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ABSTRACT
In this work, the connection between topology optimization and load transfer has been
established. New methods for determining load paths in two dimensional structures,
plates and shells are introduced. In the two-dimensional space, there are two load paths
with their total derivative equal to the transferred load, their partial derivatives related to
stress tensor, and satisfying equilibrium. In the presence of a body load the stress tensor
can be decomposed into solenoidal and irrotational fields using Gurtin or Helmholtz
decomposition. The load path is calculated using the solenoidal field. A novel method for
topology optimization using load paths and total variation of different objective functions
is formulated and implemented. This approach uses the total variation to minimize
different objective functions, such as compliance and norm of stress subjected to
equilibrium. Since the problems are convex, the optimized solution is a global optimum
which is found by solving the Euler-Lagrange optimality criteria. The optimal density of
a structure is derived using optimality criteria and optimized load paths. To attain the
topology of the microstructure, the principal load paths that follow the optimal principal
stress directions are calculated. Since the principal stress vector field is not curl free, a
dilation field is multiplied to extract the curl free component of principal stress vectors.
The principal vector field has singularities which are removed by an interpolation scheme
that rotates the vectors by m to construct a coherent vector field. The optimal periodic
rectangular microstructure is constructed using the load functions and microstructure
dimensions. The advantage of this scheme is that using the load path reduces the
equilibrium constraints from two to one, and the variables are reduced from three stresses

to two load functions. The non-linear elliptic partial differential equations which are



xvil
derived from the total variation equations (Euler-Lagrange) are solved using the Gauss-

Newton method which has a quadratic convergence, speeding up the convergence

towards the optimal structure.



1 INTRODUCTION

In structural mechanics, the knowledge of the load paths could provide critical
insights into the performance, functionality, and efficiency of the structure. The load
paths in a structure help the designer to understand how the loads flow throughout the
structure and ensure that the loads are transmitted and distributed according to the desired
structural responses. In fact, the use of loads in design optimization can be traced back to
the Michell structure, which was designed based on the total tension and total
compression loads (Michell, 1904). After the emergence of numerical methods, mainly
the finite element method (FEM), the design process has moved away from the
calculation of internal forces and focused to a greater extent on the approximation of
stress. The local stresses are aggregated into a single relationship and used as a constraint
or as an objective function in most of the current design methods.

These types of approximations cause the loss of physics in the design process,
which sometimes results in difficulty in determining the optimal design. Indeed, it has
been proven that approximations based on internal forces in the design optimization
process, which are more invariant than stresses and strains are more accurate than stress-
or strain-based approximations (Vanderplaats et al., 1989; Vanderplaats et al., 1993).
Despite the importance of load paths in structural mechanics, the computational structural
methods (e.g., FEM, the Ritz method, and the meshless method), and as a result the
commercial software (e.g., ANSYS, MSC Nastran, and ABAQUS), do not provide
information regarding the load transformation throughout the structure. The existing

approaches used to identify and visualize load paths are discussed in the following.



Principal stress trajectories formed the basis of the first method used to determine
the load paths in structures. The principal stresses are directed along axes with null shear
stresses. In this method, load paths are assumed to be tangent to the vector field of the
compressive and tensile principal stresses. Although the tension and compression forces
may be made constant on the principal stress trajectories with proper equivalent
thicknesses, the paths along them do not, in general, describe the load transfer from
applied load to reaction points.

Another method for identifying the load paths uses the direction and the trajectory
of the stress pointing vectors (Kelly et al., 2011; Kelly et al., 1995; Kelly et al., 2000;
Waldman et al., 2002). In this approach, the load paths are defined as curves along ‘load
tubes’ that carry a constant load. The continuity in the load path is ensured by using the
equilibrium of forces acting on the load tube. It has been shown that the stress applied on
the walls of the force tubes does not contribute to the equilibrium, meaning that the sum
of all forces acting on the walls is equal to zero. The Runge-Kutta algorithm is used in
this method to trace the contours of the vector field.

The concept of transferred forces and potential transferred forces is also used to
investigate load paths in structures (Harasaki et al., 2001). To find the transferred force in
an element using this method, first the displacements of the whole structure and the load
transferred to the support are calculated. The next step is to remove the element and apply
the displacements that were calculated in the first step and then calculate the load that is
transferred to the support. The difference between the transferred loads in these two steps
is the load that is transferred through the element. Since the number of analyses is equal

to the number of elements in the structure in which the transferred load is of interest, this



method requires many simulations and extensive computation time to calculate the load
transfer in the entire structure. A method for load path determination was also proposed
based on a compliance energy that is calculated using the transferred forces (Hoshino et
al., 2003; Sakurai et al., 2007). In this method, the compliance energy was obtained
according to the ratio of the reactive force with an arbitrary point in the structure unfixed
and the reactive force with the point fixed when force is applied to the structure.

Therefore, the defined compliance energy quantifies the connective strength
between the loading point and an arbitrary point. Recently, this method has been
extended to rotational and translational six degrees of freedom instead of three
translational degrees of freedom (Wang, Telichev, et al., 2017). Same authors extended
this method to orthotropic composites and nonlinear materials (Wang, Pejhan, et al.,
2017; Wang et al., 2016). The experimental validation of this method has also been
carried out (Pejhan et al., 2017), and it has been used for different applications such as
public transportation vehicles (Pejhan et al., 2018), and submarines (Shang et al., 2018).

In recent years, physical descriptions of load paths have been used to synthesize
optimal compliant mechanisms (Lu et al., 2005; Santer et al., 2009). The load paths in
compliant mechanisms are defined using geometric descriptions for the connectivity of
the point of application and the point of support. Optimization of the compliant
mechanism uses binary variables to indicate the presence or absence of a load path. This
method may have a limited range of applications due to the difficulties in presenting the
load paths by connectivity for continuum structures (Venkataraman et al., 2009).

In this research, the definition and formulations for load functions are introduced

and the theoretical and computational foundation of an efficient and robust load path



algorithm based on the load functions are established. The proposed load function
method can define the load paths and obtain the load flow using an Airy stress function
for problems with available closed form solution, and can be easily integrated into the
numerical approaches to provide load path contours and load flow for complex problems.
Since the load paths are represented using a load function, the algorithm can provide
information for sensitivity analysis in the design process. Additionally, the method
introduced in this work does not need starting points to define the load paths, as are
required in vector-based methods; the load paths are obtained from only a single
computational analysis; and heuristic optimization is not needed in the process of
determining the load paths.

