical limitation,
which is the one-electron nature of Fock-operators. Other than exchange,
all-electron correlations are ignored. The challenge faced when solving HF
equations is the choice of basis sets. The linear combination of atomic orbitals
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using hydrogenic orbitals is used, but it requires four-index integral solutions, as
shown in Equation 2.99, which is a tedious process. Since each index runs over the
total number of basis functions N , there are N 4 total integrals to solve, and this
quartic scaling is a bottleneck in HF theory (Cramer, 2004).
Hartree-Fock methods may be classified based on the type of system considered
for analysis. When closed-shell systems are studied, we considered orbitals where
all electrons are paired with respect to both the spatial and the spin orbitals. The
HF method applied to those systems is known as Restricted Hartree-Fock (RHF)
method. If all electrons are not paired (open-shell molecules), then a lower energy
solution can be obtained using the Unrestricted Hartree-Fock method (UHF)
(Cramer, 2004).
Various basis functions have been proposed to make HF theory computationally
efficient. Linear Combinations of Atomic orbitals (LCAO) method is used to
generate molecular orbitals, where the trial wavefunction is written as a linear
combination of atomic wavefunctions, i.e., ψtrial =

PN

i=1

ai φi (Cramer, 2004).

LCAO calculations allow electrons to be explicitly included without additional
computational cost. Since the AO basis functions are similar to real functions,
hence the relative errors are small and give good results for a small number of basis
functions (Lehtola, 2019a).
One of the variants of the LCAO approach is the Gaussian-type orbital (GTO).
In atom-centered Cartesian coordinates, it can be expressed with terms that
describe the nature of the orbital using Equation 2.100 as,
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φ(x, y, z; α, i, j, k) =

2α
π

3/4 


(8α)i+j+k i!j!k! i j k −α(x2 +y2 +z2 )
xy z e
(2i)!(2j)!(2k)!

(2.100)

where α is the exponent controlling the width of the GTO and i, j, k describe the
nature of the orbital in the Cartesian sense. If the indices are zero, then GTO has
spherical symmetry and is called ‘s-type GTO’. If one of them is one, it has axial
symmetry and is called ‘p-type GTO’, and so on. Although GTO’s are
differentiable at origin (r = 0), GTO’s decay is exponential in r2 , and hydrogenic
atomic orbitals have a radial decay that is exponential in r which causes a rapid
reduction in distance. Hence, to compensate for it, linear combinations of GTO’s
known as, ‘contracted basis function’ was considered (Cramer, 2004).
The correspondence between Gaussian Basis sets (GTO) and Slater Basis sets
were studied by Rico, Lopez, and Ema (2001). They presented a method of
characterization of the distance between two spaces: one generated by the Slater
basis set and the other by Gaussian Basis set and proved that the Slater Basis sets
are capable of producing the same multi-electronic wavefunction results as the
Gaussian basis sets (Rico, Lopez, & Ema, 2001).
Multiple basis functions have been used for single orbitals. They are known as
‘multiple basis sets.’ This is done to achieve the desired HF limit. HF limit is
defined when the computations are performed with infinite basis sets. As this is
practically impossible, extrapolation to a fair degree gives the desired convergence.
This extrapolation is case-dependent, and no generalization is possible (Cramer,
2004).
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Valence basis functions have been used to generate ‘split-valence’ and
‘valence-multiple’ basis sets. The most widely used split-valence basis sets are
3-21G, 6-21G, 6-31G, and 6-311G, where the first number indicates the number of
primitives in the contracted core functions and the numbers after the hyphen
indicate the number of primitives in the valence functions. These were optimized
using variational approaches, and polarization functions have been added to these
basis sets to aid in the computation of molecular properties (Cramer, 2004).
A new molecular improved generator coordinate HF (MIGCHF) method with
molecular orbitals expressed as integral transforms was studied by Barreto et al.
(2005).
ψi (γ) =

N X
P Z
X
n

finp (αnp )φp (αnp ; r~γ − R~n )dαnp

(2.101)

p

where summation in n represents the atomic nuclei and p represents the s,p,d,f,...
symmetries of the atomic functions φp . In MIGCHF, the generator coordinate space
is discretized for each s,p,d,f,...symmetry in three independent arithmetic sequences.
The number of parameters that are optimized for each symmetry for each atom is
three times that of MGCHF. After each iteration, the SCF integrations are
performed numerically. The authors used these basis sets to compute the total HF
energies and the correlation energies for CO2 molecule. The results show that they
are accurate for small polyatomic molecules (Barreto, Muniz, Jorge, & Cunha,
2005).
A small Gaussian AO basis set used in a quantum mechanical method based on
HF calculations was developed for large systems. It partially replaces the

60
semi-empirical approach, where the self-interaction errors are acute. Correction
terms are applied for the basis set superposition errors and short-range
incompleteness effects. As nine empirical parameters are used, it is known as
Hartree-Fock-3c (HF-3c) method. The results show that for most test cases, the
results are in good agreement with large basis tests used for Density Functional
theories (DFT) obtained with a fraction of computation cost (Sure & Grimme,
2013).
The energies of atoms from hydrogen to calcium, including their ions, were
computed by using the algebraic expression of the Hartree-Fock method and
compared with the corresponding experimental values. The results show that for
5 < Z ≤ 20, the numerically computed energies were only 0.3 − 0.5% greater than
the experimental values, proving that the underlying approximations in HF
methods were correct (Malykhanov & Gorshunov, 2013).
Though HF SCF is one of the preferred methods for quantum mechanical
calculations, there is no guarantee that the SCF procedure will converge to a stable
solution. A common problem is known as the ‘SCF oscillation’, which occurs when
diagonalization of the density matrix P (b) is the same as in P (a) in Equation 2.99.
In this case, the SCF procedure only bounces back and forth and never converges.
If there are large changes in the density matrix at iteration, it behaves very badly.
To diagnose it, the energies have to be checked for each iteration. Many
mathematical algorithms similar to the finding a minimum of PES have been used
to accelerate convergence. Either they take more steps typically to converge or are
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less likely to suffer from oscillations. One of the main reasons for failure of SCF is
the improper choice of initial guess, hence sometimes semi-empirical basis sets are
used. Another approach is to use the single basis sets, obtain a wavefunction from
the SCF iteration, and then utilize it as an initial guess. Very complete basis sets
pose some of the worst problems for SCF convergence because of the non-linear
dependencies among basis functions (Cramer, 2004).
Basis sets with fixed analytic properties also pose limitations due to their
incorrect asymptotic behavior. It is also difficult to improve the description of the
wavefunction in the isolated regions of space in the LCAO approach. To add a new
function very close to the nucleus requires a complete change in the global solution
to maintain orbital orthonormality (Lehtola, 2019a).
Hachmann et al. (2004) studied the nodes of the HF wavefunctions and its
orbitals. It was found that the nodes even occur in high precision near-complete
basis set limit calculations. The extra nodes are constructed from finite basis sets,
and they can occur in significant regions. It was observed that the nodal artifacts
interfere with the limit of the numerical search for physical nodal properties. To
avoid problems and potential propagation errors in node sensitive techniques, it is
necessary to use flexible basis sets and tight converged optimization (Hachmann,
Galek, Yanai, Chan, & Handy, 2004).
Asymptotic regularity of solutions to HF equations with Coulomb potential was
studied by Flad, Schneider, and Schulze (2008). For the non-SCF cases, the authors
added asymptotic regularity conditions on the functions that enter into the non-

62
linear terms, as they are not the eigenfunctions of the Fock-operator. They also
show that the corresponding SCF cases have the same type of asymptotic regularity
(Flad, Schneider, & Schulze, 2008).
An augmented optimization procedure for the variationally stable HF excited
state wavefunctions was implemented to improve convergence by Richings and
Karadakov (2013). The Hessian matrix or the matrix of the second derivatives of
electronic energy with the molecular orbital coefficients was derived. Instead of
using a simple steep descent method, the Hessian matrix is used for optimization.
Both the computational time and the convergence were better. The disadvantage of
using Hessian is the storage of the Hessian matrix. The gradient elements will be
calculated at other points in addition to the points where the variables were zero.
The stability of the wavefunctions generated using Hessian should be investigated
(Ritchings & Karadakov, 2013).
Kobus (2013) developed a program that used two-dimensional finite differences
HF for atoms and molecules. The Fock equations for the diatomic molecule were
expressed in the form,
!
X

ZA
ZB X  b
1 2
−
+
Vc − Vx ab − Ea φa +
Eab φb
− ∇ φa = − −
2
rαA rαB
b
b6=a

(2.102)

where, ∇2 Vc a = 4πφa ∗ φa and ∇2 Vx ab = 4πφa ∗ φb , are Poisson-type equations
determining the electron-electron Coulomb and exchange potentials via both the
single-particle and pair densities respectively. The Poisson-type second order-partial
differential equation is solved by considering a 17-point finite-difference stencil. The
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boundary values are computed from the asymptotic behavior of the orbitals and the
potentials at r → ∞ and the orbital symmetries. The results from the program
could be used to obtain HF limits of total energies, perform on-particle smooth
calculations of Coulomb and Krammers-Henneberger potentials and also take into
account finite nucleus model (Kobus, 2013).
The chief error in the HF approximation is due to the neglected ‘dynamic
correlation,’ i.e., correlation motion of one electron with the other. There might be
cases where different HF determinants contribute with roughly equal weight to the
expansion of linear combination of wavefunctions. This is due to the degeneracy in
the frontier orbitals, and this type of correlation is known as ‘non-dynamical
correlation.’ The error here is not so much due to the HF approximation, but HF is
designed in such a way that it is intrinsically single-determinantal; this makes it
less flexible for some systems (Cramer, 2004).
Post-HF methods were developed to better approximate the above-mentioned
type of correlations and the results for atoms and molecules. The first of them is
the Multiconfiguration Self Consistent Field theory (MCSCF). This is based on the
fact that only occupied orbitals contribute to electronic energy, and virtual orbitals
do not. Thus the quality of the SCF approach depends on the choice of occupied
and virtual orbitals. Both types of orbitals are treated with relative weighting, and
all the configurations are considered during optimization of the wave function. This
is known as MCSCF. A configuration state function (CSF) refers to the molecular
spin state and the occupation numbers of the orbitals. MCSCF is designed to
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handle both the single determinants that occur for closed-shell problems and also
many determinants that occur in open-shell systems cases. Then the variational
optimum is computed for each MO (linear combination of basis functions) and for
the weight for each CSF (Cramer, 2004).
As any orbital can have zero, one, or two electrons in any determinant, MCSCF
does not have unique eigenvalues associated with them. Hence the orbitals are
defined in terms of ‘occupation number’ of orbital i,

(occ.no.)i,M CSCF =

CSF
Xs

(occ.no)i,n a2n

(2.103)

n

where an represents the coefficients or the percentage contributions of nth CSF. A
problem associated with it is that this procedure is that a spurious minimum may
be achieved instead of a variational minimum. For such a case, convergence may be
achieved, but wave function may not be optimized. A careful inspection of orbital,
relative energies is necessary to check if this has happened. Another issue is about
the selection of orbitals and how to allow flexibility by choosing partially occupied
orbitals. This is done by active space specification. An alternative to choosing
among CSF, all the possible configurations can be considered (Cramer, 2004).
If all configurations are considered, it is referred to as choosing the ‘complete
active space’ (CAS), and the corresponding method is known as CASSCF. If a
system has ‘m’ electrons in ‘n’ orbitals then the number of singlet CSFs N that can
be formed are,
N=

m
2


!

m
2

n!(n + 1)!


+ 1 ! n − m2 ! n −

m
2


+1 !

(2.104)
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In the CASSCF method, the HF calculations are first performed. The
wavefunctions are expressed as CSFs. To improve convergence, localization of
canonical HF virtual orbitals is done to make it more chemically realistic. Another
approach is to use a generalized valence bond (GVB). In GVB, both the virtual
and the occupied orbitals are localized. In GVB, only excitations from specific
occupied orbitals to unoccupied orbitals are allowed. Some mathematical difficulties
associated with these are that the localized orbitals may not be orthogonal, but the
method can be simple and only require few configurations.
Another approach is to shrink the number of excitations from/to orbitals
outside CAS space. This secondary space is known as ‘restricted active space’
(RAS), and usually the number of excitations are limited to one or two electrons.
This method is known as RASSCF. To make both CASSCF and RASSCF efficient,
HF orbitals are frozen. A trial and error approach is required to determine the
selection of active space for systems (Cramer, 2004).
If the CASSCF procedure is performed considering all the orbitals in the
complete active space, then such a calculation is known as ‘full configuration
integration’ (full CI). It is the best calculation that can be done because it takes
into consideration all the CSFs. When full CI is performed with an infinite basis
set, we get a full solution of time-independent Schrödinger’s equation. However,
computationally, this is very expensive to carry out. Hence, the scope of CASSCF
is reduced by using RASSCF. The wavefunction for the full configuration
integration method is expressed as,
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φ = a0 ψHF +

occ. X
vir.
X
i

r

r

ai ψi +

r

occ. X
vir.
X

aij rs ψij rs + ...

(2.105)

i<j r<s

where i, j represent the occupied MOs in the HF ‘reference’ wavefunction, r, s are
the virtual orbitals in the HF wavefunction (Cramer, 2004).
Generation of additional CSFs require excitation of electron from occupied
orbitals into virtual orbitals. If it is assumed that there is no non-dynamical
correlation, then CI secular equation can be solved variationally to determine the
coefficients.
H11 − E
H21

H12

...

H1N

H22 − E . . .

H2N

..
.

..
.

...

..
.

HN 1

HN 2

...

HN N − E

=0

(2.106)

where Hmn =< ψm |H|ψn >. If two CSFs vary in their occupied orbitals by three or
more orbitals, every integral over the electronic coordinates in the Hamiltonian will
include a single overlap between at least one pair of orthogonal HF orbitals, hence
the matrix element goes to zero for these cases. For the remaining cases,
Condor-Slater rules are applied. Condor-Slater rules express integrals of one and
two-body operators over wavefunctions that are constructed using Slater
determinants in terms of individual orbitals. The optimization of the orbitals using
a single excitation constraint does not affect the lowest HF energy. This method is
known as the CI singles (CIS) method and is useful for the calculation of excited
states (Cramer, 2004).
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With double excitations, the method is known as CID. The secular equation for
CID is,
H11 − E

H12
=0

H21

E=

H22 − E

i
p
1h
H11 + H22 ± (H22 − H11 )2 + 4H12
2

(2.107)

This can be carried out for large systems, but the size of the matrix can increase
rapidly, and diagonalization of the matrix may be expensive. Hence, iterative
methods are used to find one or a few eigenvalues. The above methods can be
combined to have a CISD method with single and double excitations. The scaling
of the system with respect to a large basis set is N 6 , which is worse than the HF
approach. In this case, some orbitals are frozen to reduce computational effort. As
CISD is variational, the energy obtained can be used as an upper bound for exact
energy. A spin-flip CISD (SF-CISD) is a recent version of CISD, which is both
variational and size consistent. In this approach, the reference configuration is
always taken to be a high-spin HF configuration. This approach has the same
timing scaling and timing behavior as the CISD. However, time savings can be done
if double excitations are estimated using the perturbation theory. The model is
known as SF-CIS(D) (Cramer, 2004).
Multi-reference CI (MRCI) is similar to single-reference CI. The difference is
that in SRCI, HF wavefunction is used as a reference, while in MRCI, MCSCF
wavefunction is used as a reference. It is computationally more difficult to
construct an MCSCF wavefunction when compared to HF, but as the orbitals are
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optimized, it converges faster. The number of matrix element evaluations is
enormous; hence, it is preferred only for small systems. MRCI is very helpful in the
analysis of PES, where significant changes in bonding take place (Cramer, 2004).
High-level ab initio calculations were performed on the electronic states of AlO+
using the MRCI-F12 method. The potential energy curves for the 24 electronic
states were obtained and reported for the first time (Yan et al., 2017).
Moller-Plesset perturbation theory is similar to the perturbation theory
approach described earlier. It is described using the acronym M P n, where n
denotes the order of correction. MP uses one-electron Fock operators for the
zeroth-order Hamiltonian.
H (0) =

n
X

fi ;

(2.108)

i=1

where n is the number of basis functions. HF energy is the energy that is correct
through first-order MP theory. Hence, to determine the correlation energy, secondorder corrections, i.e., the MP2 method, is used. The total MP2 energy is given by,
EM P 2 = EHF + a(2)

a(2) =

occ. X
occ. X
vir. X
vir.
X
[(ij|ab) − (ia|jb)]2
i

j>i

a

b>a

i + j − a − b

(2.109)

where a(2) is the second-order MP correction containing the two-electron integrals
(Cramer, 2004).
MP2 calculations can be performed rapidly. The scaling behavior of MP2 is
approximately N 5 , where N is the number of basis functions. It can be easily
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applied to analyze PES, as analytic gradients and second derivatives are available
for this method. If the occupied orbitals are localized and then the excitations from
these orbitals are restricted, then it is known as a localized MP2 (LMP2) technique.
LMP2 reduces the number of integrals to a large extent and can be implemented
such that it leads to linear scaling. This makes it computationally efficient.
However, MP theory is dangerous in design. It works when the perturbation is
small, as the theory is based on the Taylor series and is expected to be quickly
convergent. The perturbation term in Schrödinger’s equation is the full
inter-electronic repulsion energy, which constitutes a large portion of total energy.
Hence, it cannot be expected that MP2 will result in a good correlation energy.
MP2 is also not variational; thus, the energy computed may be too large rather
than being too small. MP2 is also sensitive to the reference wavefunction used
(Cramer, 2004).
To improve convergence, higher-order corrections can be attempted. Based on
empirical evidence, it is said that MP3 only gives very little improvement over
MP2. When MP4 is implemented, integrals consisting of triple and quadruple
excitation determinants have to be solved. They are computationally expensive and
scale as N 7 . Empirically, MP4 calculations give good results and account for about
95% of the correlation energy. Although MPn should show convergent behavior as a
function of n, it is observed that the MP method is oscillatory and cannot be
extrapolated accurately from only MP1, MP2, MP3, and MP4. To extend MP
theory to a multi-reference case, MCSCF wavefunction is used as a zeroth-order
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wavefunction instead of an HF wavefunction. This method is commonly called
CASPT2. CASPT2 is capable of handling both dynamic and non-dynamic
correlation. As long as the MCSCF wavefunctions are adequate, it is not prone to
instability like MP2 (Cramer, 2004).
The effects of higher orders of MP perturbation theory were examined on
individual atoms within molecules and the bond between them. The results
suggested the MP3 decreases the correlation energy of the bond, because most of
the energy is allocated to the chemical bonds, reducing their values in actual terms.
Each individual part of the molecule has a different convergence pattern, for
instance, through space interactions converge at MP2 and bonds converge at MP3.
The correlation energy converges at MP4 (Mark, 2018).
A comparative study of the applicability of CASSCF and different fourth-order
many-body perturbation theory (MBPT) methods for calculating molecular electric
properties was done by Diercksen and Kello (1982). The electric properties were
computed with desired accuracy; however, the authors pointed out the
disadvantages of both the methods. The MPBT scheme is simple yet hopeless in
the case of degeneracies or near-degeneracies in the reference state, but CASSCF
can handle the system well. The significant limitations with regard to the
correlation effects are caused by the size of the active orbital subspace (Dierckden,
Kello, Roos, & Sadlej, 1983).
The Coupled-Cluster (CC) method is one of the most mathematically elegant
technique to estimate the correlation energy. According to CC theory, the full CI
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wavefunction (the exact wavefunction within the basis set approximation) can be
written in the form,
ψ = eT ψHF ;

T = T1 + T2 + T3 + .... + Tn

(2.110)

where T is the cluster operator, and n denotes the number of electrons. Ti
operators generate all possible determinants with i excitations from the reference.
For instance,
T2 =

occ. X
vir.
X

tij ab ψij ab

(2.111)

i<j a<b

where the amplitudes t are determined using the restriction in Equation 2.110. The
exponential term is beneficial here because,
T

ψCCD = e ψHF



T2 2 T2 3
+
+ ... ψHF
= 1 + T2 +
2!
3!