Next, the load function method is extended to plates and shells. The significant
difference from load function method in 2D, plates and shells is that the equilibrium
equations are not divergence-free. Therefore, Helmholtz decomposition is used to
decompose the stress field to divergence and curl free components to calculate the load
function and find load paths. Mathematical formulations are presented to support the
proposed method, and numerical and analytical examples show the application of this
method.

Finally, the similarities of load path trajectory and Michell structure motivates an
investigation to find the relationship of load path and structural optimization (Bouchitté et
al., 2008; Kelly et al., 2000). The purpose of topology optimization is to determine the
material distribution or shape and lay-out that minimizes an objective function e.g.
compliance, and satisfies certain constraints such as equilibrium. The topologically

optimized designs can be achieved by restricting the design space to obtain the solid-void



material distribution or relaxing the design space using microstructures or composite
materials. The relaxation of the design variables is the direct results of homogenized
macroscopic properties of microstructures.

The relaxation of the design variables to obtain optimized structural response was
suggested by (Kohn et al., 1986a, 1986b, 1986¢), and implemented in topology
optimization process by (Bendsee et al., 1988), and (Allaire et al., 1993) by using square
cell with a rectangular hole and rank-two laminates, respectively. Bendsoe and Kikuchi
used the strain based formulation, and Allaire and Kohn used stress based formulation to
optimize structural stiffness. While for rank-two laminates the homogenized material
properties can be obtained analytically, the homogenized material properties for square
cell with a rectangular hole are obtained using numerical homogenization (Guedes et al.,
1990).

Later, the homogenization-based topology optimization method was extended to
maximize the macrostructure performance with an optimization of the microstructure
using inverse homogenization through a hierarchical computational scheme (Fujii et al.,
2001 ; Rodrigues et al., 2002; Sivapuram et al., 2016; Zhang et al., 2006; Zhu et al.,
2016). In this method, the macroscopic distribution of material is obtained in the outer
loop, while the optimized microstructures and their corresponding homogenized
properties are found in the inner optimization loop. The disconnectivity between
microstructures of adjacent elements arises in this method, as the connectivity of
microstructures is not considered as a constraint in the optimization process.

One solution could be addressing disconnectivity issue in post-processing step,

which is not only a tedious task, may result in unintended effect on objective function



and/or violating the constraints, and a structural design that would not perform as
expected. Another disadvantage of separation of scales is the computational cost
associated with finite element analysis for microstructure of each element. To alleviate
the computational costs, parallel processing has been suggested. After determining the
macroscopic distribution of material, each element can be separately analyzed to establish
the optimized microstructure (Aage et al., 2017; Aage et al., 2014; Coelho et al., 2011).
The use of parallel processing in multiscale topology optimization have been extended to
non-linear materials (Nakshatrala et al., 2013) and laminated composites (Coelho et al.,
2015). An interesting application of parallel processing in topology optimization is its
application for an airplane wing with resolution of two orders of magnitude higher than
usual microstructure, which resembles the bone structure of birds (Aage et al., 2017).

To address the computational issues in topology optimization of microstructures is
multi scale finite element methods (MsFEM). The MsFEM has the capability of solving
the equilibrium equations of composite microstructures equations with high accuracy on
coarse mesh. The heterogonous nature of the composite structures causes the stiffness
change drastically from one point to another, i.e. fiber to matrix. This periodic behavior
can create noisy solutions. The idea is to use shape functions that capture small scale
information within each element. Small scale information is brought into large scale
through coupling of the global stiffness (Hou et al., 1997). The MsFEM method has been
improved by (Allaire & Brizzi, 2005) through the change of variables for construction of
the finite element basis, which allows a simple extension to high order finite element

methods.



(Pantz et al., 2008) introduced a post-processing step to find the optimized
microstructures and address the disconnectivity and computational cost issues in
multiscale optimization. In this post-processing step the optimized homogenized density
is determined on the macroscale and then projected on the fine mesh to find the
optimized microstructures. The optimized structure is constructed as periodic square
microstructure with its edges oriented in the directions of the principal stress directions.
A Lagrangian is minimized for the post processing step to find two mapping functions
according to the principal stress directions. Since the principal stress directions have
singularities and possible sudden changes in the direction, Pantz et al. (2008) used several
constraints in the Lagrangian to circumvent the principal stress directions singularities
which resulted in a complex formulation.

(Groen et al., 2018) modified the method by implementing the labeling method for
the principal stress directions, and thus simplifying the process of obtaining the mapping
functions. In both studies, while the mapping functions are determined by minimizing the
norm of gradient of the mapping functions and principal stress directions, a conformal
mapping may not be generated as the principal stress direction is not necessarily a curl-
free vector field. To resolve this issue, (Allaire et al., 2018) recently included the curl-
free condition in the optimization process and uses covering space to address the
singularities of the optimized orientation. The above mentioned post-processing methods
decrease the computational costs significantly by performing the homogenization on the
coarse mesh, and construction of the microstructure on the fine mesh through one finite

element analysis for each mapping function.



The focus of the current study is on the optimized periodic micro-lattices that are
obtained for minimized compliance and norm of stress. A lattice is a network of struts
connected for the purpose of creating stiff, strong load-bearing structures using as little
material as possible, to be as light as possible (Ashby, 2006). The optimization of lattice
structures can be traced back to Michell truss (Graczykowski et al., 2007; Hemp, 1966,
Michell, 1904) which is designed based on maximum compression and tension loads.
While the Michell structures are, the optimized lattice lay-outs that transfer the load from
point of application to point of support (i.e. load paths), the relationship between load
paths and optimized lattice lay-outs has not been established. As mentioned earlier,
understanding the load flow within a structure provide valuable insight about the
performance and efficiency of the structure and can serve as a tool to measure the
structural functionality of a design. However, the load flow and load paths show the
existing structural functionality and are not necessary optimal for a given structure.
Therefore, in this work three important questions will be studied:

(1) what is the definition of optimized load paths

(2) how optimized load paths are determined

(3) how the lattice lay-out is obtained from optimized load paths

To address these questions, the objective and constraint functions for the optimized
lattice structures must be defined. Two objective functions are considered, the structural
stiffness and the norm of stress, and the results are compared. The constraints include the
equilibrium equations and the traction boundary conditions. Then, the stiffness of
structures, norm of stress, and equilibrium equation are written in term of the load

functions.



It will be shown that by using the load functions as intermediate variables the
number of design variables will be reduced to two and the constraints decreased to one
which result in a lower computational cost. This process will clarify the calculation of
optimized load paths. Since the derived optimization formulation is convex, total
variation is used to find the stationary or global optimum. Total variation of Lagrangian
leads to Euler-Lagrange optimality partial differential equations (PDEs), and will lead to
non-linear PDEs that are solved using finite element, and Gauss-Newton method. The
convergence of the Gauss-Newton method is quadratic compared to iteratively solving
the compliance problem. Next, the principle load paths are defined and linked to the
optimized load paths, and utilized to find the material orientation.

In order to find the lattice layout using the principle load paths, rank-2 laminates
are considered and the associated homogenized properties are written with respect to the
principle stresses. To construct a mapping function from the principal load function, the
singularities in the principal vector field are fixed and the vector field is converted to a
coherent vector field using the tensor interpolation methods (Hotz et al., 2010). A dilation
field is also used to establish the curl-free component of the principal vector field (Allaire
et al., 2018). To construct the optimal orientation, the principal load paths are obtained
along the reconstructed coherent vectors. Then, the principle load functions are used to
project the material distribution to finite size micro-lattices, and a post processing step is

implemented to remove small size members that are not manufacturable.
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2 LOAD PATH IN TWO DIMENSIONAL STRUCTURES

2.1 Methodology

In this section, the derivation of the new load path identification and visualization
method for plane elasticity problems is discussed. First, the structural load flow and load
paths are defined. Then, the numerical approaches to solve the load functions to
characterize and visualize load paths are discussed.

Definition 1. Structural load flow is the component of internal loads, AF, or AF,,
that is transferred from-and-to external and reaction load application points throughout
the structure.

Definition 2. Structural load paths are the paths that trace the structural load flow
(E, or E, enters or leaves only through the load path ends).

To illustrate the above two definitions, consider a 2D continuum structure
subjected to a traction (f,) on the dD4 boundary of surface and supported on the
dDR boundary of surface shown in Figure 2.1 (a). The supports are removed and instead
the reaction traction (fg) is shown in Figure 2.1 (b). As can be seen Figure 2.1 (c), the
reaction force is transferred to another reaction point through region (; between paths
¥, and ¥,, and to the external force application points through region (),; the external
force is also divided and transferred to another external force application point through

region (13, and to the reaction point through region Q,.
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Figure 2.1 (a) Continuum structure model (b) external and reaction loads (c¢) load transfer
in the model

Consider a plane elasticity problem subjected to boundary tractions f, and fr and
body force b, but with no stress couples, or concentrated or distributed couples within the
body. The equilibrium equations can then be written as,

0ijj + bi =0 inQ,0;; = gy (1)
when referred to a rectangular Cartesian frame x = (x;). Here and in the sequel, italic
indices take the values 1 or 2, the summation convention applies, () is the domain and
(); = 9(-)/0x;. In addition, we assume that the domain to be possibly multiply-
connected with N interior boundaries dQ = UY_, d,Q, that are subject to resultants of
force, F;(a), and moment, M,

Such stress tensor admits Gurtin’s decomposition of a symmetric rank two tensor
(Admal et al., 2016; Fosdick et al., 2005; Fosdick et al., 2003; Gurtin, 1963):

o;j = 0j; + 05-, (2)

where g} is the following totally self-equilibrated stress

O-ii' = €i3n€j3qPnq (3)
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with ¢ the Airy function and ¢;;;, the permutation symbol; and ag- is a second order
tensor (Gurtin, 1963),
it = Sy + i — Srali 4)
where &y is the Kronecker delta, with {; = {7 + ¢ such that
Joi+be=0inQ (5)
{Y = 00ndQ

and,

0N = @11, 2@ — = (@ _ o x@p@) I\
& ZZT[Fk Injax — x| 47T(M ey X ) lx — x(@]2
a=

where,

pi(a) = _ Fi(a) _ j il,jjnj dl (6)
)
1 =M@ = [ (e, — sl )
)

If the domain is simply connected, then {? = 0, and if the body force is null,
Gurtin’s representation reduces to the usual Beltrami one. In the case of simply connected
domain where ¢ = 0, the tangential derivative d{;/ds = 0, and {; is tangent to the
boundary.

In analogy to the Helmholtz representation of vector fields, these equations
describe two components of the stress field: a solenoidal and an irrotational. The
component g;; is analogous to the solenoidal component of a vector field in a Helmholtz
representation and is called solenoidal (Admal et al., 2016). A solenoidal vector field, for

instance in fluid mechanics, admits a stream function and accompanying streamlines; and
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streamlines have become the staple of fluid flow visualization, especially for complex
flows. The flow portrayed by streamlines let an analyst quickly locate recirculating zones,
separation lines, high shear regions, stagnation points, stagnant regions, etc. For the rank

two stress field ., not one but an infinite number of similar stream functions exist; one

ij>
for each traction associated to a fixed direction t;, 7} = oiitj, tit; = 1. Among that

infinite possibilities, we single out the two stream functions corresponding to tractions

that are aligned with xy frame axes. The load functions are defined by the following

equations:
dp dp (7)
Y = Y =
* oy’ Y 0x
and,
. 0¥ s 0% s 0% . 0% (8)
G =Gy T ST T T =gy
using Cauchy stress symmetry,
¥, 0%,
dy  ox

The integration of total differential of ¥, (x, y) and ¥, (x, y) between two

consecutive paths (paths 1 and 2) gives,

2

ov. ov.
( ~dx + xdy)

w == = | (5 pe

1

9
v, oW ©)

2
— —_ y
Al-IJy = lpyz — lIJyl = ,[1 <de + Wdy)

By substituting Eq. (8) into Eq. (9):
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2 (10)
AY, =¥, — ¥, = j (—ajydx + J,fxdy)
1
2 (11)
AV, =¥, -V, = j (—ajydx + U,fydy)
1
From Figure 2.2, Egs. (10) and (11) can be written as:
2 12
AY, = j (—ngdx + a,?xdy) = AF} (12)
1
2 13
AY, = j (—ijdx + ajydy) = AF; (13)
1
Similarly, if the total differential of ¥, and ¥, are evaluated on the lines which ¥, =
const and W), = const
0= j (—a,fydx + a,?xdy) = AE} (14)
W,=const
0= j (—ijdx + a,ﬁydy) = AF; (13)
Wy=const

Egs. (12-15) show that paths of constant load functions (V,, and ¥,)) represent
constant force component lines and the changes in W, and W,, between their two constant

paths are equal to the constant load flow of the totally self-equilibrated component of the
force that is transferred between those two paths. Indeed, we have shown the following
result.