(2.112)

where CCD denotes coupled-cluster with double excitation. The term T2 defines
the CID method. The remaining terms involve products on excitation operators.
As each application of T2 has double excitations, the product will give quadruple
excitations. It is this failure to include higher excitations in CI that makes it
non-size consistent. It can be shown that CCD is equivalent to including all the
products of double substitutions, i.e., up to infinite order or MP∞D (Cramer,
2004).
The problem with CCD is in the computation of the amplitudes t. The usual
approach is to left-multiply the Schrödinger’s equation by trial wavefunctions
expressed as determinants of HF orbitals, to generate a set of coupled-nonlinear
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equations in amplitude. This has to be solved using iterative techniques. Once t’s
are known, the coupled-cluster energy is computed as,
Ecc =< ψHF |H|eT ψHF >

(2.113)

Adding single excitations with double increase accuracy of the CC method; this
is known as CCSD. The scaling behavior of CCSD is approximately N 6 .
Considering triple excitations that are generated from unique amplitudes and not
products, the CCSDT method can be developed. CCSDT is computationally very
expensive. The scaling for this case is of the order N 8 . Hence triple excitations are
mostly approximated using perturbation theory giving rise to CCSD(T) method.
The (T) term slightly overestimates the triple excitations, usually of the order of
ignored quadruples. Thus CCSD(T) is extremely effective for most cases and is
indeed known as the “gold standard” (Cramer, 2004, p. 226) for single reference
calculations. Analytic gradients and second-order derivatives are also available for
CCSD, CCSD(T), which makes it easy to apply for various cases.
Large singles amplitude may prove problematic to the CCSD(T) method
because the perturbation theory can become unstable. One approach to eliminate
this instability is to change the orbitals used in the reference wavefunction from the
canonical HF wavefunctions to what are known as Brueckner orbitals. Brueckner
orbitals are generated as linear combinations of HF orbitals with the restriction
that the amplitude of the singles in the CCSD cluster is zero (Cramer, 2004).
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Here is a performance and application summary for HF and post-HF methods.
HF theory is good to determine small bond lengths. MP2 is excellent for optimizing
the geometries of minima that include the correlation energies. With available
analytic derivatives, the results beyond MP2 are too small and not worth the
computational cost. If there is a large change in geometric property when shifting
from HF to MP2, it is obvious that the perturbations are large, and MP2 may not
converge. MP2 is also very useful for computing the energy differences between the
minima. Although the accuracy required depends on the problem, there is no point
in doing MP3 or CISD calculations when CCSD may achieve it at similar scaling
costs (timings cost may not be the same). Improved scaling energies for a few cases
can be computed by using semi-empirical relation,
E = EHF +

Ee.c.m − EHF
A

(2.114)

where e.c.m represents the electron correlation method and A, the empirical scale
factor is usually less than one (Cramer, 2004).
All the previously described approaches for performing ab initio calculations
were based on wavefunctions. As wavefunctions cannot be easily interpreted,
electron density (ρ) can be used. When integrated over the complete space, it gives
the number of electrons.

Z
N=

ρ(r)dr

(2.115)

For each nucleus A located at an electron density maximum rA ,
∂ ρ̄(rA )
= −2ZA ρ(rA )
∂rA

(2.116)
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where Z is the atomic number of A, rA is the radial distance from A, and ρ̄ is
spherically averaged density (Cramer, 2004).
In the Density Functional Theory (DFT), electrons interact with one other and
with an external potential. This external potential is the attraction to the nuclei
and is assumed to be a uniformly distributed positive charge in a uniform electron
gas. The density determines the external potential, which in turn determines the
Hamiltonian and the wavefunction (Cramer, 2004).
Kohn and Sham Self Consistent Field (KCSCF) method considers a fictitious
system of non-interacting electrons that has the same overall ground-state density
as the real system of interest. The energy functional is divided into various
components as,
E[ρ(r)] = Tnl [ρ(r)] + Vne [ρ(r)] + Vee [ρ(r)] + ∆T [ρ(r)] + ∆Vee [ρ(r)]

(2.117)

where the terms in the R.H.S of Equation 2.117 represent the kinetic energy of noninteracting electrons, the nuclear-electron interaction, electron-electron repulsion,
the correction to kinetic energy i.e., the difference in kinetic energy between the
fictitious and the real system and the correction to inter-electron repulsion energy.
Using the orbital expression, Equation 2.117 can be expressed as,
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where N is the number of electrons and the corrections in Equation 2.117 have
been combined into Exc in Equation 2.118. The density is expressed using Slater
determinantal wavefunction as,
ρ=

N
X

< χi |χi >

(2.119)

i=1

A usual approach for finding the orbitals χ and then minimizing E is used. The
Kohn-Sham (KS) one-electron operator is written as,
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δExc
δρ

(2.120)

where Vxc is the functional derivative. The pseudoeigenvalue problem solved is,
hi KS χi = i χi

(2.121)

As the energy is minimized, the orbitals χ provide the exact energy, and also form
the Slater-determinantal eigenfunctions for the separable non-interacting case. If
the basis set is represented by φ, the orbital coefficients are computed using a
secular equation formed using Kohn-Sham operator Kµν shown in Equation 2.122.
*
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From Equation 2.122, it can be observed that there are similarities between KS
and HF methods. Even Kohn-Sham, K operator, has the four-index electron
repulsion integrals as in Fock operator F . DFT is exact and has no approximations
when compared to HF. The exact DFT is variational, but if Exc is approximated,
then DFT is non-variational. The exchange-correlation is a major mathematical
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challenge in DFT. Many approaches neglect this exchange-correlation functional
Exc or use empirical approximations for kinetic energy corrections. An alternative
approach is to compute the value of exchange-correlation xc at some position r
using the local value of ρ, i.e., at that position. This approach is known as Local
Density Approximation(LDA) and required the density to be single-valued at every
point (Cramer, 2004).
KSSCF procedure starts with the formation of the basis set from the KS
orbitals. The density may also be expanded using an auxiliary basis set as,
ρ(r) =

PM

i=1 ci Ωi (r),

where M basis functions Ω have units of electron density. The

coefficients ci are determined using a least-squares approach. The number of
Coulomb integrals evaluated is N 2 M , if N is the number of KS AO. Hence, DFT
scaling is more favorable when compared to HF. The overlap integrals and the
kinetic-energy, nuclear attraction integrals are evaluated. An initial density is
assumed, and the remaining integrals are evaluated. The new orbitals are obtained
using the secular equation and compared with the density value in the previous
iteration. The procedure is iterated until convergence.
The electron density is not spatially uniform; hence, LDA has limitations. It can
be improved by considering the gradient in the density. This is known as a
‘non-local’ approach, and the corresponding method is known as ‘generalized
gradient approximation’ (GGA). In most cases, a correction term is added to the
LDA functional. They have also been developed using rational approximations of
the reduced gradient. Meta-GGA functionals include numerically stable
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calculations of the Laplacian of density, but implementing is technically challenging.
An alternative approach is to include a kinetic energy density term τ in the
exchange-correlation potential. The kinetic energy density is expressed as,
τ (r) =

occ.
X
1
i

2

|∇ψi (r)|2

(2.123)

where ψ represents the orbitals determined using the KSSCF method. There are
semi-empirical DFT (EDFT) methods where all the limitations of the theory and
the numerical approaches are expressed in terms of parameters (Cramer, 2004).
Cartesian grid implementations of pseudopotential KSDFT have been
investigated for atoms and molecules to determine the ground state energies,
permanent dipole moments, and static dipole polarizability. The results have good
agreement with theoretical and experimental results (Mandal, Ghosal, & Koy,
2018).
The DFT is the most cost-effective method when compared to MO theory to
achieve a given level of accuracy. KS orbitals are preferred over HF orbitals because
both occupied and virtual KS orbitals are subjected to the same external potential
while HF orbitals are not. There are some intrinsic limitations of DFT. Even if the
exact density is computed, the exact inter-electronic repulsion energy cannot be
computed as the exact exchange-correlation energy functional is not known.
However, with wavefunctions, we can compute it using the expectation value.
When wavefunctions are used, the excited states can be computed using a linear
combination of determinants derived from the excitation of electrons. Application
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of DFT to excited states except for symmetric molecules has a major problem with
modern functionals. The energy is expressed as a function entirely of local density
and, sometimes, the density gradient. If an incomplete basis set is used, the result
might determine a spurious minimum in a PES. Another issue is known as
‘overdelocalization,’ when DFT functionals over-stabilize the system leading to an
imbalance and erroneous prediction of higher symmetry systems (Cramer, 2004).
The interaction-induced electric properties for Kr − He were determined, and
the results were compared for both high-level HF and DFT techniques. It was
found that CCSD(T) and MP4 gave accurate results. MP3 and CCSD gave similar
results and were second in accuracy. The DFT results were not similar to any of
the MO methods. Although DFT predicted the dipole moment and the mean
polarizability reasonably, it overestimated the magnitude of anisotropy and its
derivative (Xenides, Hantzis, & Maroulis, 2011).
In recent years, the research has been directed towards achieving linear scaling
for high level methods. DPLNO approximations have been used with CCSD(T)
methods to solve many problems without prohibitive N 7 scaling. They are highly
accurate and have the capability to extract 99.9% of correlation energy (The
Fastest Way to Accurate Quantum Chemical Energies, 2018).
Figure 2.2 shows a Pople diagram, which describes the computational effort and
the achieved level of accuracy for the aforementioned methods. As explained in the
previous sections, methods like HF and DFT give good results with less scaling
issues, but methods like CCSD(T), CCSDT give better results with the expense of
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high scaling (Auer, 2014).

Figure 2.2. Pople Diagram for ab initio computations. Adapted from Electron
Correlation - Methods beyond Hartree-Fock how to approach chemical
accuracy, Max-Planck-Institute for Chemical Energy Conversion, Alexander
Auer, 2014, p. 5, Retrieved October 15, 2019, from, https://cec.mpg.de/
fileadmin/media/Presse/Medien /Auer Electron Correlation.pdf. Reprinted with
permission.
2.3.1

Hybrid solutions

This section is dedicated to the discussion of hybrid approximate methods and
solutions to time-independent Schrödinger’s equation. As previously described,
Kelly (1967) applied the perturbation theory developed by Brueckner and
Goldstone to solve the correlation problem in the atoms. They considered φo as the
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Hartree-Fock (HF) solution and calculated the correlation energy as,
Ecorr = E − EHF . Contributions to the correlation energy of the 2s − 2s electron
pair were calculated using the perturbation method. The inclusion of higher orders
gave good accuracy for the correlation energy (Kelly , 1967).
A modified perturbation theory was developed based on HF φo . The
improvement of HF wavefunctions by perturbation theory is not efficient due to the
slow convergence of,
H0 =

N
X

F (i)

(2.124)

i=1

where F denotes one-electron HF Hamiltonian. The slow convergence is due to the
nonphysical nature of the excites states of F . Thus F is redefined here as, F =
PM

i=1 i Pi

+ Q(hBN + U )Q, where P represents the projection operator for state φ

and Q = 1 − P . The  is chosen to average the ionization potential. The results
show that it results in more appropriate H0 (Silverstone & Yin, 1968).
A parallel algorithm scheme involving coupled perturbed MCSCF (CPMCSCF)
equations and analytic nuclear second derivatives of CASSCF wavefunction was
presented by Dudley et al. (2005). The parallelization scheme partitions the
electronic Hessian over the processors. The results show that although the solution
of the CPMCSCF equation depends on the Hessian, it was highly scalable for all
the test cases (Dudley, Olson, Schmidt, & Gordon, 2006).
Alchemical Perturbation density functional theories (APDFT) uses a
thermodynamic integration to introduce atoms in molecules (AIM). The uniform
electron gas is considered as a reference, and the nuclear charges are linearly scaled
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up. Since electronic potential energy and electronic densities are state functions,
they can be estimated using path integrals. This approach was tested for neutral
iso-electronic diatomics, i.e., CO2 , N2 . The results show that AIMs provide
meaningful interpretation for molecular energies and electron densities (Rudorff &
Lilienfeld, 2019).
Fast implementations of HF were carried out using ‘density-fitting’
approximations to the Fock matrix. The orbitals were localized at each iteration,
and separate fits were applied for each orbital. The two-electron integrals in the
Fock matric over atomic basis functions χµ were considered as electronic repulsion
between orbital-product densities, i.e., ρµν (r) = χµ (r)χν (r). The results show that
the errors in HF and MP2 computations were of the order of 1 − 10 microhartree
per atom (Polly, Werner, Manby, & Knowles, 2004).
A parallel HF and hybrid DFT calculations was implemented using the
‘chain-of-spheres’ algorithm for the Coulomb, and exchange parts of the Fock
matrix. The density fitting approximation is used for the Coulomb term and the
exchange term is approximated using semi-numerical integration that are related to
Friesner’s pseudospectral approach. Instead of using the derivatives of the analytic
integrals, the derivatives of basis functions are considered for the exchange gradient.
The linear scaling realization of this algorithm is why this is known as
‘chain-of-scales’ (COSX). The results show that the algorithm enables highly
efficient HF calculations. In combination with method resolution MP2 or RI-MP2
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and large basis sets, highly accurate second-order perturbation energies were
obtained (Neese, Wennmohs, Hansen, & Becker, 2009).
A variational HelFEM solver was implemented for diatomic systems, by using
basis sets in spheroidal coordinates. The calculations could utilize either HF or
DFT theories. The basis set is adaptively chosen, such that the core Hamiltonian is
used as a proxy for its completeness. The results were compared with RHF for 68
diatomic molecules to prove its accuracy (Lehtola, 2019b).
The UHF coupled-cluster (UCC)SD(T) method was applied to depict potential
energy curves of O − O dissociation, and the results were compared with hybriddensity functional theory. The results show that these methods could successfully
reproduce the experimental binding energies (Isobe et al., 2001).
DFT-based MRCI (DFT/MRCI) method was assessed by applying it to
transition metal complexes. In this method, the dynamic correlations were captured
using KS-DFT, and the non-dynamic correlation effects were computed using
MRCI. The results were compared with the published reference data from reliable
high-level multi-configurational ab initio studies. The results are found to be in
good agreement with the reference data also close to the RASPT2 method for CrF6
molecule (Daniel & Walter, 2014).
In a resonating broken-symmetry configuration interaction approach (RBS-CI),
two spin unrestricted Hartree-Fock (UHF) are used as basis. UHF, CASSCF-DFT,
and hybrid DFT techniques have been applied in addition to RBS-CI on ion-radical
systems. The results show that CASSCF-DFT depict excess electron localization,
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as it misses the spacial symmetry of systems. RHF-CI satisfies the symmetry
illustrating that this method is many-electron self-interaction free (ME-SIF), but
other methods are not (Nishihara et al., 2008).
2.4

Quantum Chemistry Softwares
Many softwares are capable of performing quantum mechanical ab initio

calculations. Here is a brief discussion of some of them.
Molpro is a comprehensive system of ab-initio programs that is capable of
performing advanced electronic structure calculations. It mainly focuses on the
computation of high accuracy wave function for small molecules. It comprises of
HF, DFT methods as well as state-of-the-art high-level CC and MRCI methods. It
uses local approximations with explicit correlation treatments and can compute
molecules up to 100 atoms (Werner, Knowles, Knizia, Manby, & Schutz, 2012).
GAUSSIAN can compute electronic structures using the above-mentioned
methods. Many DFT functionals have been recently added to the release G16. It
can also perform geometry optimization, scan PESs for finding maximum energy
along a specific reaction path, frequency, and thermo-chemical analysis,
polarizabilities and hyperpolarizabilities, direct dynamics trajectory calculation,
etc. PM7 semi-empirical method is available for continuous potential energy
surfaces (Frisch et al., 2016).
NWChem is an open-source, high-performance computational chemistry
software. It is capable of handling quantum to classical systems, ground states and
excited states, Gaussian basis functions or plane waves, scaling on supercomputers,
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both relativistic and non-relativistic effects (Valiev et al., 2010).
The General Atomic and Molecular Electronic Structure System (GAMESS) is a
general ab-initio quantum chemistry package. It can compute SCF wavefunctions,
including RHF, UHF, GVB, MCSCF. Correlation corrections, including full CI,
second-order perturbation theory, CC approaches, CASSCF, and DFT, can be
applied. A variety of molecular properties, including dipole moments,
frequency-dependent hyperpolarizabilities can be computed (M. S. Gordon &
Schmidt, 2005).
Q-Chem is a comprehensive ab-initio quantum chemistry package used for
accurately predicting the molecular structures, reactivities, and vibrational,
electronic, and NMR spectra. It uses state-of-the-art methods from HF, DFT to
post HF methods (Shao et al., 2015).
Quantum Espresso software is an integration of open-source computer codes for
electronic structure calculations and material modeling at nanoscale. It is based
on DFT, plane waves, and implementation of pseudopotentials (Giannozzi et al.,
2009).
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3. Numerical Approach

The previous section gives an elaborate description of the advantages and
disadvantages of current ab initio methods. In summary, approximate methods are
accurate but computationally expensive, and their convergence depends on the
choice of basis sets. The excited states require the entire computation to be
repeated. Good initial guesses and a complete set of basis functions are necessary
for convergence of numerical methods like shooting methods, FEM, etc. Analytical
solutions exist only for ‘hydrogen-like’ atoms. Spherical coordinates are helpful
when molecular symmetry can be considered.
To overcome some of the drawbacks of the current ab-initio methods, the matrix
method is chosen for this research. The matrix method does not require any initial
guesses. Other kinds of potentials, like Mie-type potential, Krazer-Feus potentials,
etc., can be easily treated using matrix methods. Finite differences are used to cast
the Schrödinger’s equation in the form of a matrix eigenvalue problem. The
eigenvalue problem can be solved to obtain multiple energies and wavefunctions
simultaneously. The Cartesian coordinate system is chosen because it only has one
singularity term in the Laplacian, and can be easily extended to complex molecules
which have no symmetry. This approach has been attempted by Salejda et al.
(2000), Mahmood (2016), and Shani (2017), but has been limited to
one-dimensional or one-particle system or utilizes cylindrical coordinates. Either
the node at the singularity is neglected, or the research does not describe how the
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singularity is handled.
Hence, this research focuses on solving the 3D Time-Independent Schrödinger’s
equation in Cartesian coordinates for both one-particle and two-particle systems.
The effect of the numerical singularity on the energies and wavefunctions is also
investigated by treating the numerical singularity using different approaches.
3.1

One-Particle System
One-particle system consists of atoms and ions with one electron, for instance,

hydrogen atom, helium ion (He+ ), lithium ion (Li2+ ), etc.
3.1.1

Non-dimensional form of Schrödinger’s Equation

The Time-Independent Schrödinger’s equation for atoms and ions with one
electron in Cartesian coordinates can be expressed as,
Ĥψ = Eψ

Ĥ = −

~2 2
∇ +V;
2me

V =−

Ze2
p
;
4πo x2 + y 2 + z 2

∇2 =

∂2
∂2
∂2
+
+
(3.1)
∂x2 ∂y 2 ∂z 2

Atomic units are preferred to reference distances, energies, etc. in atoms and
molecules for simplicity. To use atomic units, it is necessary to express Equation 3.1
in its dimensionless form. For converting it into a dimensionless form, the Cartesian
space x, y, z is made dimensionless using the Bohr radius (ao ).
x0 =

ao =

x
ao

y0 =

y
ao

~2
= 5.29 × 10−11 m;
me e 0 2

z0 =

z
ao

e0 = √

(3.2)
e
4πo

(3.3)

where, me = 9.1 × 10−31 kg is the mass of the electron, e = 1.602 × 10−19 C is the
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charge on the electron, and o = 8.85 × 10−12 F/m is the permittivity of free space.
Substituting Equation 3.2 in Equation 3.1, we get,
"

−~2
2me ao 2



∂2
∂2
∂2
+
+
∂x02 ∂y 02 ∂z 02

Multiplying Equation 3.4 by
"

1
−
2



+

−

!#

Ze02


ao 2

p
x02 + y 02 + z 02

ψ = Eψ

(3.4)

me ao 2
, the equation reduces to,
~2

∂2
∂2
∂2
+
+
∂x02 ∂y 02 ∂z 02


+

E0 =

Z

−p
x02 + y 02 + z 02

!#
ψ = E 0ψ

me ao 2
E
~2

(3.5)

(3.6)

Equation 3.5 represents the Non-dimensional form of 3D Time-Independent
Schrödinger’s equation for a one-particle system. Equation 3.6 represents the
dimensionless energy in Hartrees. As dimensionless equations are considered for
further study, the superscript prime has been ignored for simplicity.
3.1.2

Setting up the Matrix Eigenvalue Problem

The following assumptions are made for setting up the eigenvalue problem.
1. A 3D symmetric Cartesian grid is considered, i.e., the number of grid points n
and the grid spacing is the same in all the three directions, i.e., ∆x = ∆y =
∆z.
2. The nucleus is considered to be a point mass situated at the center of the
Cartesian grid, i.e., at the origin where, x = 0, y = 0, and z = 0.
3. The electron spin is neglected.
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Figure 3.1. 3D Cartesian Grid with the nucleus at the origin
Finite Differences are used to cast the dimensionless Schrödinger’s equation
(Equation 3.5) as a matrix eigenvalue problem in the form,
Aψ = Eψ

(3.7)

where A represents the coefficients obtained by applying finite differences on the
Hamiltonian. The three-dimensional wavefunction ψ is written as a one-dimensional
column vector that runs through x, then y and z, covering the entire 3D grid. If n
represents the number of grid points in each coordinate direction, then the column
vector will have a dimension of n3 × 1, and the coefficient matrix has dimensions
n3 × n3 .
Uniform Grid Spacing
Second-Order Differences Second-order centered differences are used for the
interior points, and forward and backward differences are used for the boundary
points. It is similar to having a free surface boundary, and its value is computed
as a part of the problem. The only constraint is that the wavefunction should be
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normalized. The finite differences used are shown in the equations below.
Centered differences used for the interior equations are,
∂ 2ψ
∂x2
∂ 2ψ
∂y 2
∂ 2ψ
∂z 2

=

ψi+1,j,k − 2ψi,j,k + ψi−1,j,k
∆x2

=

ψi,j+1,k − 2ψi,j,k + ψi,j−1,k
∆y 2

=

ψi,j,k+1 − 2ψi,j,k + ψi,j,k−1
∆z 2

i,j,k

i,j,k

i,j,k

(3.8)

For the first point in each direction, forward differences are used. They can be
expressed as,

∂ 2ψ
∂x2
∂ 2ψ
∂y 2
∂ 2ψ
∂z 2

=

2ψi,j,k − 5ψi+1,j,k + 4ψi+2,j,k − ψi+3,j,k
∆x2

=

2ψi,j,k − 5ψi,j+1,k + 4ψi,j+2,k − ψi,j+3,k
∆y 2

=

2ψi,j,k − 5ψi,j,k+1 + 4ψi,j,k+1 − ψi,j,k+3
∆z 2

i,j,k

i,j,k

i,j,k

(3.9)

For the last point, i.e., the nth point in each direction, backward differences are
used. They are written as,
∂ 2ψ
∂x2
∂ 2ψ
∂y 2

∂ 2ψ
∂z 2

=

2ψi,j,k − 5ψi−1,j,k + 4ψi−2,j,k − ψi−3,j,k
∆x2

=

2ψi,j,k − 5ψi,j−1,k + 4ψi,j−2,k − ψi,j−3,k
∆y 2

=

2ψi,j,k − 5ψi,j,k−1 + 4ψi,j,k−1 − ψi,j,k−3
∆z 2

i,j,k

i,j,k

i,j,k

(3.10)
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(3.11)

The dimensionless Coulomb potential term in Equation 3.11 is computed as,
Z
V = −p
xi 2 + yj 2 + zk 2

(3.12)

In Equation 3.8, Equation 3.9, Equation 3.10, Equation 3.11, and Equation 3.12,
i represents the increments in x, j represents the increments in y, and k represents
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the increments in z. Using Equation 3.8, Equation 3.9, Equation 3.10, and
Equation 3.12, the coefficient matrix A can be constructed.
The coefficient matrix shown in Equation 3.11 is sparse and banded. The
coefficients in the finite difference equations are introduced in the coefficient matrix
depending on the value of ψ at the specific grid point as shown in Equation 3.11.
A sample matrix for a uniform grid spacing with seven grid points in each
coordinate direction expressed using second-order finite differences is shown in
Figure 3.2 in the next page. The size of the matrix is 343 × 343. The red lines close
to the main diagonal represent x increments, the blue lines next to the red lines
represent y increments, the green lines around the red and blue lines represent z
increments, and the yellow lines along the main diagonal represent the increments
in x, y, and z with Coulomb potential terms.
Fourth-Order differences Fourth-order finite differences were used to
investigate the effect of higher-order differences on the energies and wavefunctions.
The interior points are represented by fourth-order centered differences, and the
boundary points are represented by fourth-order forward and backward differences.
The sparseness of the coefficient matrix is slightly reduced for this case.
The formulas for the interior points are,
∂ 2ψ
∂x2
∂ 2ψ
∂y 2

=

−ψi+2,j,k + 16ψi+1,j,k − 30ψi,j,k + 16ψi−1,j,k − ψi−2,j,k
12∆x2

=

−ψi,j+2,k + 16ψi,j+1,k − 30ψi,j,k + 16ψi,j−1,k − ψi,j−2,k
12∆y 2

i,j,k

i,j,k
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∂ 2ψ
∂z 2

=
i,j,k

−ψi,j,k+2 + 16ψi,j,k+1 − 30ψi,j,k + 16ψi,j,k−1 − ψi,j,k−2
12∆z 2

(3.13)

Figure 3.2. Coefficient matrix A for a uniform mesh with second-order differences
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As the centered differences have i + 2, i − 2, j + 2, j − 2, k + 2, and k − 2 terms,
the second and (n − 1)th points, i.e., the points adjacent to either boundaries cannot
be represented by the centered differences given in Equation 3.13. Finite differences
formulas for the second point are,
∂ 2ψ
∂x2

∂ 2ψ
∂y 2
∂ 2ψ
∂z 2

=

10ψi−1,j,k − 15ψi,j,k − 4ψi+1,j,k + 14ψi+2,j,k − 6ψi+3,j,k + ψi+4,j,k
12∆x2

=

10ψi,j−1,k − 15ψi,j,k − 4ψi,j+1,k + 14ψi,j+2,k − 6ψi,j+3,k + ψi,j+4,k
12∆y 2

i,j,k

i,j,k

=
i,j,k

10ψi,j,k−1 − 15ψi,j,k − 4ψi,j,k+1 + 14ψi,j,k+2 − 6ψi,j,k+3 + ψi,j,k+4
12∆z 2

(3.14)

For the (n − 1)th point, the finite differences are,
∂ 2ψ
∂x2

∂ 2ψ
∂y 2
∂ 2ψ
∂z 2

=

10ψi+1,j,k − 15ψi,j,k − 4ψi−1,j,k + 14ψi−2,j,k − 6ψi−3,j,k + ψi−4,j,k
12∆x2

=

10ψi,j+1,k − 15ψi,j,k − 4ψi,j−1,k + 14ψi,j−2,k − 6ψi,j−3,k + ψi,j−4,k
12∆y 2

i,j,k

i,j,k

=
i,j,k

10ψi,j,k+1 − 15ψi,j,k − 4ψi,j,k−1 + 14ψi,j,k−2 − 6ψi,j,k−3 + ψi,j,k−4
12∆z 2

(3.15)

Forward differences used for the first boundary point are,
∂ 2ψ
∂x2

∂ 2ψ
∂y 2

=

45ψi,j,k − 154ψi+1,j,k + 214ψi+2,j,k − 156ψi+3,j,k + 61ψi+4,j,k − 10ψi+5,j,k
12∆x2

=

45ψi,j,k − 154ψi,j+1,k + 214ψi,j+2,k − 156ψi,j+3,k + 61ψi,j+4,k − 10ψi,j+5,k
12∆y 2

i,j,k

i,j,k

94

∂ 2ψ
∂z 2

=
i,j,k

45ψi,j,k − 154ψi,j,k+1 + 214ψi,j,k+2 − 156ψi,j,k+3 + 61ψi,j,k+4 − 10ψi,j,k+5
12∆z 2
(3.16)

Backward differences used for the second boundary point are,
∂ 2ψ
∂x2
∂ 2ψ
∂y 2

∂ 2ψ
∂z 2

=

45ψi,j,k − 154ψi−1,j,k + 214ψi−2,j,k − 156ψi−3,j,k + 61ψi−4,j,k − 10ψi−5,j,k
12∆x2

=

45ψi,j,k − 154ψi,j−1,k + 214ψi,j−2,k − 156ψi,j−3,k + 61ψi,j−4,k − 10ψi,j−5,k
12∆y 2

=

45ψi,j,k − 154ψi,j,k−1 + 214ψi,j,k−2 − 156ψi,j,k−3 + 61ψi,j,k−4 − 10ψi,j,k−5
12∆z 2

i,j,k

i,j,k

i,j,k

(3.17)
The Coulomb term is represented using the Equation 3.12. The coefficient
matrix for a grid with 7 points in each direction represented by fourth-order
differences is shown in Figure 3.3 on the next page. Using fourth-order differences
reduces the sparseness for the matrix, but the matrix is still banded. The forward
and backward differences make the matrix non-symmetric.
If a symmetric matrix is desired, the differences at the boundaries can be
replaced by central differences, but with the assumption that the points outside the
domain have a zero value for the wavefunction. This is known as the Dirichlet
boundary condition. Applying this condition makes physical sense, because the
wavefunction tends to zero if the domain is very large, i.e., the probability of
finding the electron vary far from the nucleus, or in simple terms, at the edges of
the domain is negligible. Mahmood (2016) utilized centered differences with
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Dirichlet boundaries. This research does not use Dirichlet’s condition, as it was
found that the centered differences with Dirichlet boundaries cause oscillations in
the wavefunctions. The reason for this is unknown, and hence, in the cases
discussed in this research, the boundaries are treated using forward and backward
differences.

Figure 3.3. Coefficient matrix A for a uniform mesh with fourth-order differences.
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Non-Uniform Grid Spacing
The probability of finding the electron close to the nucleus is much higher than
in the regions of the domain far from the nucleus. If the grid can be refined close to
the nucleus, the wavefunctions could be captured with higher accuracy. For
investigating this, non-uniform grid spacing was implemented. Second-order
differences were considered for simplicity.
The numerical algorithm utilized to compute the finite difference formulas is
described in the ‘1D Differences on Nonuniform Meshes’ section of Chapter 2 from
Lynch (2005). The advantage of this algorithm is that it can handle any value of
spacing between grid points. This will be helpful when extending the matrix
methods to many-atom systems, as it can be customized depending on the system.
A non-uniform grid is shown in the Figure 3.4, where, h represents the spacing
between ith and (i − 1)th point, αh represents the spacing between (i + 1)th and ith
point, and so on (Lynch, 2005).

Figure 3.4. Non-uniform Cartesian grid in one-dimension.
The interior points are represented using second-order differences with a 4-point
stencil.



t1 = α (α + β) (α + β)2 − α2


t2 = α2 (α + β) (α + β)2 − 1
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t3 = α (α + β)2 1 − α2
∂ 2ψ
∂x2

i,j,k


 
t2
2
t1 (ψi−1,j,k − ψi,j,k ) +
(ψi+1,j,k − ψi,j,k )
= 2
h (t1 + t2 + t3 )
α2


+

∂ 2ψ
∂y 2

i,j,k

+

i,j,k




(ψi+2,j,k − ψi,j,k )


 
t2
2
t1 (ψi,j−1,k − ψi,j,k ) +
(ψi,j+1,k − ψi,j,k )
= 2
h (t1 + t2 + t3 )
α2



∂ 2ψ
∂z 2

t3
(α + β)2

t3
(α + β)2




(ψi,j+2,k − ψi,j,k )


 
2
t2
= 2
(ψi,j,k+1 − ψi,j,k )
t1 (ψi,j,k−1 − ψi,j,k ) +
h (t1 + t2 + t3 )
α2


+

t3
(α + β)2




(ψi,j,k+1 − ψi,j,k )

(3.18)

The n − 1th point requires another formula as it does not have i + 2, j + 2, or k + 2
term. It is represented as,

t1 = α2 − (1 + )2
t2 = α 1 − (1 + )2



t3 = (1 + )(1 − α2 )
∂ 2ψ
∂x2

=
i,j,k

h2 α(1

2
[(ψi−1,j,k − ψi,j,k )α(1 + )t1
+ )(t1 + t2 + t3 )


t3 α
t2 (1 + )
+(ψi−2,j,k − ψi,j,k )
+
(ψi+1,j,k − ψi,j,k )
(1 + )
α
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∂ 2ψ
∂y 2

=
i,j,k

h2 α(1

2
[α(1 + )t1 (ψi,j−1,k − ψi,j,k )
+ )(t1 + t2 + t3 )

t3 α
t2 (1 + )
+(ψi,j−2,k − ψi,j,k )
+
(ψi,j+1,k − ψi,j,k )
(1 + )
α
∂ 2ψ
∂z 2

=
i,j,k



2
[α(1 + )t1 (ψi,j,k−1 − ψi,j,k )
h2 α(1 + )(t1 + t2 + t3 )


t3 α
t2 (1 + )
+(ψi,j,k−2 − ψi,j,k )
+
(ψi,j,k+1 − ψi,j,k )
(1 + )
α

(3.19)

The second-order forward difference for the first boundary point in each direction
is given as,



t1 = α(α + β + γ) (α + β + γ)2 − (α + β)2



t2 = −(α + β)(α + β + γ) (α + β + γ)2 − α2


t3 = (α + β + γ)2 (α + β)2 − α2

∂ 2ψ
∂x2

=
i,j,k

t1 (α + β)
2
[(ψ
−
ψ
)
i+1,j,k
i,j,k
h2 α(α + β)
α


t2 α
t3 (α + β)α
+
(ψi+2,j,k − ψi,j,k ) +
(ψi+3,j,k − ψi,j,k )
(α + β)
(α + β + γ)2

∂ 2ψ
∂y 2

=
i,j,k

2
h2 α(α

+ β)

[(ψi,j+1,k − ψi,j,k )

t1 (α + β)
α


t2 α
t3 (α + β)α
+
(ψi,j+2,k − ψi,j,k ) +
(ψi,j+3,k − ψi,j,k )
(α + β)
(α + β + γ)2