There exist load functions, ¥, and W, such that the changes in them between their
two constant paths, AV, and A, equals to the constant load flow of the totally self-
equilibrated stresses, AFy and AFj, that is transferred between those two paths.

Therefore, ¥, and ¥, can be used to plot the structural load paths due to the totally

self-equilibrated component of the load. In addition, in the case of a totally self-
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equilibrated stress, author’s load path definition and load functions agree with those of
Kelly et al. (Kelly et al., 2011), who defined the load path as the field lines of the

. —_— . 3 . —_— . . -
tractions T, = 0+ i = Oyyl + Oyyj, and T, = 0+ j = 0Oy, I + 0.

(@ (b)
Figure 2.2 Load flow and load functions

To determine the load paths using Eq. (8), first the stress components o7} in the

structure should be calculated. As will be shown later in the result section, if the Airy
stress function is determined for a problem, then the load functions, and subsequently the
load paths, can be easily obtained using Eq. (7). However, for complex problems, such as
those with irregular geometry, computing the closed form of the Airy stress function
might not be feasible. In these problems, usually numerical approaches (e.g. finite
element method) are used to calculate the stresses. Therefore, a more desirable approach
is to develop a numerical method to compute the load functions from the stress
components. To do so, we use the weighted residual method. By taking the derivative of
normal stress and shear stress with respect to y and x in Eq. (8) and using the weighted

residual method, the following equation can be derived,
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[
H(

where @ is the weight function. The major issue in Eq. (16) is computing the derivative

955, @
><Ddxdy j j Q0 _ ny) ddxdy

(16)

9
>d>dxdy j j Qo _ ”) ddxdy

dos doy doy
of the stress components (a—;x, a—;y, and 6_;]1)))' These stresses are computed from the

first derivatives of the displacements, multiplied by the elasticity matrix, and are not
continuous in general over the structural domain. Since the stress field is not continuous,
determining its derivatives is a challenge. A possible solution is to remove the derivatives
on stresses and place them on the weight function (@) by using integration by parts on

both sides of Eq. (16):
ov,0® 0V, 09 i d ov
—U( T — )dxdy+j( = al
p\dydy 0x0x aD oy 0x
jj , 00 s acpd p
A(Uxx ay ny ax) X y
+j (—a,fxcbdx—a,?yqbdy)
aD
U a‘PyaqﬁLa‘Pya(D dxd +j atpyd)d +6‘Py¢)d
o\dydy dxadx Xy aD oy T ox 7Y
, 0P , 09
__jL(axyE—ayya)dxdy

+j (—a;ycbdx — aquﬁdy)
aD

)

(17)

By using the definition given in Eq. (8), Eq. (17) can be written as:
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U O‘antpLa‘an(I)
ady 6yT dx dx

U 0% WD\ _jj NI N
o\dydy dxadx Xy = D(nyay Uyyax)xy

Now that the derivatives on the stress components are removed, solutions in the

dxdy jj(axx 3y axy Ep )dxdy
(18)

form of ¥, = X®;1),; and ¥, = XP;3,,; are used for Eq.(18). By substituting the weight
function and load functions in Eq. (18), ¥,; and ¥,,;, can be determined,

[K:]{(¥si} = (i}

Ky]{l‘yyi} = {fy}

where K, and K, are the load-path coefficient matrices that are functions of stress and

(19)

®; ; ¥,; and ¥,; are the load function nodal values, and f, and f, are the force vectors
that are functions of the stress components and @;.

The second component of the stress in Eq. (2) is the irrotational component—so
named because of its analogy with the homonymous component in the Helmholtz
decomposition of a vector field. For a vector field, the irrotational component is defined

by the gradient of a function, whereas the symmetric rank-two tensor 0 is defined by the

symmetric part of the gradient of a vector. In that sense, as recognized in (Admal et al.,
2016), regardless of the origin of the stress, this component is akin to the elastic stress of
a small strain field.

The irrotational component accounts for two effects: multiply-connected domains
and body forces. Let us consider the case of a simply connected domain under body
force. In this case Eq. (5) needs to be solved. Like the load function, the weighted

residual method is used to solve Eq. (5):
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0000 0700 ac,
‘jL(ayayTaxax dxdy+LDan<Dds——ijbx(Ddxdy

U aiyachafyacp dxd +j a(ycbd = jjb ddxd
o\dydy dxadx xaey op O 5= N xay

(20)

For the general case of multiply connected domains with body forces, we must
compute the irrotational component 05- from Egs. (4)- (6). From its definition in Eq. (4)

the irrotational component is analogous to an elastic stress resulting from the small strain
associated with the “displacement” {; for an isotropic pseudo-material with Lamé
constants A = —1 and u = 1 (note that in a more general form of the Gurtin
representation (Admal et al., 2016) these values can be set to different numbers).

This pseudo displacement is itself made of two contributions: ¢ lP reflects the effects

of the body force, whereas (! the effects of the multiply connectedness of the domain.
The first is obtained by solving the Poisson’s equation Eq. (5), and is thus analogous to
the transverse displacement of a membrane subject to a pressure field; the second, is
harmonic and is chosen in the form above for concreteness (Fosdick et al., 2003).

The proposed approach using Gurtin’s decomposition works for both conservative
and non-conservative body loads. Another approach to study the case of a simply
connected domain under conservative body force is using the body force potential
function. If & is conservative, b = — V'V, where V is the potential function. The
equilibrium equations (Eq. (1)) can be written as (Timoshenko et al., 1951),

d 00y,
a(O’xx—V)-FW— 0

21)



a%+i(a -V)=0
ox dy Y

The irrotational and solenoidal components are defined as:

oy =V a)=V

. oW, 9%¢p . ¥, 9%p (22)
Uxxzaxx_vzayza_yz, ny:O_xy:_Wzaxay'
¥, 0% oY, %
S = —_ = 7 = = g5 = R =
Tyy = Oyy =V ox  0x2’ Oyx = Oyx dy 0xady’
0% _ 0%
dy dx

2.2 Results and Discussion

2.2.1 Cantilever Beam Subjected to Shear Load and Body Force

A cantilever beam with a rectangular cross section (height 2b, and length L=20b)
subjected to a shear force p at its free-end, and its weight (pg) is considered (Figure 2.3).