99
∂ 2ψ
∂z 2

=
i,j,k

t1 (α + β)
2
[(ψ
−
ψ
)
i,j,k+1
i,j,k
h2 α(α + β)
α


t3 (α + β)α
t2 α
(ψi,j,k+2 − ψi,j,k ) +
+
(ψi,j,k+3 − ψi,j,k )
(α + β)
(α + β + γ)2

(3.20)

The second-order backward difference for the other boundary point is given as,
t1 = (1 +  + η)2 − (1 + )2


t2 = (1 + ) 1 − (1 +  + η)2


t3 = (1 +  + η) (1 + )2 − 1
∂ 2ψ
∂x2

=
i,j,k

2
[(ψi−1,j,k − ψi,j,k )t1 (1 + )(1 +  + η)
h2 (1 + )(1 +  + η)

t3 (1 + )
t2 (1 +  + η)
+
(ψi−3,j,k − ψi,j,k )
+(ψi−2,j,k − ψi,j,k )
(1 + )
(1 +  + η)
∂ 2ψ
∂y 2

=
i,j,k



2
[(ψi,j−1,k − ψi,j,k )t1 (1 + )(1 +  + η)
h2 (1 + )(1 +  + η)


t2 (1 +  + η)
t3 (1 + )
+(ψi,j−2,k − ψi,j,k )
+
(ψi,j−3,k − ψi,j,k )
(1 + )
(1 +  + η)
∂ 2ψ
∂z 2

=
i,j,k

h2 (1

2
[(ψi,j,k−1 − ψi,j,k )t1 (1 + )(1 +  + η)
+ )(1 +  + η)


t2 (1 +  + η)
t3 (1 + )
+(ψi,j,k−2 − ψi,j,k )
+
(ψi,j,k−3 − ψi,j,k )
(1 + )
(1 +  + η)

(3.21)

When the finite differences are computed, at every point, h, α, β, γ, , η have to be
calculated to find the coefficients.
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Figure 3.5. Coefficient matrix A for a non-uniform mesh.
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3.1.3

Singularity Treatment

In Figure 3.2, Figure 3.3, and Figure 3.5 there are small uncolored spaces in all
the lines at the center on the matrix. That represents the origin row. At the origin,
the Coulomb potential (Equation 3.12) tends to infinity. Hence, this numerical
singularity has to be treated before solving the eigenvalue problem. Neglecting this
singularity is not recommended, as it affects the calculation of energies and
wavefunctions. This is discussed in greater detail in Chapter 5 of the dissertation.
Taylor Series Extrapolation
The first method implemented to approximate the value of the potential at the
singularity is the Taylor series extrapolation method. The value of the Hamiltonian
at the origin is extrapolated from the neighboring points from all the six directions,
i.e., +x, −x, +y, −y, +z, −z and an averaged value is used.
For instance, if the origin is represented by the i, j, k th point, the extrapolation
from the +x axis can be computed as,
(Hψ)i,j,k +x = (Hψ)i+1,j,k − ∆x

(∆x)2 ∂ 2
∂
(Hψ)i+1,j,k +
(Hψ)i+1,j,k
∂x
2! ∂x2

(3.22)

Similarly from −x direction, we have,
(Hψ)i,j,k −x = (Hψ)i−1,j,k + ∆x

∂
(∆x)2 ∂ 2
(Hψ)i−1,j,k +
(Hψ)i−1,j,k
∂x
2! ∂x2

(3.23)

∂
(∆y)2 ∂ 2
(Hψ)i,j+1,k +
(Hψ)i,j+1,k
∂y
2! ∂y 2

(3.24)

From other directions, we have,
(Hψ)i,j,k +y = (Hψ)i,j+1,k − ∆y
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(Hψ)i,j,k −y = (Hψ)i,j−1,k + ∆y

(∆y)2 ∂ 2
∂
(Hψ)i,j−1,k +
(Hψ)i,j−1,k
∂y
2! ∂y 2

(3.25)

(Hψ)i,j,k +z = (Hψ)i,j,k+1 − ∆z

(∆z)2 ∂ 2
∂
(Hψ)i,j,k+1 +
(Hψ)i,j,k+1
∂z
2! ∂z 2

(3.26)

(∆z)2 ∂
∂
(Hψ)i,j,k−1 +
(Hψ)i,j,k−1
∂z
2! ∂z

(3.27)

(Hψ)i,j,k −z = (Hψ)i,j,k−1 + ∆z

Hence, the value of the Hamiltonian at the origin is,
(Hψ)i,j,k =

1
(Hψ)i,j,k +x + (Hψ)i,j,k −x +
6

(Hψ)i,j,k +y + (Hψ)i,j,k −y + (Hψ)i,j,k +z + (Hψ)i,j,k −z



(3.28)

There are two ways to find the values of the Hamiltonian in each direction. The
first approach is to differentiate every term in the Hamiltonian and then apply the
finite differences. As this procedure is tedious and also the higher derivatives have
the tendency to diverge close to the origin, this approach is discarded. An easier
approach is to apply finite differences to the derivatives of the Hamiltonian. This is
similar to expressing the value of the Hamiltonian as a linear combination of rows
of the matrix that correspond to the neighboring points in each direction. Due to
its simplicity, this approach is used in this research.
Second-Order Differences This section presents the second-order finite
difference formulas used to compute the values at the origin. For Equation 3.22, the
derivatives are computed as,
∂
−3(Hψ)i+1,j,k + 4(Hψ)i+2,j,k − (Hψ)i+3,j,k
(Hψ)i+1,j,k =
∂x
2∆x

(3.29)
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∂2
2(Hψ)i+1,j,k − 5(Hψ)i+2,j,k + 4(Hψ)i+3,j,k − (Hψ)i+4,j,k
(Hψ)i+1,j,k =
2
∂x
∆x2

(3.30)

In Equation 3.29 and Equation 3.30, the term (Hψ)i+1,j,k corresponds to the
row of the matrix that is adjacent to the origin row, (Hψ)i+2,j,k corresponds to the
row of the matrix that is adjacent to (Hψ)i+1,j,k , and so on. Equation 3.29 and
Equation 3.30 are substituted in Equation 3.22 to compute the value of the
Hamiltonian at the origin from +x direction. The first and second derivatives in
the −x direction are given by Equation 3.31 and Equation 3.32.
3(Hψ)i−1,j,k − 4(Hψ)i−2,j,k + (Hψ)i−3,j,k
∂
(Hψ)i−1,j,k =
∂x
2∆x
∂2
2(Hψ)i−1,j,k − 5(Hψ)i−2,j,k + 4(Hψ)i−3,j,k − (Hψ)i−4,j,k
(Hψ)i−1,j,k =
2
∂x
∆x2

(3.31)

(3.32)

In Equation 3.31 and Equation 3.32, the term (Hψ)i−1,j,k corresponds to the
row of the matrix that above the origin row, (Hψ)i−2,j,k corresponds to the row of
the matrix that is above the (Hψ)i−1,j,k row, and so on. Equation 3.31 and
Equation 3.32 are substituted in Equation 3.23 to compute the value of the
Hamiltonian at the origin from −x direction.
Similarly in other directions, we have,
−3(Hψ)i,j+1,k + 4(Hψ)i,j+2,k − (Hψ)i,j+3,k
∂
(Hψ)i,j+1,k =
∂y
2∆y
∂2
2(Hψ)i,j+1,k − 5(Hψ)i,j+2,k + 4(Hψ)i,j+3,k − (Hψ)i,j+4,k
(Hψ)i,j+1,k =
2
∂y
∆y 2

(3.33)

(3.34)
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3(Hψ)i,j−1,k − 4(Hψ)i,j−2,k + (Hψ)i,j−3,k
∂
(Hψ)i,j−1,k =
∂y
2∆y

(3.35)

∂2
2(Hψ)i,j−1,k − 5(Hψ)i,j−2,k + 4(Hψ)i,j−3,k − (Hψ)i,j−4,k
(Hψ)
=
i,j−1,k
∂y 2
∆y 2

(3.36)

In Equation 3.33 and Equation 3.34, (Hψ)i,j+1,k corresponds to the nth row below
the origin row, (Hψ)i,j+2,k is the nth row below the (Hψ)i,j+1,k row, and so on. In
Equation 3.35 and Equation 3.36, (Hψ)i,j−1,k corresponds to the nth row above the
origin row, (Hψ)i,j−2,k is the nth row above the (Hψ)i,j−1,k row, and so on.
−3(Hψ)i,j,k+1 + 4(Hψ)i,j,k+2 − (Hψ)i,j,k+3
∂
(Hψ)i,j,k+1 =
∂z
2∆z

(3.37)

∂2
2(Hψ)i,j,k+1 − 5(Hψ)i,j,k+2 + 4(Hψ)i,j,k+3 − (Hψ)i,j,k+4
(Hψ)i,j,k+1 =
2
∂z
∆z 2

(3.38)

∂
3(Hψ)i,j,k−1 − 4(Hψ)i,j,k−2 + (Hψ)i,j,k−3
(Hψ)i,j,k−1 =
∂z
2∆z

(3.39)

2(Hψ)i,j,k−1 − 5(Hψ)i,j,k−2 + 4(Hψ)i,j,k−3 − (Hψ)i,j,k−4
∂2
(Hψ)i,j,k−1 =
2
∂z
∆z 2
In Equation 3.37 and Equation 3.38, (Hψ)i,j,k+1 corresponds to the (n2 )
th

below the origin row, (Hψ)i,j,k+2 is the (n2 )

(3.40)
th

row below the (Hψ)i,j,k+1 row, and so
th

on. In Equation 3.39 and Equation 3.40, (Hψ)i,j,k−1 corresponds to the (n2 )
th

above the origin row, (Hψ)i,j,k−2 is the (n2 )

row

row

row above the (Hψ)i,j−1,k row, and

so on. All equations from Equation 3.22 to Equation 3.32 are used to compute the
value of the Hamiltonian at the origin when using second-order differences.
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The values obtained in each direction are placed in their corresponding locations
in the origin row. The Figure 3.6 on the next page shows the origin row for Taylor
series extrapolation with second-order differences. In Figure 3.6, the horizontal grey
line represents the origin row. The values obtained from the +x and −x directions
are placed along the red lines in the origin row. Similarly, values from +y and −y
directions are placed along the blue lines in the origin row, and from +z and −z
directions are placed along the green lines in the origin row. They are represented
by black spots in Figure 3.6 along the origin row, although it is not clearly visible.
Fourth-order differences The Taylor Series extrapolation was attempted with
fourth-order finite differences to investigate the effect of higher-order differences.
All equations from Equation 3.22 to Equation 3.28, are approximated with fourthorder differences similar to the procedure described in the previous section.
The derivatives for the +x direction are,
1
∂
(Hψ)i+1,j,k =
[−25(Hψ)i+1,j,k + 48(Hψ)i+2,j,k
∂x
12∆x
−36(Hψ)i+3,j,k + 16(Hψ)i+4,j,k − 3(Hψ)i+5,j,k ]

(3.41)

∂2
1
(Hψ)i+1,j,k =
[45(Hψ)i+1,j,k − 154(Hψ)i+2,j,k
2
∂x
12∆x2
+214(Hψ)i+3,j,k − 156(Hψ)i+4,j,k + 61(Hψ)i+5,j,k − 10(Hψ)i+6,j,k ]
The derivatives for the −x direction are,
∂
1
(Hψ)i−1,j,k =
[25(Hψ)i−1,j,k − 48(Hψ)i−2,j,k
∂x
12∆x

(3.42)
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+36(Hψ)i−3,j,k − 16(Hψ)i−4,j,k + 3(Hψ)i−5,j,k ]

(3.43)

∂2
1
(Hψ)i−1,j,k =
[45(Hψ)i−1,j,k − 154(Hψ)i−2,j,k
2
∂x
12∆x2
+214(Hψ)i−3,j,k − 156(Hψ)i−4,j,k + 61(Hψ)i−5,j,k − 10(Hψ)i−6,j,k ]

(3.44)

Figure 3.6. Coefficient matrix A with the origin row containing values obtained
from Taylor series extrapolation method and second-order differences
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The derivatives for the +y direction are,
∂
1
(Hψ)i,j+1,k =
[−25(Hψ)i,j+1,k + 48(Hψ)i,j+2,k
∂y
12∆y
−36(Hψ)i,j+3,k + 16(Hψ)i,j+4,k − 3(Hψ)i,j+5,k ]

(3.45)

∂2
1
(Hψ)i,j+1,k =
[45(Hψ)i,j+1,k − 154(Hψ)i,j+2,k
2
∂y
12∆y 2
+214(Hψ)i,j+3,k − 156(Hψ)i,j+4,k + 61(Hψ)i,j+5,k − 10(Hψ)i,j+6,k ]

(3.46)

The derivatives for the −y direction are,
∂
1
(Hψ)i,j−1,k =
[25(Hψ)i,j−1,k − 48(Hψ)i,j−2,k
∂y
12∆y
+36(Hψ)i,j−3,k − 16(Hψ)i,j−4,k + 3(Hψ)i,j−5,k ]

(3.47)

∂2
1
(Hψ)i,j−1,k =
[45(Hψ)i,j−1,k − 154(Hψ)i,j−2,k
2
∂y
12∆y 2
+214(Hψ)i,j−3,k − 156(Hψ)i,j−4,k + 61(Hψ)i,j−5,k − 10(Hψ)i,j−6,k ]

(3.48)

The derivatives for the +z direction are,
∂
1
(Hψ)i,j,k+1 =
[−25(Hψ)i,j,k+1 + 48(Hψ)i,j,k+2
∂z
12∆z
−36(Hψ)i,j,k+3 + 16(Hψ)i,j,k+4 − 3(Hψ)i,j,k+5 ]

(3.49)

∂2
1
(Hψ)i,j,k+1 =
[45(Hψ)i,j,k+1 − 154(Hψ)i,j,k+2
2
∂z
12∆z 2
+214(Hψ)i,j,k+3 − 156(Hψ)i,j,k+4 + 61(Hψ)i,j,k+5 − 10(Hψ)i,j,k+6 ]

(3.50)
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The derivatives for the −z direction are,
1
∂
(Hψ)i,j,k−1 =
[25(Hψ)i,j,k−1 − 48(Hψ)i,j,k−2
∂z
12∆z

+36(Hψ)i,j,k−3 − 16(Hψ)i,j,k−4 + 3(Hψ)i,j,k−5 ]

(3.51)

∂2
1
(Hψ)i,j,k−1 =
[45(Hψ)i,j,k−1 − 154(Hψ)i,j,k−2
2
∂z
12∆z 2
+214(Hψ)i,j,k−3 − 156(Hψ)i,j,k−4 + 61(Hψ)i,j,k−5 − 10(Hψ)i,j,k−6 ]

(3.52)

Non-Uniform Grid Spacing The finite differences used to approximate the
derivatives in Equation 3.22 to Equation 3.28, for a non-uniform mesh are given
here. The derivatives for the +x direction are,
t1 = α(α + β)2
t2 = α2 (α + β)
1
∂
(Hψ)i+1,j,k =
∂x
h(t1 − t2 )


[(Hψ)i+2,j,k − (Hψ)i+1,j,k ]

t2
− [(Hψ)i+3,j,k − (Hψ)i+1,j,k ]
(α + β)

t1
α





t1 = α(α + β + γ) (α + β + γ)2 − (α + β)2


t2 = −(α + β)(α + β + γ) (α + β + γ)2 − α2


t3 = (α + β + γ)2 (α + β)2 − α2
2
t1 (α + β)
∂2
(Hψ)i+1,j,k = 2
[(Hψ)i+2,j,k − (Hψ)i+1,j,k )
2
∂x
h α(α + β)
α

(3.53)
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t3 (α + β)α
t2 α
((Hψ)i+3,j,k − (Hψ)i+1,j,k ) +
+
((Hψ)i+4,j,k − (Hψ)i+1,j,k )
(α + β)
(α + β + γ)2
(3.54)
The derivatives for the −x direction are expressed as,
t1 = (1 + )2
t2 = (1 + )
1
∂
(Hψ)i−1,j,k =
[((Hψ)i−2,j,k − (Hψ)i−1,j,k )(−t1 )
∂x
h(t1 − t2 )
+((Hψ)i−3,j,k − (Hψ)i−1,j,k )]

(3.55)

t1 = (1 +  + η)2 − (1 + )2


t2 = (1 + ) 1 − (1 +  + η)2


t3 = (1 +  + η) (1 + )2 − 1
2
∂2
(Hψ)i−1,j,k = 2
[((Hψ)i−2,j,k − (Hψ)i−1,j,k )t1 (1 + )(1 +  + η)
2
∂x
h (1 + )(1 +  + η)
t2 (1 +  + η)
t3 (1 + )
+((Hψ)i−3,j,k − (Hψ)i−1,j,k )
+
((Hψ)i−4,j,k − (Hψ)i−1,j,k )
(1 + )
(1 +  + η)



(3.56)
The derivatives for the +y direction are expressed as,
t1 = α(α + β)2
t2 = α2 (α + β)
∂
1
(Hψ)i,j+1,k =
∂y
h(t1 − t2 )


[(Hψ)i,j+2,k − (Hψ)i,j+1,k ]

t1
α
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t2
− [(Hψ)i,j+3,k − (Hψ)i,j+1,k ]
(α + β)


(3.57)



t1 = α(α + β + γ) (α + β + γ)2 − (α + β)2



t2 = −(α + β)(α + β + γ) (α + β + γ)2 − α2



t3 = (α + β + γ)2 (α + β)2 − α2
∂2
2
t1 (α + β)
(Hψ)i,j+1,k = 2
[(Hψ)i,j+2,k − (Hψ)i,j+1,k )
2
∂y
h α(α + β)
α

t3 (α + β)α
t2 α
((Hψ)i,j+3,k − (Hψ)i,j+1,k ) +
((Hψ)i,j+4,k − (Hψ)i,j+1,k )
+
(α + β)
(α + β + γ)2
(3.58)
The derivatives for the −y direction are expressed as,
t1 = (1 + )2
t2 = (1 + )
∂
1
(Hψ)i,j−1,k =
[((Hψ)i,j−2,k − (Hψ)i,j−1,k )(−t1 )
∂y
h(t1 − t2 )
+((Hψ)i,j−3,k − (Hψ)i,j−1,k )]

t1 = (1 +  + η)2 − (1 + )2


t2 = (1 + ) 1 − (1 +  + η)2



t3 = (1 +  + η) (1 + )2 − 1

(3.59)
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∂2
2
[((Hψ)i,j−2,k − (Hψ)i,j−1,k )t1 (1 + )(1 +  + η)
(Hψ)i,j−1,k = 2
2
∂y
h (1 + )(1 +  + η)
t3 (1 + )
t2 (1 +  + η)
+
((Hψ)i,j−4,k − (Hψ)i,j−1,k )
+((Hψ)i,j−3,k − (Hψ)i,j−1,k )
(1 + )
(1 +  + η)



(3.60)
The derivatives for the +z direction are expressed as,
t1 = α(α + β)2
t2 = α2 (α + β)
1
∂
(Hψ)i,j,k+1 =
∂z
h(t1 − t2 )


[(Hψ)i,j,k+2 − (Hψ)i,j,k+1 ]

t2
− [(Hψ)i,j,k+3 − (Hψ)i,j,k+1 ]
(α + β)

t1
α


(3.61)



t1 = α(α + β + γ) (α + β + γ)2 − (α + β)2


t2 = −(α + β)(α + β + γ) (α + β + γ)2 − α2


t3 = (α + β + γ)2 (α + β)2 − α2
2
∂2
t1 (α + β)
[(Hψ)i,j,k+2 − (Hψ)i,j,k+1 )
(Hψ)i,j,k+1 = 2
2
∂z
h α(α + β)
α

t2 α
t3 (α + β)α
((Hψ)i,j,k+3 − (Hψ)i,j,k+1 ) +
((Hψ)i,j,k+4 − (Hψ)i,j,k+1 )
+
(α + β)
(α + β + γ)2
(3.62)
The derivatives for the −z direction are expressed as,
t1 = (1 + )2
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t2 = (1 + )
∂
1
(Hψ)i,j,k−1 =
[((Hψ)i,j,k−2 − (Hψ)i,j,k−1 )(−t1 )
∂z
h(t1 − t2 )
+((Hψ)i,j,k−3 − (Hψ)i,j,k−1 )]

(3.63)

t1 = (1 +  + η)2 − (1 + )2


t2 = (1 + ) 1 − (1 +  + η)2


t3 = (1 +  + η) (1 + )2 − 1
2
∂2
(Hψ)i,j,k−1 = 2
[((Hψ)i,j,k−2 − (Hψ)i,j,k−1 )t1 (1 + )(1 +  + η)
2
∂z
h (1 + )(1 +  + η)
t2 (1 +  + η)
t3 (1 + )
+((Hψ)i,j,k−3 − (Hψ)i,j,k−1 )
+
((Hψ)i,j,k−4 − (Hψ)i,j,k−1 )
(1 + )
(1 +  + η)



(3.64)
Other singularity treatment methods that were tested are the Least Square
Polynomial Fit, Shifted Coulomb potential, and Coulomb Potential Approximation.
Least Squares Polynomial Fit
In this method, the value of the Hamiltonian at the origin is computed by
fitting a 3D polynomial to the Hamiltonian.

(Hψ)i,j,k =

N
X

ap xl y m z n

l+m+n≤j

j=0

where, N is the degree of the polynomial, ap represent coefficients of the
polynomial.

(3.65)
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Using the Least Square method, the error () is written as the square of the
difference between the exact value of the Schrödinger’s equation and the
approximated value obtained from the polynomial fit.

=

ng
X
q=0

(Hψ)exact
i,j,k −

N
X

!2
ap x l y m z n

(3.66)

q=0

The exact value of the Schrödinger’s equation is unknown. It can only be
represented using finite differences at grid points considered for the polynomial fit
around the origin.
(Hψ)exact
i,j,k

∂ 2ψ
∂ 2ψ
∂ 2ψ
=
i,j,k +
i,j,k +
i,j,k + Vi,j,k ψi,j,k
∂x2
∂y 2
∂z 2


(Hψ)exact
i,j,k


(3.67)



−1 ψi+1,j,k − 2ψi,j,k + ψi−1,j,k
=
2
∆x2





1 ψi,j+1,k − 2ψi,j,k + ψi,j−1,k
1 ψi,j,k+1 − 2ψi,j,k + ψi,j,k−1
ψi,j,k
−
−
−q
2
2
2
∆y
2
∆z
x2i + yj2 + zk2
(3.68)
If the error has to be minimized, then the derivative of the error with respect to
each coefficient is set to zero. This gives a set of linear equations which can be used
to solve for the coefficients.

d
=0
dap

(3.69)

Consider coefficient a0 ,
ng
X

2
∂
exact
= 0 = −2
− (a0 + a1 x + a2 y + a3 z + a4 xy + a6 yz + ...)
Hψi,j,k
∂ao
q=0

Similarly for any other coefficient aq , we have,

(3.70)
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X

l m n

(x y z )

exact
Hψi,j,k

q=0

=

ng
X

xl y m z n (a0 + a1 x + a2 y + a3 z + ...)

(3.71)

q=0

where nq is the number of grid points. It can be simplified as described.
ng
X

l m n

(x y z

)q (Hψ)exact
i,j,k

ng
ng
X
X
l m n
=
(x y z )q
ar (xl y m z n )
p=0

p=0

(3.72)

r=0

When Equation (3.72) is written in the form of a matrix,
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(3.73)

As the RHS is unknown, it is represented as symbols in terms of ψ. Then
symbolic manipulation is done in MATLAB to compute the values of the
coefficients in terms of ψ. To know the value of the Hamiltonian at the origin, the
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values of x, y, z are set to zero in the polynomial; hence, the coefficient that is of
interest is a0 . The value of a0 obtained from Equation (3.73) will be in the form of
a summation of ψ at different grid points. The coefficients in the summation can
then be inserted in the Hamiltonian row representing the origin to compute the
eigenvalues.
Soft-Core Potential
Using a small constant in the denominator is one of the common methods used
to circumvent the singularity. Instead of using the Coulomb potential Equation
3.12, a small positive constant is added in the denominator. The soft-core potential
is given by,

Z
Vm = − p
xi 2 + yj 2 + zk 2 + ξ 2

(3.74)

In this research ξ 2 is assumed to be a function of the grid spacing, i.e., ξ 2 =

∆x
,
m

where, m = 10 and 50.
Coulomb Potential Approximation
In this approach, the Coulomb potential (Equation 3.12) at the origin is
approximated from the values from the neighboring points in all the coordinate
directions, i.e., from the i + 1, i − 1, j + 1, j − 1, k + 1, k − 1 points.

Vi,j,k

"
1
Z
Z
Z
−p
−p
−p
=
6
xi+1 2 + yj 2 + zk 2
xi−1 2 + yj 2 + zk 2
xi 2 + yj+1 2 + zk 2

Z
Z
Z
−p
−p
−p
2
2
2
2
2
2
2
xi + yj−1 + zk
xi + yj + zk+1
xi + yj 2 + zk−1 2

#
(3.75)
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3.2

Two-particle system
Two-particle systems consist of atoms and ions with two electrons. In this

section, an attempt is made to apply the matrix method to the Helium atom case,
which has two electrons in the valence shell. In addition to the assumptions made
for the one-particle system, the following are assumed:
1. The helium atom is approximated similar to the HF method. In the HF
method, one-electron is assumed to be present in an effective potential of the
other electron, and the wavefunction is the product of individual electron
orbitals. In this research, one-electron is assumed to be in an averaged
potential of another electron that is computed by the Cartesian grid points,
and the wavefunction is approximated as the product of single-electron
orbitals.
2. The wavefunction for a two-particle system is anti-symmetric due to the spin.
It is a mathematical representation of Pauli’s exclusion principle, which states
that an orbital contains two electrons of opposite spins. As the electron spin
is entirely neglected in this research, the anti-symmetry of the wavefunction is
not taken into consideration.
The non-dimensional form of Schrödinger’s equation for a two-particle system
can be expressed in terms of the coordinates for the first electron (x1 , y1 , z1 ), and
the coordinates for the second electron (x2 , y2 , z2 ) as,
"

1
Z
1
+p
− ∇1 2 − p
2
(x2 − x1 )2 + (y2 − y1 )2 + (z2 − z1 )2
x1 2 + y1 2 + z1 2
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#
Z
1 2
− ∇2 − p
ψ(x1 , y1 , z1 , x2 , y2 , z2 ) = Eψ(x1 , y1 , z1 , x2 , y2 , z2 )
2
x2 2 + y2 2 + z2 2
(3.76)
In Equation 3.76, the first term represents the kinetic energy of the first electron,
the second term represents the attraction between the first electron and the
nucleus, the third term represents the inter-electronic repulsion term, the fourth
term represents the kinetic energy of the second electron, and the fifth term
represents the attraction potential between the second electron and the nucleus.
Based on the assumptions, the wavefunction for the two-particle system is
written as a product of individual electron orbitals, which are computed using
one-particle system methods discussed in the previous section.
ψ(x1 , y1 , z1 , x2 , y2 , z2 ) = ψ1 (x1 , y1 , z1 )ψ2 (x2 , y2 , z2 )

(3.77)

Equation 3.76, should be re-written in the form of a one-electron system with
averaged potential to be solved. The inter-electronic repulsion term is split in half
to consider equal contributions from both the electrons. Hence, Equation 3.76 is
expressed as,
"

Z
1
1
+
− ∇1 2 − p
2
2
2
2
2
x1 + y1 + z1

1
Z
1
− ∇2 2 − p
+
2
2
2
2
2
x2 + y2 + z2

(

)

1
p
(x2 − x1 )2 + (y2 − y1 )2 + (z2 − z1 )2

(

1
p

)#

(x2 − x1 )2 + (y2 − y1 )2 + (z2 − z1 )2

ψ1 (x1 , y1 , z1 )ψ2 (x2 , y2 , z2 ) = Eψ1 (x1 , y1 , z1 )ψ2 (x2 , y2 , z2 )

(3.78)

118
1
Assuming
2

(

1
p
(x2 − x1 )2 + (y2 − y1 )2 + (z2 − z1 )2

)
is the averaged repulsion

potential, Equation 3.78 can be simplified as,
h

i
Ĥ1 (x1 , y1 , z1 ) + Ĥ2 (x2 , y2 , z2 ) ψ1 (x1 , y1 , z1 )ψ2 (x2 , y2 , z2 ) = Eψ1 (x1 , y1 , z1 )ψ2 (x2 , y2 , z2 )

1
1
Ĥ1 (x1 , y1 , z1 )ψ1 (x1 , y1 , z1 ) +
Ĥ2 (x2 , y2 , z2 )ψ2 (x2 , y2 , z2 ) = E
ψ1 (x1 , y1 , z1 )
ψ2 (x2 , y2 , z2 )
(3.79)
Similar to independent-electron model, writing,
Ĥ1 (x1 , y1 , z1 )ψ1 (x1 , y1 , z1 ) = E1 ψ1 (x1 , y1 , z1 )

(3.80)

Ĥ2 (x2 , y2 , z2 )ψ2 (x2 , y2 , z2 ) = E2 ψ2 (x2 , y2 , z2 )

(3.81)

and substituting Equation 3.80 and Equation 3.81 in Equation 3.79, we get,
E = E1 + E2
3.2.1

(3.82)

Modeling the averaged Repulsion potential term

The second electron can be at any location in the domain, excluding the
location of the first electron and the nucleus, i.e., the position of the second
electron can be at n3 − 2 grid points in the domain. So the averaged potential is
computed as,
VRavg

1
=
2



1
3
n −2

3 −2 "
 nX

p=1

1
p
(xp − x1 )2 + (yp − y1 )2 + (zp − z1 )2

#
(3.83)

If x1 , y1 , z1 represents the position of the first electron, and xor , yor , zor represents
the location of the origin, the repulsion potential is computed at every other point
and then averaged. The averaged potential is computed for various locations of the
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first electron and then added to the diagonal of the coefficient matrix A of a oneparticle system.
Due to the indistinguishability of electrons and the assumptions mentioned
previously, if the first electron is replaced by the second electron, the wavefunction
will be the same. Hence for the two-particle system, the matrix for a one-particle
system can be solved with an additional averaged repulsion potential term along
the main diagonal. The total energy of the two-particle system for this case is,
E = 2E1 = 2E2

(3.84)

Hence, without any additional computational expense, the matrix created for the
one-particle system can be used for the two-particle systems. However, it should be
noted that the assumptions made limit the accuracy of the results.
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4. Code Structure and Solver

The entire computer code is written in C++ using object-oriented programming
features. The SLEPc (Scalable Library for Eigenvalue Problem Computation)
(Hernandez, Roman, & Vidal, 2005) (Hernandez, Roman, & Vidal, 2003; Roman,
Campos, Romero, & Tomas, 2019; Hernández, Román, & Tomás, 2007) is an
open-source eigenvalue problem solver package built on data structures used from
PETSc. PETSc (Portable, Extensible Toolkit for Scientific Computation) (Balay,
Abhyankar, Adams, Brown, Brune, et al., 2019; Balay, Abhyankar, Adams, Brown,
Brune, et al., 2019; Balay, Gropp, McInnes, & Smith, 1997) is a set of data
structures and routines for scalable parallel solutions of differential equations and
linear algebra computations using MPI, CUDA or OpenCL. It was developed by
Argonne National Laboratory.
Hence, the computer code developed for this research is a blend of C++
features with PETSc data structures and SLEPc solver EPS (Eigenvalue Problem
Solver). The PETSc and the SLEPc version used in this code is 3.8.3.
The code is developed such that the user with no prior experience with C++
can use it, but a basic knowledge of PETSc and SLEPc is recommended to set up
the Cartesian Grid and the SLEPc solver. A brief description of the computer code
is given in the following sections. It contains details on how to initialize and set up
the solver and run the code, in addition to a concise description of the subroutines
and their functions. A sample makefile and a PBS script are also shown.
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4.1

Code description
The computer code has files with two different extensions; one is ‘.h’

representing the header files containing the class definitions, another is ‘.cpp’
representing the C++ subroutines.
4.1.1

Header Files

Three header files are used: ‘Atoms.h’, ‘Single Electron Atoms.h’,
‘Two Electron Atoms.h’. Atoms.h header file contains the base class ‘Atoms’ with
variables related to atoms like atomic number, and a structure containing all the
variables required for defining the Cartesian grid. It also contains functions or
subroutines to compute the Taylor-Series Extrapolation and the eigensolver for
various cases. The header file ‘Single Electron Atoms.h’ contains the derived class
‘Single Electron Atoms’ with variables and functions that are specific to atoms and
ions with one electron, i.e., for a one-particle system. The functions include the
creation of coefficient matrices for various cases, and the computation of attraction
potential.
The header file ‘Two Electron Atoms.h’ contains the derived class
‘Two Electron Atoms’ with variables and functions that are specific to atoms and
ions with two electrons, i.e., for a two-particle system. The functions include the
creation of coefficient matrix with second-order differences and the computation of
repulsion potential. Both ‘Two Electron Atoms’ and ‘Single Electron Atoms’ have
the same parent class ‘Atoms’ as they both refer to different types of atoms. They
also call a common eigensolver subroutine from the ‘Atoms’ class.
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4.1.2