The potential function associated with the weight is V =- pgy. Based on the boundary

conditions and V, the following Airy stress function is used.

d = c1y° + o yx? + c3y3x? + ¢, y3 + csxy + cgxy? (23)

The boundary conditions are:

O-xy|y=ic =0,

o, .. (24)

c
ny|x=0 =D j 0xy dy =0
—c

x=0

The constants (¢, to cg) can be determined by substituting Eq. (23) in Eq. (22), (24)
and (1):

19
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L7 20p2r 27 4 7B 4h2
c2Pg o _ 3 __ P
*7 150 B 4p’ 4h3

The final stress field is therefore

_pgy® 3pgy L 3Pxy 3pgx’y (26)

Tex = Tp2 5 2b3 2D?

3pgx N 3p 3Py? 3pgxy?

Ty =TT T ap T a3 2D?

_pgy pgy’
Tyy =5~ op2

Let’s first neglect the effect of body forces (pg = 0). From Egs. (7) and (23), the
load functions are found. Figure 2.4 (a) and (b) shows the six load paths plotted in x (V)
and y (¥, directions. The change in the ¥, between two consecutive load paths is
AY¥, = —2.14 p. By substituting g, and gy, from Eq. (26) in Eq. (10), and taking the
integral on a section between any pairs of load paths, we find that the x-direction load
flow between each pair of load paths is also AF,, = —2.14 p. As shown in the x-direction
load paths (W¥,), the load flows from one support point to another support point, and it is
positive above the x-axis and negative below the x-axis. Since the load flow is equally
divided between six load paths, the load flow from above and below the x-axis cancels
out each other and the net x-direction load flow is zero.

The moment created by the equal load flow between each pair can be calculated by
multiplying the load flow by the distance to the x-axis, which is found to be equal to the
moment at the right edge boundary (M = 20Pb ). Therefore, the x-direction load paths

clearly indicate the development of bending moment and show how the load is
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transferred in the structure to create it. On the other hand, the change in the ¥, between
two y-direction load paths is AW, = p/7. By substituting Eq. (23) in Eq. (11), the y-
direction load flow between each pair of load paths is also found to be p/7. This finding
shows how the shear load is equally divided and transferred between load paths from
application edge to the support edge. Since there are six load paths plotted in Figure 2.4
(b), the applied load (p) is divided by 7, and equal load (p/7) is transferred from point of
application to the point of support.

Next, the effect of body force in the absence of shear load is studied. The load
functions and the load paths in x (‘*¥,) and y () directions can be obtained using Egs.
(7) and (23). The load paths in x —direction are shown in Figure 2.5 (a). The self-
equilibrated component of the body force (AF, = 10.71 pg) flows between paths.
Although the load paths shape in this direction are like those of shear force, the paths are
closer to the fixed end due to the changes in oy, and o,,,. The load paths in y —direction
(Figure 2.5 (b)) are different than the y-direction load paths of shear load (Figure 2.4 (b))
due to the existence of ag,,,. By substituting o,,,,, and gy, from Eq. (26) in Eq. (11), we
find that the y-direction load flow is 1.42 p.

Finally, both shear load and body force are considered. The load paths in x (W,,)
and y (¥, directions are shown in Figure 2.6. The x —direction self-equilibrated
component of the body force and shear force (Figure 2.6 (a)) is found to be AF, =
8.67 p. This approximately equals to the superposition of the two load flows from shear
load (Figure 2.4 (a)) and body force (Figure 2.5 (a)) in x — direction (AF, = 10.71p —
2.14p). The small difference is a round-off error which can be reduced by increasing the

number of contour lines. Similarly, for the y — direction load flow, the total load (Figure
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2.6 (b)) can be found by subtracting the shear force load flow (Figure 2.4 (b)) from body
force load flow (Figure 2.5 (b)).

The load paths for the beam subjected to the shear load and its weight can also be
obtained using the Gurtin’s decomposition Eqgs. (3-4). First, {, is obtained using Eq. (20)
(Figure 2.7 (a)), and then the irrotational stress components are calculated from Eq. (4).
Finally, the solenoidal stress components are found by subtracting the irrotational stress
from total stress, and the load paths are determined by using Eq. (18). As can be seen in
Figure 2.7 (b) and (c), the load paths corresponding to the totally self-equilibrated stress
field are similar to those found using potential function (Figure 2.6). The small

discrepancies between the load flows (AW, and AYW,) of potential function and Gurtin

decomposition methods are due to the use of numerical procedure (Egs. (18) and (20)) in

latter.
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Figure 2.3 End-loaded cantilever beam
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Figure 2.4 Load paths in (a) x-direction (W) and (b) y-direction (‘) for a cantilever
beam subjected to shear load in absence of body forces
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Figure 2.5 Load paths in (a) x-direction (W) and (b) y-direction (‘) for a cantilever
beam subjected to its weight
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Figure 2.6 Load paths in (a) x-direction (W) and (b) y-direction (‘) for a cantilever

beam subjected to shear force and its weight
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Figure 2.7 Cantilever beam subjected to shear force and its weight (a) irrotational part in
y —direction ({,,); (b) load paths in x-direction (W, ); and (c) load paths y-direction (¥,
using Gurtin’s decomposition
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2.2.2 Plate with Hole Under Uniaxial Tension

For the second test case with a closed form solution, a plate with a small traction-
free circular hole of radius a subjected to uniform tension of magnitude S in x-direction is
considered (Figure 2.8). The boundary conditions imply that for large r the stress field
approaches a uniaxial tension of magnitude S (i.e. gy, = S, gy, = 0,0, = 0). The Airy

stress function and the corresponding stresses for this test case are (Timoshenko et al.,

1951):

4 2 4 4r2 2

S a’?\ S 3a* 4qa?
O'rr=§ 1_7‘_2 +E 1+T'_4_T'_2 cos(26)

S a?\ S 3a*
Ogo =§ 1+T‘_2 —E 1+T'—4 COS(Z@)

(p=5<E_M>+S<_i_a_4+a—z>cos(29)

(27)

By using Eq. (3) and then the chain rule to transform the partial derivatives of the