C++ functions

‘Main.cpp’
The ‘main.cpp’ contains the ‘main’ function, where the C++ program execution
begins. All the inputs to the code are initialized in the main function. The atomic
number, the number of grid points in each direction, the grid type, whether uniform
or non-uniform, the vector of Cartesian grid points are the inputs initialized.
Uniform Grid Spacing The number of grid points required is always odd. This
is because by default, the code assumes that the grid extends from −xm to xm with
zero at the center of the grid. Here xm represents the final grid point in each
direction x, y, and z. If the user inputs the number of grid points
(no of gridpoints) and the uniform grid spacing (dx), the grid point locations are
automatically calculated.
Non-Uniform Grid Spacing By default, the code assumes that the centre of
the grid is at a point where x = 0, y = 0, and z = 0, and the neighboring point is at
a spacing of 0.45, i.e., surrounding the center of the grid are points x = −0.45, x =
+0.45, y = −0.45, y = +0.45, and z = −0.45, z = +0.45. Then the remaining points
are computed using geometric progression. The user inputs the desired ratio (r) for
the geometric progression. This gives a finer grid near the center and a fairly coarse
grid near the end of the domain.
The code is implemented in a way that it can handle any kind of non-uniform
mesh, in addition to a geometric progression grid. The code automatically
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computes the spacing between any two grid points. To input such a grid, the user
uses the command,
ierr = VecSetValues(ag1.x_coordinates,1,&iloop,
&x_set, INSERT_VALUES); CHKERRQ(ierr);
VecSetValues is a PETSc command that inputs the value in the variable ‘x set’
into the vector ‘ag1.x coordinates’ at the index ‘iloop’. Note that the indices of the
vector run from zero to the length of the vector.
Hamiltonian routines The main function has calls to various Hamiltonian
routines that set up the coefficient matrix for different test cases. For a one-particle
system with uniform mesh, the following routines are available.
1. Hamiltonian 3D fwd diff bc: This computes the coefficient matrix A using
second-order finite differences with forward and backward differences for
boundary conditions.
2. Hamiltonian 3D cent diff bc: This computes the coefficient matrix A using
second-order centered differences with Dirichlet conditions at the boundary.
Using this function is not recommended as it is found that the centered
differences with Dirichlet boundaries cause oscillations.
3. Hamiltonian 3D fd 4th order: This computes the coefficient matrix A using
fourth-order finite differences with forward and backward differences for
boundary conditions.
4. Hamiltonian 3D fwd diff Coul disc: This computes the coefficient matrix A
using second-order finite differences with forward and backward differences for
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boundary conditions, but uses Coulomb potential Approximation to handle
the singularity.
For a one-particle system with non-uniform mesh, the routine
‘Hamiltonian 3D nu’ is called. The code can handle only a uniform mesh with
second-order finite differences for a two-particle system. The
‘Hamiltonian 3D fwd diff 2e’ routine is called for this case. By default, the code
assumes that it is the case of a one-particle system with a uniform mesh and calls
the Hamiltonian 3D fwd diff bc routine to set up the matrix. The user has to
uncomment the other calls (by removing two backslashes) depending on the cases
being run.
The Hamiltonian functions described here have internal calls to functions that
compute the attraction potential (Potential 3D att.cpp), repulsion potential
(Potential 3D rep.cpp), and to the extrapolation functions that compute the value
of the Hamiltonian at the origin using the Taylor Series Extrapolation method. For
the case of Coulomb Potential Approximation, there is a call to
Coulomb discretization.cpp to compute the value of the potential at the origin
using the neighboring points.
At the end of the main function is the call to the Eigensolver routine that
computes the eigenvalues and the eigenvectors.
Extrapolation routines
The function ‘Extrap3D singlevar.cpp’, computes the value of the Hamiltonian
at origin using second-order differences. As the value in one processor, cannot be
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accessed by another, to extract rows i + 1, i + 2, ..., i + n, j + 1, j + 2, ..., j + n,
and k + 1, k + 2, ..., k + n, a separate sub-matrix is created using the required row
and column numbers with the help of PETSc command ‘M atCreateSubM atrices’.
The values in the sub-matrix are then extracted row by row using PETSc command
‘M atGetRow’.
The function ‘Extrap3D 4th order.cpp’ computes the value of the Hamiltonian
at origin using fourth-order differences, and the function ‘Extrap3D nu.cpp’,
computes the value of the Hamiltonian at origin for a non-uniform mesh.
‘Eigensolver.cpp’
The function contains calls to the SLEPc routines that set up the solver and
computes the eigenvalues and eigenvectors. The solver used in SLEPc is known as
‘EPS’ (Eigenvalue problem solver). It can handle both standard or general
eigenvalue problems with Hermitian and non-Hermitian matrices. In this research,
the type of matrix handled is a non-Hermitian, and it is a standard eigenvalue
problem. Hence, during the problem set up, the problem type is chosen to be
‘EP S N HEP ’.
Other parameters that are set include: number of eigenvalues to be extracted
(no of eigenvalues), number of basis vectors (ncv), which part of the spectrum to
be extracted (which), tolerance level for convergence (tolerance), maximum
number of iterations (max iterations), the convergence criterion, i.e., absolute error
or relative error convergence, and the type of method used to compute the
eigenvalues (type).
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SLEPc has a variety of methods implemented in EPS to compute the
eigenvalues and eigenvectors. The region of the spectrum, which is of interest for
this research, is the smallest real part. Explicitly restarted Arnoldi, Krylov-Schur,
Generalized Davidson, Jacobi Davidson, Contour integral solver (CISS), LOBPCG,
and Rayleigh-quotient CG are suitable for computing this part of the spectrum. It
was found that only Arnoldi and Krylov-Schur methods converge for the cases in
this research. Of them, Krylov-Schur is discarded because it cannot compute
degenerate eigenvectors. For instance, it computes the same eigenvector for all the
three 2p orbitals which have the same energies. Hence, for all the test cases, only
the Arnoldi method is used.
The parameters used for all the test cases in this research are shown below.
no_of_eigenvalues = 80;
ncv = 200;
which = EPS_SMALLEST_REAL;
tolerance =1.0e-05;
max_iterations = 10000;
max_projected_dimension = 300;
type = EPSARNOLDI;
error_type = EPS_ERROR_RELATIVE;
convergence_criterion = EPS_CONV_REL;
Once the eigenvalue problem parameters are set, to compute the eigenvalues
SLEPc routines ‘EP SGetEigenvalue’ and ‘EP SGetEigenvector’ are called.
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4.1.3

Post-processing

The post-processing is entirely done in MATLAB. To plot analytical equations,
the x, y, z Cartesian domain from the test cases were converted into spherical
coordinates to use equations from Table 2.1. Both the isosurfaces and contour plots
are computed for data visualization.
4.2

How to run the code

1. The parameters like atomic number, the uniform grid spacing, grid
progression ratio for a non-uniform mesh, the coordinates of the grid for a
non-uniform mesh, etc. in the ‘main.cpp’ are set.
2. Depending on the test case, the correct Hamiltonian function call is chosen
and uncommented by removing the two backslashes in the main function.
3. The parameters of the eigenvalue problem are set in the function
‘Eigensolver.cpp,’ as described in the previous section. The user can call the
SLEPc ‘EPSGetEigenvalue’ or ‘EPSGetEigenvector’ routine individually to
compute only eigenvalues or only eigenvectors, respectively. By default,
eigenvectors are not stored. For saving the eigenvectors as text files, i.e., ‘.txt’
format, the commands for writing the files have to be uncommented, and the
desired filenames have to be given.
4. The executable is created using a makefile. A sample makefile is shown in
Figure 4.1. The command ‘make hatom’ is used to create the executable
‘nu h’ for the sample makefile shown in Figure 4.1.
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Figure 4.1. Makefile for test cases
5. A sample ‘PBS’ script is shown in Figure 4.2, which is used to run the code
on the supercomputer. It also shows a list of the required modules to run the
code, i.e., gcc, mpich, petsc, and slepc modules. The ‘mpiexec’ command is
used to run the executable as gcc module is used. In Figure 4.2, the
executable is ‘nu 91’. The ‘log view’ command in PETSc can be used to view
the time taken, memory used for each stage, and other computational details.
The comments in the code can be referred for any additional information
regarding the commands and the working of the code.
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Figure 4.2. Sample PBS script for test cases
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5. Results and Discussion

5.1

One-particle systems

5.1.1

Uniform Grid Spacing with Second-order differences

This section discusses the results for a one-particle system with second-order
finite differences, i.e., second-order centered differences for the interior points and
forward and backward differences for the boundary points. The singularity is
treated using the Taylor series approximation with second-order differences. Three
cases were studied: hydrogen atom, helium ion (He+ ), and Lithium ion (Li2+ ).
The analytical result for the energy of a one-particle system is given as,
Em = −0.5

Z2
Hartrees
m2

(5.1)

where m is the energy level, and Z is the atomic number. For converting Hartree
to electron-volt (eV ), the value of energy obtained in Hartree can be multiplied by
27.211. For consistency, this dissertation uses atomic units, i.e., Hartree for energy,
dimensionless distance, etc.
Hydrogen atom
The results are discussed for three different values of the number of grid points,
i.e., n = 61, 77, 91. This is to ensure that there are no grid dependencies and also to
have converged results for the first two energy levels. For n = 61, the Cartesian
domain (x, y, z) extends from −13.5 ao to 13.5 ao , for n = 77, it extends from
−17.1ao to 17.1 ao , and n = 91, it extends from −20.25 ao to 20.25 ao in each
coordinate direction.
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The grid spacing for all these cases is ∆x = ∆y = ∆z = 0.45. The atomic
number Z = 1. All the energies are displayed in Hartrees. Other grid spacing values
were also tested. For ∆x smaller than 0.45; the derivatives in the Taylor Series
extrapolation terms tend to diverge due to the singularity. This also physically
makes sense because the nucleus has a finite size and is not a point mass, as
assumed in this research. The grid point has to be placed at some minimum
distance away from the nucleus. If the ∆x is larger than 0.45, the accuracy of the
results starts to decrease. Hence, only the results for ∆x = 0.45 are shown here.
The value of 0.45 was obtained only by trial and error and not using any analytical
approach.
In Table 5.1, it is observed that the result for both the energy levels converge
for a minimum of 77 grid points. The 1s orbital has the lowest accuracy, with an
error of 18.1%. This may be due to the derivatives in the extrapolation term. As
the derivatives have large values due to the singularity, it affects the results in the
proximity of the nucleus. The 1s orbital is spherical in shape, and the probability
of finding the electron close to the nucleus is very high. It is essential to accurately
approximate the Coulomb potential close to the singularity to get more accurate
results for 1s orbital. Even 2s orbital is spherical in shape, but is larger in size
when compared to 1s orbital. As expected, the error in 2s orbital is also large when
compared to 2p orbitals due to the singularity.
Although both s and p orbitals belong to the second energy level, theoretically,
2s orbital will have slightly smaller energy when compared to the 2p orbitals. This
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is because of the higher penetration power of the electrons in the 2s orbital when
compared to 2p. Contrary to this, the 2s energy obtained is slightly higher than the
corresponding analytical counterpart as seen in Table 5.1. The energies for the 2p
orbitals are more accurate, with an error of 0.568%, although it is slightly
underestimated.
Table 5.1
Comparison of numerical and analytical energies for Hydrogen atom with a uniform
mesh and second-order differences.

n
61

77

91

m/Orbital Enumerical

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-0.40950

-0.5

18.1

2s

-0.11296

-0.125

9.632

2px

-0.12559

-0.125

-0.472

2py

-0.12559

-0.125

-0.472

2pz

-0.12559

-0.125

-0.472

1s

-0.40950

-0.5

18.1

2s

-0.11320

-0.125

9.44

2px

-0.12571

-0.125

-0.568

2py

-0.12571

-0.125

-0.568

2pz

-0.12571

-0.125

-0.568

1s

-0.40950

-0.5

18.1

2s

-0.11320

-0.125

9.44

2px

-0.12571

-0.125

-0.568

2py

-0.12571

-0.125

-0.568

2pz

-0.12571

-0.125

-0.568
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Figure 5.1. 1s orbital of a Hydrogen Atom for√a uniform mesh with second-order
differences (Scaling factor for numerical ψ is 5).

Figure 5.2. ψ vs r for 1s orbital of a Hydrogen Atom for a√
uniform mesh with
second-order differences (Scaling factor for numerical ψ is 5).
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Figure 5.3. 2s orbital of a Hydrogen Atom for√a uniform mesh with second-order
differences (Scaling factor for numerical ψ is 1.5).

Figure 5.4. ψ vs r for 2s orbital of a Hydrogen Atom for a√
uniform mesh with
second-order differences (Scaling factor for numerical ψ is 1.5).
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Figure 5.5. 2px orbital of a Hydrogen Atom for
√ a uniform mesh with second-order
differences (Scaling factor for numerical ψ is 5).

Figure 5.6. 2py orbital of a Hydrogen Atom for a uniform mesh with second-order
differences (No scaling required for numerical ψ).
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Figure 5.7. 2pz orbital of a Hydrogen Atom for a uniform mesh with second-order
differences (No scaling required for numerical ψ).
The probability of finding the electron (|ψ|2 = ψ ∗ ψ) (also known as orbitals) for
a hydrogen atom is plotted in Figure 5.1, Figure 5.3, Figure 5.5, Figure 5.6, and
Figure 5.7. The analytical solutions are plotted from the results in Table 2.1. The
variation of wavefunction ψ with respect to the spherical distance
r=

p
x2 + y 2 + z 2 is plotted for 1s and 2s orbitals in Figure 5.2 and Figure 5.4.

Numerical results for ψ had only real values at every grid point; hence, only real
wavefunctions were plotted. The analytical results are normalized by multiplying
with the constant c = qR

1

. To be consistent, the numerical results should

|ψ|2 dV

1
be normalized by, c = p
. SLEPc, by default, produces a normalized
|ψ|2 dV
eigenvector. The normalization in SLEPc is done with respect to 2-norm; hence,
the numerical results are divided by

√

dV =

√
dx × dy × dz = 0.45(3/2) = 0.3019, to
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compare with analytical results. In addition to this, some wavefunctions had to be
scaled to compare with the analytical counterparts. The scaling factors used for
each wavefunction ψ are mentioned in the captions for the respective plots and are
obtained based on the maximum values found in the analytical results. Scaling an
eigenvector does not affect the shape of it; hence, the results are still valid.
In spite of the fact that 1s and 2s energy values have less accuracy, it is
surprising to see that the orbitals are accurately predicted. From Figure 5.2 and
Figure 5.4, it can be seen that the cusp singularity of ψ at r = 0 is not well
predicted in the numerical results, but the variation of ψ in the regions surrounding
the origin is accurately predicted. This can also be seen in the absolute error
subplots in Figure 5.2 and Figure 5.4 , where the maximum errors are close to the
origin. The 2py and 2pz orbitals are slightly tilted, i.e., they do not align with the
respective axis, as seen in the analytical results. There is no reason for them to
align with the axis as no such constraints are specified in the definition of the
coefficient matrix. It was verified that the eigenvectors corresponding to 2px , 2py ,
and 2pz are orthonormal. As they are orthonormal, a linear combination of these
vectors can be used to tilt these vectors in a way they align with the axis.
The nodes in 2s and 2p orbitals, i.e., where the possibility of finding an electron
goes to zero, are also visible. The 2s orbital has a radial node, while the 2p orbitals
have angular nodes. Where there is a node, the wavefunction changes sign. This is
known as the phase of the wave that describes the electron motion. The
wavefunction itself may have a positive and negative value, but, the probability
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(ψ 2 ) is a positive quantity, and the probability of finding an electron in either lobe
of p orbital is the same. Hence the figures have a positive value as seen in the color
bars.
Helium ion (He+ )
The results are discussed for the same n values, i.e., n = 61, 77, 91. The atomic
number for helium Z = 2. Table 5.2 gives a comparison of the numerically obtained
energies with respect to the analytical results.
The results for the helium ion converge for a minimum of 61 grid points in each
direction. This is obvious because the attraction on the electron will be much
higher for helium ion than in the hydrogen atom case. The energies follow the same
trend as in the hydrogen atom case. The error in 1s orbital energy is very high, and
both 1s and 2s energies are overestimated due to the singularity. The error in the
1s orbital is almost 1.5 times larger than the error for the hydrogen atom case. It
can be seen in the analytical formula in Equation 5.1 that the energy depends on
the square of the atomic number. The large error found in the prediction of s
orbital energies prove the strong dependence of energies on atomic number. The 2p
energies also have slightly higher error than the hydrogen atom case.
Although the results converge for a minimum of 61 points, the orbitals are
plotted for the n = 91 case. This is done to be consistent with other cases like
hydrogen atom case, where grid independence is ensured, and also to consider the
largest domain size −20ao to 20ao , which is enough to capture the first two energy
levels for all test cases.
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Table 5.2
Comparison of numerical and analytical energies for Helium ion with a uniform
mesh and second-order differences.

n

m/Orbital Enumerical

61

77

91

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-1.39777

-2.0

30.112

2s

-0.41913

-0.5

16.174

2px

-0.5107

-0.5

2.14

2py

-0.5107

-0.5

2.14

2pz

-0.5107

-0.5

2.14

1s

-1.39777

-2.0

30.112

2s

-0.41913

-0.5

16.174

2px

-0.5107

-0.5

2.14

2py

-0.5107

-0.5

2.14

2pz

-0.5107

-0.5

2.14

1s

-1.39777

-2.0

30.112

2s

-0.41913

-0.5

16.174

2px

-0.5107

-0.5

2.14

2py

-0.5107

-0.5

2.14

2pz

-0.5107

-0.5

2.14

The orbitals are plotted in Figure 5.8, Figure 5.10, Figure 5.12, Figure 5.13, and
Figure 5.14. In Figure 5.8 and Figure 5.10, it is observed that the numerical results
slightly overestimate the size of the s orbitals. Nevertheless, the radial node in the
2s orbital is visible in Figure 5.10 and Figure 5.11.
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Figure 5.8. 1s orbital of a Helium ion for a uniform
mesh with second-order
√
differences (Scaling factor for numerical ψ is 12.5).

Figure 5.9. ψ vs r for 1s orbital of a Helium ion for√a uniform mesh with secondorder differences (Scaling factor for numerical ψ is 12.5).
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Figure 5.10. 2s orbital of a Helium ion for a uniform
mesh with second-order
√
differences (Scaling factor for numerical ψ is 8.5).

Figure 5.11. ψ vs r for 2s orbital of a Helium ion for
√ a uniform mesh with secondorder differences (Scaling factor for numerical ψ is 8.5).
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Figure 5.12. 2px orbital of a Helium ion for a uniform mesh with second-order
differences (No scaling required for numerical ψ).

Figure 5.13. 2py orbital of a Helium ion for a uniform mesh with second-order
differences (No scaling required for numerical ψ).
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Figure 5.14. 2pz orbital of a Helium ion for a uniform mesh with second-order
differences (No scaling required for numerical ψ).
Although the size of the 2p orbitals are correctly computed in Figure 5.5, Figure
5.6, and Figure 5.7, the tilt in the orbitals is slightly higher than the hydrogen
atom case. It can be observed in the isosurfaces and the contour plots. This may
also be an outcome of higher atomic number dependency, as discussed in the
previous section.
Lithium ion (Li2+ )
The comparison of energy values for the lithium ion is shown in Table 5.3. The
increase in the error of 1s orbital error between hydrogen atom and helium ion case
is 12.012% approximately. The Lithium case was tested to estimate how large the
increase in errors would be when the atomic number changes from 2 to 3.
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Table 5.3
Comparison of numerical and analytical energies for Lithium ion with a uniform
mesh and second-order differences.

n

m/Orbital Enumerical

61

77

91

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-2.75669

-4.5

38.74

2s

-0.883598

-1.125

21.4579

2px

-1.17039

-1.125

-4.037

2py

-1.17039

-1.125

-4.037

2pz

-1.17039

-1.125

-4.037

1s

-2.75669

-4.5

38.74

2s

-0.883598

-1.125

21.4579

2px

-1.17039

-1.125

-4.037

2py

-1.17039

-1.125

-4.037

2pz

-1.17039

-1.125

-4.037

1s

-2.75669

-4.5

38.74

2s

-0.883598

-1.125

21.4579

2px

-1.17039

-1.125

-4.037

2py

-1.17039

-1.125

-4.037

2pz

-1.17039

-1.125

-4.037

The increase in error for the first orbital is 8.628%, which is slightly less than
the previous case. As the energies depend on the atomic number as given in
 q
Z
Equation 5.1, assuming the errors in the energies also vary in the form a
,
m
then an approximate relation can be framed to compute the errors for the s
orbitals, i.e., es = 0.18Z 0.737 , where es represents the error in the s orbitals.
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Error in the computation of other orbital energies also increases to a large
extent. The error in the energies of 2p orbitals is approximately twice as large when
compared to the Helium ion case. The eigenvalues and the eigenvectors follow the
same trend, as discussed in the previous section.