Airy stress function to polar coordinates, the load functions can be written as:

do Od¢ do
Yy ——=—gi _—
* =y arsmé?+raec059
(28)
do dp dop
Wy——a——acose+%sm9

The load paths in the x and y directions (¥, and ¥,)) are shown in Figure 2.9. As
was mentioned earlier, for large » the only available stress on the outer boundaries is 0.,;
the hole surface is traction-free, therefore, the external load can only be transferred

through x-direction load paths. This can be seen in Figure 2.9, as the load path in the y
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direction has wide circulations which indicates that there is no load transfer in this
direction. It is quite interesting to note that the y —direction load paths resemble the

potential fluid flow around a circular cylinder.

|1
%f
i l

2a| (L,
- f—p
- —b
D ——b

Figure 2.8 Plate with a hole under axial load

g

Figure 2.9 Load path in x-direction (¥,) and y-direction (V) for a plate with hole under
uniaxial tension
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2.2.3 Square Plate Under Shear Load

As was mentioned earlier, the stress components cannot be presented using an
analytical expression for a complex system, and the load functions may not be derived
using analytical approaches. In these problems, usually numerical approaches such as
FEM are utilized. The present formulation associated with the determination of the load
paths can be integrated into a finite element package to provide load path contours. To
test and validate this, a one-sided, clamped, square plate subjected to a shear load on the
right corner (Figure 2.10) was solved using FEM and the stress components are
determined.

Then the stresses are substituted in Eq. (18) and load functions are obtained. To

verify the accuracy of the proposed load-path functions, the plots of g, and

oWy . oWy . oW, .
y" (Figure 2.11 (a)), 0,y and — a—x" (Figure 2.11 (b)), and 0y, and — a—xy (Figure 2.11

5]

. : o ow
(c)) were compared. The comparison of the results of the load function derivatives ( y" ,

5]

oW,
ox’

ow : . .
n a—xy) with the results of the stresses determined by the finite element method

(Oxx»> Oxy, and 0,,,,) showed the accuracy of the approximation of ¥, and V.

After verification of the proposed numerical method, the load paths were
determined by finding the load functions. The load functions, which demonstrate the load
paths for equilibrium in the x and y directions, are shown in Figure 2.11 (d). The load
paths in the y direction (‘) show how the concentrated load at the right corner is
transferred and distributed to the points of support on the left edge. The ¥, contours also

indicate that the load paths near the right corner line up with a,,,, since it is the dominant
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stress in this region, and as we get further from the point of application, the oy,
contribution increases and the orientation angle decreases.

As we get closer to the top and bottom left corners, the load paths are further under
the influence of 0, and the orientation angle increases. The load paths in the x direction
also provide physical insight into the load transfer and aid in understanding how various
resultant stresses are developed inside the structure. As can be seen in Figure 2.11 (d)-
Y., the load flows from one support point to another support point. As we get further
from the support edge, the load paths bend towards the point of application at the right
corner, and, at some point, they even reach the location of the concentrated load. These
two observations explain how the bending moments due to normal and shear stresses are

developed inside the structure.

A
\J

\J

L
yp

Figure 2.10 Clamped plate under shear load




29

N, [0y <10° —0, /0x . -, /0x v,
| ’ . Iw
8
6
b,
|
o . Oy . ay o v,
' 10 ‘dﬂ
I ! |
0.5
o 6
0.5 i 4 '
I.| '-: 2
- ; B P . I“ e —
(2) (b) (c) (d)
) . oW, ) . AW, )
Figure 2.11 (a) Comparison of 3y and g,,; (b) Comparison of - ™ and ay,,; (¢)

. 0 . . .
Comparison of -% and 0y,,; (d) Load paths in the y and x directions

Next, a square plat restrained at top and bottom left corners and subjected to a

concentrated load at 45-degree at bottom right corner is considered (Figure 2.12). The

0w, —ow —aw, .
—= X and —2in

ay’ ox °’ ox

stress components Oy, Oy, and gy, are compared with

Figure 2.13 (a), (b), and (c), respectively, and the x and y direction load paths are shown
in Figure 2.13 (d). As can be seen in Figure 2.13 (d), the load paths start from the load
application point and end at one of the support points instead of the entire left edge. It is
also noted from Figure 2.13 (d), that the hole is deflecting the load paths, compared to
those derived for the plate without hole in Figure 2.11 (¢). Since the load is applied at 45-
degree, the load paths in x and y directions are very similar to each other except close to
the support where the x direction load paths show the bending close to the bottom corner

of plate.
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Figure 2.12 Square plate with a hole
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Figure 2.13 (a) Comparison of % and o,,; (b) Comparison of -% and gy,; (¢)

Comparison of -% and 0,,,,; (d) Load paths in the y and x directions
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2.2.4 Superposition of Load Functions

Since the load functions and load paths are obtained from the Poisson’s equation
presented in Eq. (18), the superposition principle can be applied to them. Therefore, if the
load functions for two sets of loadings and boundary conditions are (¥, ,¥,) and
(Wx2, ¥y2), then the superposition of the two load functions (Wy; + Wy,, ¥y + ¥,,) are
the load functions for the combination of two sets and satisfies the corresponding Poisson

equations:

az(lpxl + lluxz) az(lpxl + l’”xz) — a(O-xxl + Gxxz) _ a(O-xyl + nyz)
2%y 0°x dy dx
(29)
az(lpyl + l’”yz) + 62(lluyl + llUyZ) _ a(o-xyl + ny) _ a(O-yyl + O-yyz)
2%y 0%x B dy dx

An application of the method of superposition is illustrated for the plate with a hole
when the concentrated 45-degree load is decomposed into vertical and horizontal loads
(Figure 2.14). The load paths in the x and y directions for two loading conditions are
shown in Figure 2.15 (a) and (b). By applying the superposition principle, the load paths
for the combined loading are determined. As can be seen in Figure 2.15 (a)-(b) and
Figure 2.13 (d), the superposed load paths are identical to the load paths determined for
the 45-degree load. The ability to use the superposition method for the load functions
provides the capability to break the loading into simpler components to simplify the load

path calculation of complex problems.
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Figure 2.14 superposition of vertical and horizontal loads for the square plate with a hole
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Figure 2.15 (a) x-direction and (b) y-direction load paths produced by the method of

superposition
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2.2.5 L-Bracket Under Shear Load

To further check the accuracy of the present formulations the load paths for an L-
shaped cantilever bracket (Figure 2.16) are determined and compared with those obtained
by (Kelly et al., 2011). As can be seen in Figure 2.17 (a) and (b) both load paths in the x
and y directions are in good agreement with Kelly et al.’s results. The load paths in the x
direction (¥,) have wide circulations at the top and bottom of the L-shaped domain.
These circulations show the regions that do not contribute to the load transfers in the x
direction, and the load transfer in the x direction is primarily through the regions above
and below the circulations. There are two sets of load paths in the y direction (%), one
set in the right region that shows how the applied load is transferred from the application
point to the middle corner, and another set in the left region from one support point to

another that implies the bending moment in the domain.