Figure 5.15. 1s orbital of a Lithium ion for a√uniform mesh with second-order
differences (Scaling factor for numerical ψ is 17.5).
In Figure 5.15, 5.16, 5.17, and 5.18, it can be observed that the cusp singularity
is not well approximated. For the 2s orbital, the radial node appears to have a
much smaller value when compared to the analytical case. It can also be observed
that near the origin, the contour plot of probability, looks very different when
compared to previous test cases. This is also a proof that the wavefunction is not
well predicted near the singularity.
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Figure 5.16. ψ vs r for 1s orbital of a Lithium ion for
√ a uniform mesh with secondorder differences (Scaling factor for numerical ψ is 17.5).

Figure 5.17. 2s orbital of a Lithium ion for a√uniform mesh with second-order
differences (Scaling factor for numerical ψ is 10).
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Figure 5.18. ψ vs r for 2s orbital of a Lithium ion for
√ a uniform mesh with secondorder differences (Scaling factor for numerical ψ is 10).

Figure 5.19. 2px orbital of a Lithium ion for √
a uniform mesh with second-order
differences (Scaling factor for numerical ψ is 2).
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Figure 5.20. 2py orbital of a Lithium ion for a uniform mesh with second-order
differences (No scaling required for numerical ψ).

Figure 5.21. 2pz orbital of a Lithium ion for a uniform mesh with second-order
differences (No scaling required for numerical ψ).
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5.1.2

Uniform Grid Spacing with Fourth-order differences

Higher-order differences are used to obtain more accurate results. The fourthorder differences were tested here to see if that could approximate the energies with
better accuracy.
Hydrogen atom
Table 5.4
Comparison of numerical and analytical energies for Hydrogen atom with a uniform
mesh and fourth-order differences.

n

m/Orbital Enumerical

61

77

91

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-0.39871

-0.5

20.258

2px

-0.13155

-0.125

-5.24

2py

-0.13155

-0.125

-5.24

2pz

-0.13155

-0.125

-5.24

1s

-0.39848

-0.5

20.304

2px

-0.12499

-0.125

0.008

2py

-0.12499

-0.125

0.008

2pz

-0.12499

-0.125

0.008

1s

-0.39848

-0.5

20.304

2px

-0.12499

-0.125

0.008

2py

-0.12499

-0.125

0.008

2pz

-0.12499

-0.125

0.008

The eigenvalues obtained from SLEPc have always been in the order of 1s, 2p,
and then 2s orbitals. It can be seen in Table 5.4 that, for fourth-order differences,

150
the 2s energy could not be obtained for the grid sizes tested. It appears that a
larger grid is necessary to obtain 2s energy. Due to the difficulties in handling large
matrix sizes during post-processing, larger grid sizes were not tested. The results
for 1s and 2p orbitals for the hydrogen atom case converge for a minimum of 77
grid points. The energies of the p orbitals appear to be very accurate, with only
0.008% of overestimation. For the 1s orbital, the fourth-order differences appear to
increase the error by amplifying the singularity issue. The higher-order differences
appear to predict the diverging terms near the origin with more accuracy, thus
increasing the errors.

Figure 5.22. 2px orbital of a hydrogen atom for
√ a uniform mesh with fourth-order
differences (Scaling factor for numerical ψ is 8).
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Figure 5.23. 2py orbital of a hydrogen atom for a uniform mesh with fourth-order
differences (No scaling required for numerical ψ).

Figure 5.24. 1s orbital of a hydrogen atom for
√ a uniform mesh with fourth-order
differences (Scaling factor for numerical ψ is 6500).
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Figure 5.25. ψ vs r for 1s orbital of a hydrogen atom for a√uniform mesh with
fourth-order differences (Scaling factor for numerical ψ is 6500).
The eigenvector for the 2pz could not be obtained, although the energy was
predicted with accuracy. The eigenvectors for 2px and 2pz have the same
probability distribution limits but with a tilt in shape, as seen for the second-order
differences. Although 1s orbital could be obtained, it has small isosurfaces all
around, signifying that the amplification in the singularities is causing some kind of
instabilities near the origin. This presence of isosurfaces is similar to the case when
centered differences are used with Dirichlet boundary condition. This might not the
consequence of a smaller domain, as the domain size is 20ao , i.e., the same required
for convergence of Hydrogen atom results. The 1s orbital is a small spherical region
at the center of the domain as seen in the analytical results in Figure 5.24, and it is
visible in the numerical results, but is covered partially with isosurfaces. Due to the
presence of isosurfaces the results are not reliable.
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Helium ion
Table 5.5
Comparison of numerical and analytical energies for Helium ion with a uniform
mesh and fourth-order differences.

n

m/Orbital Enumerical

61

77

91

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-1.24057

-2.0

37.97

2px

-0.49949

-0.5

0.102

2py

-0.49949

-0.5

0.102

2pz

-0.49949

-0.5

0.102

1s

-1.38748

-2.0

30.626

2px

-0.49949

-0.5

0.102

2py

-0.49949

-0.5

0.102

2pz

-0.49949

-0.5

0.102

1s

-1.38748

-2.0

30.626

2px

-0.49949

-0.5

0.102

2py

-0.49949

-0.5

0.102

2pz

-0.49949

-0.5

0.102

The error in 1s is very close to that obtained from second-order differences, but
the energies for the 2p orbitals are very accurate with an error of 0.102%. The
minimum number of grid points required for this case is 77. It appears that
higher-order differences require a larger grid to converge because, for second-order
differences, the minimum number of grid points was 61. Even for the helium ion
case, the 2s energy is not obtained.
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Figure 5.26. 2px orbital of a helium ion for a uniform mesh with fourth-order
differences (No scaling required for numerical ψ).

Figure 5.27. 2py orbital of a helium ion for a uniform mesh with fourth-order
differences (No scaling required for numerical ψ).
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Figure 5.28. 1s orbital of a Helium ion for a uniform
mesh with fourth-order
√
differences (Scaling factor for numerical ψ is 12.5).

Figure 5.29. ψ vs r for 1s orbital of a Helium ion for
√ a uniform mesh with fourthorder differences (Scaling factor for numerical ψ is 12.5).
Similar to the hydrogen atom case, the 2pz orbital was not obtained, but 1s
orbital is obtained for this case.
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Lithium ion (Li2+ )
Table 5.6
Comparison of numerical and analytical energies for Lithium ion with a uniform
mesh and fourth-order differences.

n

m/Orbital Enumerical

61

77

91

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-2.6643

-4.5

40.79

2px

-1.11929

-1.125

0.5076

2py

-1.11929

-1.125

0.5076

2pz

-1.11929

-1.125

0.5076

1s

-2.6643

-4.5

40.79

2px

-1.11929

-1.125

0.5076

2py

-1.11929

-1.125

0.5076

2pz

-1.11929

-1.125

0.5076

1s

-2.6643

-4.5

40.79

2px

-1.11929

-1.125

0.5076

2py

-1.11929

-1.125

0.5076

2pz

-1.11929

-1.125

0.5076

It is obvious that Lithium ion converged for a minimum of 61 points. The
electrons are more closely attracted to the nucleus; hence, a smaller grid is
sufficient. For the second-order differences, the results converged when the
minimum number of grid points was 59, but an upper limit was considered to be
consistent with other results. The error in the s orbital energies are very large as
expected, but p orbital energies are acceptable.

157

Figure 5.30. 2py orbital of a Lithium ion for √
a uniform mesh with fourth-order
differences (Scaling factor for numerical ψ is 2).
Only 2py orbital was obtained. In spite of the fact that the energies are
accurate, without the eigenvectors, the results are not reliable. Gorson, Jirauschek,
and Kartner (2006) proposed a numerical solver for time-dependent Schrödinger’s
equation with Coulomb singularities. They attempt to include the asymptotic
nature of the wavefunction near the singularity in the wavefunction computed at
each gridpoint. The authors mention that except for spherical coordinates, the
wavefunction is not analytic due to the cusp singularity, and using higher-order
discretization schemes is not recommended (A. Gordon, Christian, & Franz, 2006).
The results obtained in this section prove that the higher-order discretization
scheme is not good for approximating the Coulomb singularity.
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5.1.3

Non-Uniform Grid Spacing

The non-uniform grid spacing was implemented only for the hydrogen atom case
using second-order differences. Three sets of grid points are considered; n = 61, 77,
and 91. In each case, surrounding the center is a grid point at a distance of 0.45ao
in all the six directions +x, −x, +y, −y, +z, −z, the minimum distance from the
nucleus. The other grid points are assumed to be in a geometric progression, so
that the grid is finer near the origin and coarser near the end of the domain. The
ratio for the progression is chosen, such that the size of the domain in all the
directions is approximately 20ao . For instance, if a grid with 91 points is
considered, then the ratio is 1.0905 and the domain extends from −20.3686 ao to
20.3686 ao . Similarly, a ratio of 1.1086 is used for 77 grid points, and a ratio of
1.1403 is used for 61 points. This domain size is necessary for hydrogen atom
results to converge. As it is not an entirely geometric progression grid, it was
necessary to use the method of differences from Lynch (2005).
Number of grid points = 61
The results from Table 5.7, show that the energies for the non-uniform mesh are
by far the most accurate of the energy values obtained until now. 1s and 2s
energies are affected by singularity, but the error is much smaller when compared to
the uniform-mesh cases. There appears a very small eigenvalue −49274.9, before
these eigenvalues, but eigenvector that corresponds to it has zero or near-zero
values everywhere in the domain. Hence it can be safely eliminated. This repeats
for n = 77 and n = 91, but with different eigenvalues which are much smaller than
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n = 61 case. This may be a result of the iterative numerical approach used to
compute the eigenvalues, which gives a trivial solution.
Table 5.7
Comparison of numerical and analytical energies for Hydrogen Atom with a
non-uniform mesh having 61 grid points in each direction.

n

m/Orbital Enumerical

61

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-0.43625

-0.5

12.75

2s

-0.115908

-0.125

7.27

2px

-0.124969

-0.125

0.0248

2py

-0.124969

-0.125

0.0248

2pz

-0.124969

-0.125

0.0248

The orbitals for a non-uniform mesh with 61 grid points in each direction are
plotted in Figure 5.31, Figure 5.33, Figure 5.35, Figure 5.36, and Figure 5.37. In
Figure 5.32 and Figure 5.34, it can be seen that the cusp singularity is not
approximated well. In addition to that, in Figure 5.34 there are two curves for the
numerical results. This shows that the wavefunction obtained is not entirely
symmetric in the positive and negative directions. This is also evident in the
contour plots in Figure 5.33. The tilt in the vectors is similar to what was obtained
for the uniform-meshes. Some orbitals could not be captured well due to the tilt. In
spite of the fact that the error in the s orbital energies for this case is much smaller
than the uniform grid spacing case, the wavefunction close to the singularity is
underestimated when compared to the uniform grid-spacing case.
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Figure 5.31. 1s orbital of a Hydrogen
√ Atom for a non-uniform mesh with n = 61
(Scaling factor for numerical ψ is 10).

Figure 5.32. ψ vs r for 1s orbital of a Hydrogen
Atom for a non-uniform mesh with
√
n = 61 (Scaling factor for numerical ψ is 10).
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Figure 5.33. 2s orbital of a Hydrogen
√ Atom for a non-uniform mesh with n = 61
(Scaling factor for numerical ψ is 50).

Figure 5.34. ψ vs r for 2s orbital of a Hydrogen
Atom for a non-uniform mesh with
√
n = 61 (Scaling factor for numerical ψ is 50).
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Figure 5.35. 2px orbital of a Hydrogen
Atom for a non-uniform mesh with n = 61
√
(Scaling factor for numerical ψ is 45).

Figure 5.36. 2py orbital of a Hydrogen
Atom for a non-uniform mesh with n = 61
√
(Scaling factor for numerical ψ is 28).
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Figure 5.37. 2pz orbital of a Hydrogen
Atom for a non-uniform mesh with n = 61
√
(Scaling factor for numerical ψ is 35).
Number of grid points = 77
Table 5.8
Comparison of numerical and analytical energies for Hydrogen Atom with a
non-uniform mesh having 77 grid points in each direction.

n
77

m/Orbital Enumerical

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-0.437327

-0.5

12.535

2s

-0.116089

-0.125

7.129

2px

-0.125064

-0.125

-0.0512

2py

-0.125064

-0.125

-0.0512

2pz

-0.125064

-0.125

-0.0512
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The error in 1s and 2s orbitals reduce by a small amount, while the error in 2p
orbitals slightly increases when compared to n = 61 case. The error in the 2p
orbitals are still very small.

Figure 5.38. 1s orbital of a Hydrogen
√ Atom for a non-uniform mesh with n = 77
(Scaling factor for numerical ψ is 500).

Figure 5.39. ψ vs r for 1s orbital of a Hydrogen
Atom for a non-uniform mesh with
√
n = 77 (Scaling factor for numerical ψ is 500).
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Figure 5.40. 2s orbital of a Hydrogen
√ Atom for a non-uniform mesh with n = 77
(Scaling factor for numerical ψ is 70).

Figure 5.41. ψ vs r for 2s orbital of a Hydrogen
Atom for a non-uniform mesh with
√
n = 77 (Scaling factor for numerical ψ is 70).
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Figure 5.42. 2px orbital of a Hydrogen
Atom for a non-uniform mesh with n = 77
√
(Scaling factor for numerical ψ is 112.5).

Figure 5.43. 2py orbital of a Hydrogen
Atom for a non-uniform mesh with n = 77
√
(Scaling factor for numerical ψ is 125).
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Figure 5.44. 2pz orbital of a Hydrogen
Atom for a non-uniform mesh with n = 77
√
(Scaling factor for numerical ψ is 112.5).
For n = 77, the 1s and 2s orbitals are accurate, but the 2p orbitals are slightly
oblong. The 2p orbitals obtained from MATLAB 2017a version are slightly oblong,
but the post-processing issue is resolved when using MATLAB 2019a. However, the
two lobes of the 2p orbitals are not of the same size as seen in Figure 5.44. In this
case, the grid points were located such that there are more points close to the
origin, while a few points were also added near the end of the domain. For the
n = 61 case, the grid was, of course, fine near the origin with a few points added in
the region while no points were added close to the end of the domain. This may
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have an important implication on the results obtained, i.e., the higher the number
of points near the origin, the lesser the error in the s orbitals. The higher the
number of points near the end of the domain, the less accurate the result of the p
orbitals. This makes physical sense, because the number of points should be added
close to the nucleus where the probability of finding an electron is high. The effect
of adding points to the end of the domain on the accuracy of s orbitals cannot be
clearly inferred due to the singularity issue.
Number of grid points = 91
Table 5.9
Comparison of numerical and analytical energies for Hydrogen Atom with a
non-uniform mesh having 91 grid points in each direction.

n

m/Orbital Enumerical

91

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-0.437903

-0.5

12.42

2s

-0.116181

-0.125

7.055

2px

-0.125144

-0.125

-0.1152

2py

-0.125144

-0.125

-0.1152

2pz

-0.125144

-0.125

-0.1152

Similar trends are found for the n = 91 case. In this case, the grid points are
added in both the regions, near the origin and the end; hence, there is a slight
decrease in error of s orbital energies and a slight increase in error in the p orbital
energies. The 2pz could not be obtained. The difference in the size in the lobe is
visible in Figure 5.49, but other orbitals appear to be accurate.
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Figure 5.45. 1s orbital of a Hydrogen
√ Atom for a non-uniform mesh with n = 91
(Scaling factor for numerical ψ is 2300).

Figure 5.46. ψ vs r for 1s orbital of a Hydrogen
Atom for a non-uniform mesh with
√
n = 91 (Scaling factor for numerical ψ is 2300).
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Figure 5.47. 2s orbital of a Hydrogen
√ Atom for a non-uniform mesh with n = 91
(Scaling factor for numerical ψ is 500).

Figure 5.48. ψ vs r for 2s orbital of a Hydrogen
Atom for a non-uniform mesh with
√
n = 91 (Scaling factor for numerical ψ is 500).
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Figure 5.49. 2px orbital of a Hydrogen
Atom for a non-uniform mesh with n = 91
√
(Scaling factor for numerical ψ is 312.5).

Figure 5.50. 2py orbital of a Hydrogen
Atom for a non-uniform mesh with n = 91
√
(Scaling factor for numerical ψ is 225).
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It is to be noted that for all the non-uniform mesh results, the results were not
normalized as explained on page 136. The results obtained from SLEPc are scaled
by relevant factors given in the captions and compared with analytical results. The
√

dV term for a non-uniform case varies with each grid point, and dividing the

numerical results by

√
dV was entirely changing the shapes and sizes of the

orbitals. The large scaling factors for numerical ψ may be a consequence of the
ignored

√

dV values. For the non-uniform mesh cases, the error in the s orbital

energies decreased with an increase in the number of grid points close to the origin.
However, the error in the p orbitals increased due to the increase in the number of
grid points. As satisfactory results are obtained for the non-uniform mesh cases,
grid optimization may be used to get better results.
5.1.4

Other Singularity Treatments

Is singularity treatment really necessary?
After reviewing the results in the previous section for one-particle systems with
both uniform and non-uniform meshes, it is obvious that there is an unresolved
singularity issue, which decreases the accuracy of the results. The singularity
treatment used in all the previous cases is the Taylor Series Extrapolation method.
It is compelling to think that if the numerical singularity is causing an issue, it
shouldn’t be taken into account. If that is the case, either it should be solved
assuming that the nucleus is not located as a point mass, but only acts in the form
of an attraction force, or use a mesh with a hole at the center. As the former case
has lesser physical meaning, a mesh with a hole in the center was tested for the
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hydrogen atom case with uniform-grid spacing using second-order differences.
Table 5.10
Comparison of numerical and analytical energies for the case with no singularity
treatment

n

m/Orbital Enumerical

91

Eanalytical

Error =

Eanalytical −Enumerical
%
Eanalytical

1s

-0.25026

-0.5

49.95

2s

-0.08995

-0.125

28.04

2px

-0.09957

-0.125

20.34

2py

-0.09957

-0.125

20.34

2pz

-0.09957

-0.125

20.34

It is clear from Table 5.10 that the results are more inaccurate than the case
where the singularity was treated. Hence, a couple of other approaches were tested
to see if any of them could give more accurate results than the Taylor Series
Extrapolation method. All other methods were tested on the hydrogen atom case
with a uniform mesh using second-order differences. The methods used are: Least
Squares Polynomial Fit, Soft-core potential, and Coulomb potential approximation.
The results for these extrapolation methods are discussed in the following sections.
Least Squares Polynomial Fit
A 3D polynomial was fitted to the Hamiltonian using the Least Square
approach. This is a kind of interpolation technique. This was performed in
MATLAB and not using SLEPc, as the wavefunction value at each grid point was
itself an unknown, and it required symbolic manipulation.

174
Table 5.11
Comparison of numerical and analytical energies for the case with LS fit.

n

m/Orbital Enumerical

15

1s

Eanalytical

-0.97953

Error =

-0.5

Eanalytical −Enumerical
%
Eanalytical

-95.906

Two reasons for discarding this approach are:
1. It is highly inaccurate.
2. It is also computationally expensive. When running MATLAB on the
supercomputer Vega, it displays a memory shortage error. The eigenvalue
solvers in MATLAB, i.e., the ‘eig’ and ‘eigs’ function, work on entire matrices.
These functions are not implemented for sparse matrix storage in MATLAB.
For the grid sizes tested in this research, storing an entire matrix will require
a memory of approximately 386.9 GB. Hence, this method cannot be
extended to larger grids.
Soft-Core Potential
A small constant is added in the denominator term in the Coulomb potential,
such that, at the origin when x = y = z = 0, the constant has some positive value.
∆x ∆x
∆x
,
, and
. For decreasing values of the
10 50
100
∆x
constant, the soft-core potential tends to the Coulomb potential. For
, the
100
The constant was assumed to be

Coulomb potential is approximated accurately up to four decimal digits. The
eigenvalue obtained for 1s orbital has approximately 58.9% error. As mentioned in
Gorson, Jirauschek, and Kartner (2006), soft-core potential diffuse the nuclear
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charge in a very arbitrary manner, and it is more computationally expensive
because it requires a double limit convergence, i.e., constant ξ 2 → 0 and ∆x → 0.
The results obtained in this research prove that it is indeed not a very efficient
approach.
Coulomb Potential Approximation
In this method, the Coulomb potential value was approximated as an average of
the potential values from the neighboring points. For smaller grids, for instance,
when the number of grid points n = 15, the value of 1s energy obtained is
-0.423507. This has a 15% error. When extended to larger grids, for instance,
n = 91, the value of 1s orbital obtained is -0.238404. This has a 52.27% error.
Hence, even this method is inaccurate.
In fact, this is a common trend found with the Taylor Series extrapolation
method as well. The results for the first energy level are very accurate for smaller
grids, for instance, for the hydrogen atom case with uniform mesh and second-order
differences, the energy obtained is −0.48332, i.e., has only 3.25% error. This error
increases with an increase in grid size. Smaller grids cannot be considered due to
grid dependencies and also for the inadequacy in the required domain size to
capture the orbitals.
5.2

Two-particle system
One of the major reasons for proposing the Cartesian system and matrix

method is to check if the repulsion potential can be approximated using grid
coordinates. An attempt is made in this research to implement that approach. The
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two-particle system addressed here is the helium atom case, which has two electrons
in its valence shell. It was tested for a uniform grid spacing with second-order
differences. The experimental results for comparison were obtained from Hall and
Seigel (2015).
Table 5.12
Comparison of numerical and experimental energies for a Helium Atom.

n

m/Orbital Enumerical

Eexperimental

Error =

Eexperimental −Enumerical
%
Eexperimental

61

1s

-2.71489

-2.9034

6.493

77

1s

-2.74012

-2.9034

5.62

91

1s

-2.74012

-2.9034

5.62

In this research, the repulsion potential term is not entirely discarded like the
independent particle approach; instead, it is approximated with an averaged
potential computed using the grid points. It can be observed that the 1s energy is
slightly overestimated. It has to be noted that the error is also due to the
singularity treatment, as seen in the one-particle systems. A thorough study of the
singularity treatment and its effects on the energy is needed for a better
understanding of two-particle systems.
5.3

Parallel Scaling
Parallel scalability indicates how efficiently the code is performing when an

increasing number of cores are used. The parallel scalability is determined for the
hydrogen atom case with uniform grid spacing and second-order differences. This
case was chosen because it has satisfactory results.
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Figure 5.51. Parallel Scaling capability of the code.
In Figure 5.51, it can be observed that the scaling efficiency is high until 50
cores. When the number of processors are increases beyond 50, the efficiency is
reduced. The curve is relatively flat when the number of cores is between 250 to
330. Little or no scaling is achieved for those cases. This may be due to the less
number of cores distributed across nodes. The ideal scaling in Figure 5.51 is
computed as,
tideal = t21 ×

21
N o. of processors

(5.2)

where tideal represents the ideal time required by the number of processors used in
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the calculation. This computation is based on the assumption that the lowest
number of processors, i.e., 21, corresponds to 100% efficiency.
Table 5.13
Parallel Scaling capability of the code.

Number of cores Time (hrs)
21

6.75

50

3.28

75

3.006

100

2.101

125

2.1606

150

1.795

200

1.2986

230

1.4669

260

1.1669

300

1.1094

330

1.2122

360

0.98
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6. Conclusion

For one-particle systems with a uniform mesh, the largest errors are in the
computation of s orbitals. As 1s is the closest to the nucleus, the accuracy of the
1s orbital energy is largely affected by the singularity. The second-order finite
differences give better results than the fourth-order differences, as, the fourth-order
differences amplify the errors due to the singularity. A strong dependence of errors
in the energy with the atomic number was evident. This is physically plausible
because, with the increase in atomic number, the attraction force on the electron
increases, bringing the electron close to the nucleus. The closer it is to the nucleus,
the larger the effects of singularity. Among all the singularity treatment methods
tested, Taylor Series approximation gives more accurate results.
The results with greater accuracy were obtained for a one-particle system with a
non-uniform mesh, clustered near the origin. The errors due to the singularity in
the s orbitals are less when compared to the uniform-mesh case. It is a bit
counterintuitive to know that the errors increase as the number of grid points
increase for the non-uniform grid case. This shows the importance of the location of
grid points in accurately predicting the singularity.
For uniform meshes, the energies are less accurate, but the wavefunctions are
accurate. For non-uniform meshes, the energies and wavefunctions are reasonably
accurate, although some wavefunctions have lobes of different sizes, and the
wavefunctions are not entirely symmetric. There is no reason for the wavefunctions
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to align with the axis; hence, the tilt in the orbitals is not surprising. It is obvious
that this tilt is not a ramification of the eigenvalue iteration solver used. This is
because the same kind of tilt was obtained when the eigenvalues and eigenvectors
were computed using a direct solver ‘dgeev’ from LAPACK library.
For a two-particle system, an attempt was made to predict the repulsion
potential in terms of the grid points. It appears to give satisfactory results. As the
amount of error in the energy caused due to the singularity effects are unknown, it
is hard to predict how well the correlation energy is modeled. If the singularity can
be treated efficiently, then this simple approach paves a better way for modeling
correlation energies.
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7. Recommendations

The following suggestions are made to improve the utilization of matrix
methods to solve the electronic Schrödinger’s equation:
1. Implement and test, other numerical approaches that approximate the value
of the Hamiltonian at the singularity efficiently. As the singularity errors were
found to increase with the atomic number, some kind of corrections should
be devised to improve the accuracy of the energies. Compact schemes may be
tested to see if they provide better results.
2. Non-uniform grids give better results. Hence, optimizing the non-uniform
mesh can give more accurate solutions.
3. Adaptive meshes with grid refinement close to the orbitals may be another
solution. The difficulty with this approach is that the shape of the orbitals is
initially not known. An iterative approach may be used first to obtain an
arbitrary shape of the orbital, and then grid refinement can be done for
obtaining accurate results.

182
REFERENCES

Abdalla, S. M., & Eleuch, H. (2014). Exact analytic solutions of the Schrödinger’s
equation for some modified q-deformed potentials. Journal of Applied Physics, 115 ,
234906.
Abdalla, S. M., & Eleuch, H. (2016). Solving Schrödinger’s equation by meshless
methods. Revista Mexicana de Fisica, 62 (2), 96-107.
Adams, W. H. (2002, October). Two new symmetry-adapted perturbation theories
for the calculation of intermolecular interaction energies. Theoretical Chemistry
Accounts, 108 (4), 225-231.
Alici, H., & Taseli, H. (2015, January). The Laguerre pseudospectral method for the
radial Schrödinger’s equation. Applied Numerical Mathematics, 87 , 87-99.
Auer, A. (2014, September). Electron Correlation-Methods beyond Hartree-Fock how to
approach chemical accuracy. Retrieved from https://cec.mpg.de/fileadmin/media/
Presse/Medien/Auer Electron Correlation.pdf
Balay, S., Abhyankar, S., Adams, F., Mark, Brown, J., Brune, P., Buschelman, K.,
Dalcin, L., Dener, A., Eijkhout, V., Gropp, D., William D.and Karpeyev, Kaushik,
D., Knepley, M. G., May, D. A., McInnes, C., Lois, Mills, T., Richard, Munson, T.,
Rupp, K., Sanan, P., Smith, B. F., Zampini, S., Zhang, H., & Zhang, H. (2019).
PETSc users manual (Tech. Rep. No. ANL-95/11 - Revision 3.12). Argonne
National Laboratory. Retrieved from https://www.mcs.anl.gov/petsc
Balay, S., Abhyankar, S., Adams, M. F., Brown, J., Brune, P., Buschelman, K., Dalcin,
L., Dener, A., Eijkhout, V., Gropp, W. D., Karpeyev, D., Kaushik, D., Knepley,
M. G., May, D. A., McInnes, C., Lois, Mills, R. T., Munson, T., Rupp, K., Sanan,
P., Smith, B. F., Zampini, S., Zhang, H., & Zhang, H. (2019). PETSc Web page.
https://www.mcs.anl.gov/petsc. Retrieved from https://www.mcs.anl.gov/petsc
Balay, S., Gropp, W. D., McInnes, L. C., & Smith, B. F. (1997). Efficient Management
of Parallelism in Object Oriented Numerical Software Libraries (E. Arge,
A. M. Bruaset, & H. P. Langtangen, Eds.). Cambridge, MA: Birkhäuser Press.
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Rudorff, G. F. v., & Lilienfeld, A. v. (2019). Atoms in Molecules from alchemical
perturbation density functional theory. Manuscript submitted for publication.
Salejda, W., Just, M., & Tyc, M. (2000). Numerical Matrix Method for solving
stationary one-dimensional Schrödinger equation ASSME program. Computational
methods in Science and Technology, 6 (1), 73-100. doi: 10.12921/cmst.2000.06.01.73
-100
Schlegel, B. H. (2003). Exploring potential energy surfaces for chemical reactions: An
overview of some practical methods. Journal of Computational Chemistry, 24 ,
1514-1527.
Shani, E. (2017). Analysis and Numerical performance of Methods of Solving the
Time-Independent Schrodinger’s equation for Simulation in Strong-Field Physics.
Master’s thesis, University of Colorado, Boulder, Colorado. Published.
Shao, Y., Gan, Z., Epifanovsky, E., Gilbert, A. T. B., Wormit, M., Kussmann, J.,
Lange, A. W., Behn, A., Deng, J., Feng, X., Ghosh, D., Goldey, M., Horn, P. R.,
Jacobson, L. D., Kaliman, I., Khaliullin, R. Z., Kús, T., Landau, A., Liu, J.,
Proynov, E. I., Rhee, Y. M., Richard, R. M., Rohrdanz, M. A., Steele, R. P.,
Sundstrom, E. J., Woodcock III, H. L., Zimmerman, P. M., Zuev, D., Albrecht,
B., Alguire, E., Austin, B., Beran, G. J. O., Bernard, E., Y. A.and Berquist,
Brandhorst, K., Bravaya, K. B., Brown, S. T., Casanova, D., Chang, C.-M., Chen,
Y., Chien, S. H., Closser, K. D., Crittenden, D. L., Diedenhofen, M., DiStasio Jr.,
R. A., Dop, H., Dutoi, A. D., Edgar, R. G., Fatehi, S., Fusti-Molnar, L., Ghysels,
A., Golubeva-Zadorozhnaya, A., Gomes, J., Hanson-Heine, M. W. D., Harbach,
P. H. P., Hauser, A. W., Hohenstein, E. G., Holden, Z. C., Jagau, T.-C., Ji, H.,
Kaduk, B., Khistyaev, K., Kim, J., Kim, J., King, R. A., Klunzinger, P., Kosenkov,
D., Kowalczyk, T., Krauter, C. M., Lao, K. U., Laurent, A., Lawler, K. V.,
Levchenko, S. V., Lin, C. Y., Liu, F., Livshits, E., Lochan, R. C., Luenser, A.,
Manohar, P., Manzer, S. F., Mao, S.-P., Mardirossian, N., Marenich, A. V., Maurer,
S. A., Mayhall, N. J., Oana, C. M., Olivares-Amaya, R., O’Neill, D. P., Parkhill,
J. A., Perrine, T. M., Peverati, R., Pieniazek, P. A., Prociuk, A., Rehn, D. R.,
Sodt, E., Rosta, Russ, N. J., Sergueev, N., Sharada, S. M., Sharmaa, S., Small,
D. W. A., Stein, T., Stück, D., Su, Y.-C., Thom, A. J. W., Tsuchimochi, T., Vogt,
L., Vydrov, O., Wang, T., Watson, M. A., Wenzel, J., White, A., Williams, C. F.,
Vanovschi, V., Yeganeh, S., Yost, S. R., You, Z.-Q., Chipman, D. M., Cramer,
C. J., Goddard III, W. A., Hehre, W. J., Klamt, A., Schaefer III, H. F., Schmidt,
M. W. S., Sherrill, C. D., Truhlar, D. G., Xua, X., Aspuru-Guzik, A., Baer, R.,
Bell, A. T., Dunietz, B. D., & Head-Gordon, M. (2015). Advances in molecular
quantum chemistry contained in the Q-Chem 4 program package. Molecular
Physics, 113 , 184-215.

189
Shirvany, Y., Hayati, M., & Moradian, R. (2008). Numerical solution of the nonlinear
Schrodinger’s equation by feedforward neural networks. Communications in
Nonlinear science and Numerical Simulation, 13 , 2132-2145.
Shizgal, B. D. (2016, March). Pseudospectral method of solution of the Schrödinger’s
equation with non classical polynomials; the Morse and Poschl-Teller (SUSY)
potentials. Computational and Theoretical Chemistry, 1084 , 51-58.
Shizgal, B. D. (2017, May). A comparison of pseudospectral methods for the solution
of Schrodinger’s equation; the Lennard-Jones (n,6) potential. Computational and
Theoretical Chemistry, 1114 , 25-32.
Shore, B. W. (1973, October). Use of the Rayleigh-Ritz-Galerkin method with cubic
splines for constructing single-particle bound-state radial wavefunctions: The
hydrogen atom and its spectrum. Journal of Physics B: Atomic and Molecular
Physics, 6 (10), 1923-1932.
Silverstone , H. J., & Yin, M.-L. (1968, September). Modified Perturbation Theory
for Atoms and Molecules based on a Hartree-Fock φ0 ∗. The Journal of Chemical
Physics, 49 (5), 2026-2031. doi: 10.1016/s0065-3276(08)60214-2
Simon, T. E. (1991, July). Some New Four-Step Exponential-Fitting methods for
the Numerical Solution of the Radial Schrödinger’s Equation. IMA Journal of
Numerical Analysis, 11 (3), 347-356.
Simos, T. E. (2009). A new Numerov-type method for the numerical solution of the
Schrodinger’s equation. Journal of Mathematical Chemistry, 46 (3), 981-1007. doi:
10.1007/s10910-009-9553-1
Sure, R., & Grimme, S. (2013). Corrected small basis set Hartree-Fock for large systems.
Journal of Computational Chemistry, 34 (19), 1672-1685.
Thomas, F. (2016). Ab initio computation of radiative properties of monatomic hydrogen.
Master’s thesis, Embry-Riddle Aeronautical University, Daytona Beach, Florida.
Published.
Valiev, M., Bylaska, E. J., Govind, N., Kowalski, K., Straatsma, T. P., Dam, H. v.,
Wang, D., Nieplocha, J., Apra, E., Windus, T. L., & Jong, W. d. (2010,
September). NWChem: A comprehensive and scalable open-source solution for
large scale molecular simulations. Computer Physics Communications, 181 (9),
1477-1489.
Van der Maelen Uria, J. F., Garcia-Granda, S., & Menendez-Velazquez, A. (1996).
Solving one dimensional Schrödinger-like equations using a numerical matrix
method. American Journal of Physics, 64 (3), 327. doi: 10.1119/1.18242
Werner, H. J., Knowles, P. J., Knizia, G., Manby, F. R., & Schutz, M. (2012, March).
Molpro: a general-purpose quantum chemistry program package. WIREs
Computational Molecular Science, 2 (2), 242-253.
Wood, W. A. (2012). Radiation Coupling with the FUN3D Unstructured-Grid CFD
Code. In 43rd AIAA Thermophysics Conference, June 25-28. New Orleans, LA.
Retrieved from https://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/20120011737
.pdf

190
Wright, D. M. J. (2009). Data Parallel Line Relaxation (DPLR) Code User Manual
Acadia - Version 4.01.1 [Computer software manual]. Moffett Field, CA. Retrieved
from https://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/20110006930.pdf
Wright, M. J., Hughes, M., Calomino, A., & Barnhardt, M. D. (2015). An overview of
Technology Investments in the NASA Entry Systems Modeling Project. In 53rd
AIAA Aerospace Sciences Meeting, January 5-9. Kissimmee, FL. Retrieved from
https://ntrs.nasa.gov/archive/nasa/casi.ntrs.nasa.gov/20190027152.pdf
Xenides, D., Hantzis, A., & Maroulis, G. (2011). Comparison of high-level post HartreeFock and DFT methods on the calculation of interaction-induced electric properties
of Kr-He. Chemical Physics, 382 (1-3), 80-87.
Yan, P., Yuan, X., Yin, S., Liu, X., Xu, H., & Yan, B. (2017, October). Multireference
configuration interaction study on the ground and excited states of the ALO+
molecule. Computational and Theoretical Chemistry, 1117 (1), 258-265.