AY

X

v

Figure 2.16 L-shaped domain under transvers load



(b)

Figure 2.17 Load path in an L-bracket (a) using load paths functions (b) presented by
(Kelly et al., 2011)

34
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2.2.6 'Wing Subjected to Aeroelastic Load

Because the loading and boundary conditions have not been used in any stages of
the theoretical or computational development, the proposed load path algorithm should
also be able to provide the load paths for any type of loading and boundary conditions,
such as mechanical, thermal, and aerodynamic loads. If the numerical solver can
calculate the stress components in the structure, the proposed load path algorithm can
determine the load flow and load paths.

We plan to validate this through an example of a generic supersonic fighter wing
under Aeroelastic loading (Locatelli, 2012). The wing plan-form is shown in Figure 2.18.
The Aeroelastic analysis is conducted using the Doublet-Lattice Method and MSC-
Nastran’s Aeroelastic Trim analysis. The Aeroelastic pressure distribution on the
aerodynamic mesh is presented in Figure 2.19 (a). The load paths in the x and y
directions (i.e. ¥, (x,y) and ¥, (x,y)) are determined by using Eq. (18) and are shown
in Figure 2.19 (b) and (c). The load path in the x direction (¥, ) starts from the leading
edge on the left side of the wing with small angle in the region close to the wing root.

The angle starts increasing closer to the wing tip, which means close to the root,
0y, has a larger contribution to the load flow in the x direction, whereas, close to the tip,
the load flow is the resultant of both o, and a,,, . The load path in the y direction (%)
starts from the leading edge with approximately 45-degree angle, which means the o,
and o,,,, have the same contribution in the y directional load transfer. It is also quite
interesting to note that the pattern in the x and y directions load-paths resembles the spars

and ribs patterns in a wing box.
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Figure 2.18 Generic supersonic fighter wing plan-form
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(a) (b) (c)
Figure 2.19 (a) Aeroelastic pressure distribution on the Aerodynamic mesh; Load paths in
(b) x direction and (c¢) y direction for a wing plane
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3 LOAD PATH IN PLATES AND SHELLS

3.1 Methodology

In the previous chapter, the load function formulation was presented for two-
dimensional structures loaded in a state of plane stress and is derived from the
equilibrium equations in terms of stresses (Tamijani et al., 2016). The stresses are written
in terms of the load functions, and the load flow is calculated using the load function
level sets. However, A problem is raised; if the stress varies with thickness so would the
load paths, i.e. multiple load paths through the thickness would exist. This problem is
solved by writing the equilibrium equations based on the stress resultant equilibrium

equations (Gharibi et al., 2017), as in Eq. (30).

JdN, any
0x dy tpx=0
6ny aNy
W + E + Py = 0 (30)
0Q, 00Q,
ax + W +p,=0

where Ny, Ny, N,, are in plane stress resultants, @, and Q,, are transverse shear stress
resultants, and p,, py,and p, are applied pressures on surface in x, y, and z directions

(Ugural, 1999). Next, the load field with respect to rectangular frame is defined as

follows:
Ry = Nyl + Ny j
Ry, = Nyyi + Ny j (31)

Ry = Qi + Qy]
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Using this definition, the equilibrium equations can be written as:

VR+p =0 (32)
where R = [Ry R, R3], and p = [p, p, p.] . The load vector field is decomposed into
divergence-free and curl-free components using the Helmholtz decomposition:

R =V® + Vxy (33)
The decomposition concept is shown in Figure 3.1. Any vector field R, can be

decomposed to irrotational V@, and solenoidal VXi) vector fields.

R = Vo + V X 1
Figure 3.1 The visual representation of decomposition into solenoidal VX1 and
irrotational fields V@

In Eq. (33) the first component (V@) is the irrotational component (R?), and the
second component (VX)) is self-equilibrated or solenoidal component (R®). The
solenoidal vector field admits a load function () = [¥, ¥, ¥,]) and accompanying load
paths. The changes in 1 between their two paths equals to the constant load flow of the
totally self-equilibrated stress resultants AR® that is transferred between those two paths.

Using the Helmholtz decomposition, first the divergence-free component (R?®) is
solved for the given boundary conditions and then the curl-free component is determined

as the residual (R? = R — R®). Given a stress resultant field, Eq. (33) can be written as:
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VXR = VXV® + Vx (VX)) (34)

where VXV® is zero by definition and the second term according to the vector calculus
identity is as follows:
VxX(Vxy) =V(V.¢y) — AyY (35)
Hence, using Eqgs. (34) , and (35), Eq. (36) is as follows:
VXR =V(V.¢y) — AyY (36)

By using the weighted residual method, Eq. (36) can be written as:

—jmp vdf = j VXRvd( (37)
0]

0

where v is the weight function, and the boundary condition associated with Eq. (37) is:

g—f — _Rxn (38)

Using the boundary conditions, and integration by part, Eq. (37) can be written as:

le,[) VvdQ = jRvadQ (39)
0 0

The field lines of solenoidal components (R*®) are the level sets of 1. After
obtaining 1, then solenoidal components can be written as:
RS = Vxy (40)
by using the irrotational components (R?), ® can be found

V® =RV =R—RS (41)

The integration of total differential of each load function, e. g. ¢, between two

consecutive paths (paths 1 and 2) is as follows:
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AW jzdlp j2<aq]x d +atpx d >
= = X
X 1 pe 1 ax ay y

2
= j (—=N§,dx + Nidy) = AE$
1

(42)

If the differential of load function is evaluated on its constant lines, then AF; =
0, which means the solenoidal component of a load vector field in a Helmholtz

representation does not pass through the level sets of load function.

Figure 3.2 The change in 1, between two consecutive level sets is equivalent to the
change in force between them.

For the case of general thin-shell structures, e.g. the wing or fuselage skin of an
aircraft, where the normal stress through the thickness is negligible (because of plane

stress in a thin walled shell), the resultant stresses (i.e. Nyy, Ny, N, @y, @,) must be

transformed to the canonical coordinate system x-y-z (i.€. Ny, N, Ny, ax, ay) from

curvilinear shell coordinate system. Assuming the shell’s mid surface can be presented as
z = f(x,y). The transformation is as follows:

N,y = (Nyy cos8 — Q, sin @ cos ¢)/ cos6

Ny, = (Nyycos¢p — @, sin¢ cosB)/cosp (43)

N, = (Nycos¢ — Q,sin¢ cosb)/cosl
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N, = (Ny, cos 8 — Q,, sin6 cos ¢)/cosp
Qx = (Qccos¢pcosf + N,sing + N, sin6) /cosd
Qy, = (Qycos¢cosB + N,sin6 + N,,, sin¢p)/cos¢p
where,

tand = 22 and tang = 22 44
an¢—ax an an _ay (44)

and, z = f(x, y) represents the shell mid-surface and ¢, and 6 are the shell surface slope

with respect to canonical axis x-y as seen in Figure 3.3.

A
@ S,
\ —~—__ Ny,
4
- /
N, 4 i
Ngy / e, =20
ry '
Dy - o AN,
P Ny + 2z dz
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Ny + Gedy AN Q: + ;-
_ QA Ay |
Ny, /Y i
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Q. | :
Y
N, = / Lt o -
Ny ¥ A
/ s
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/ )
yy

Figure 3.3 The projection of shell forces onto the x-y plane
The equilibrium equations based on the projected forces on the x-y-z plane are:

ON, 0N,

5 =0
ax dy T Px

(45)
oN,, ON
e O L5 =0

0x dy
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20, 00, _
ax +W+p2_0

By using the projected forces in Eq. (43), the load field can be defined as:
Ry =N,i+N,j

R, =N, i+N,j (46)

Then, similar to Eq. (33), the irrotational and solenoidal components as well as load

function can be obtained.
The shear force field (Q = 5xi + ay J) for any plates and shells, in general, can be
decomposed as:
Q =V, + VXY, (47)
By comparing Eq. (33), the shear force components for any plate or shell can be

written as follows:

(48)

x y

— (acpz+awz) - (acpz OBUZ)
¢ ox ay/)’ dy  Ox

When Eq. (19) is inserted into the equilibrium equation Eq. (30), the following

expression is yielded,

0°d, N 0%d,
dx?  0y?

= =Dz (49)

There is an especial case of plates and not shells that will be discussed here, where

Qx = Qx aay = Qy >Nx =NxJNy =NyJny =ny;ﬁx =px>ﬁy =pyaandﬁz =pz’

and Eq. (49) is similar to the plate moment equilibrium as seen in Eq. (50).
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9?M  9*M M, + M,
9x2 + ayz = — Dz where M =ﬁ (50)

By comparing Egs. (49), and (50), it is evident that the potential function, @,, is
mathematically equivalent to the moment. Therefore, the values of M, and M,, can be
used as boundary conditions for solving Eq. (49). In this situation, the contours of @, are

similar to the level sets of moment function.

3.2 Results and Discussion

3.2.1 Plate Under Uniform Pressure
Assume two plates subjected to a uniform pressure, p,, one with simply-supported
edges and the other with clamped edges (Figure 3.4). By assuming Kirchoff-Love plate

theory, we can utilize Navier’s plate solution for the lateral deflection (Ugural, 1999, p.

433), w, of the simply-supported plate as,
nx) sin (nﬂy)

16pz i i o . :
" DnS n=13,5m=13,5 mn ((%)2 + (%)2)2

where D is the flexural rigidity of plate. The transverse shear resultants can be found as,
- d [(0*w N d%w
Ox = ox\ dx2  0y?

_16p, NN () cos (77) sin(°5) (52)
s () )

(1)

a b
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16pz N ; max) o (nbﬂ)
PP <<a>2+<%>z>

Additionally, the total moment sum, M, can be found as,

M,+M, b azw d%w
1+v 9x? ay

i S S () () *
oo n=1,3,5m=13,5 MN ((%)2 + (%)2)

In this example, the author’s focus is on the z equilibrium equation Eq. (45)
because of the special case of plates happens only in the z equilibrium. The load paths in
x, and y are using the same formulation in all plates and shells structures. By using the
transverse shear resultants of Eq. (52) we can see that VXR; = 0, which means VXVXY,
is also zero. It can then be concluded that the vector field, R3, only has an irrotational
component, R?. The potential function can be found by using Eq. (41) by allowing R? =
Rs, and R® = 0. Figure 3.5(a) shows the potential functions level sets compared to
Figure 3.5(b), the level sets of moment function. The change in ®, between two level
sets, (A®,), 1s 0.01229p,, and the AM is 0.01227p,.

Again, by utilizing Eq.(41), the potential function for plate with clamped boundary
conditions can be determined. Figure 3.6(a) shows the potential function level sets
compared to (b) the level sets of moment function. The gradient of ®, represent the curl-

free component of the R;. The A®, between consecutive sets of contours is 0.01430p,

and the AM is 0.01406p,.
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This example shows three important intuitions. First, the shear resultant stresses

Q= @Ci + ay J) create an irrotational field VXR5; = 0. It can be seen in Figure 3.5, and

Figure 3.6 that the potential function which is caused by pressure p,, see Eq. (49), has a
non-zero gradient, i.e. V@, # 0, and it is not solenoidal. This is expected since the source
term p, generates the non-solenoidal field V. V®, # 0. Which can be seen in Eq. (49), i.e.

V.V®, = p,. The Second intuition is that physical equivalent of the potential function is
. My+My, . o .
the total moment transfer, i.e. M = oy in the structure. Third, in the case of simply

supported plate, the moment is not transferred to the supports as seen in Figure 3.5,
whereas in clamped plate the moments are transferred to the supports as seen in

Figure 3.6.

(a) (b)

Figure 3.4 A plate subjected to a uniform pressure, p,, with (a) simply-supported edges
and (b) clamped edges.
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D, M

0.0122p, 0.0122p,
0.0245p, 0.0245p,
0.0368p, 0.0368p,
0.0491p, 0.0491p,
0.0614p, 0.0613p,

(2) (b)

Figure 3.5 The (a) potential function level sets and (b) the level sets of total moment
function for a simply-supported plate under uniform pressure, p,

D, M
Q 0.0362p, _.// \\ 0.0350p, —//
0.0219p, 0.0209p,
0.0076p. 0.0069p.
2 2
-0.0066p, -0.0071p,

-0.0209p, -0.0212p,

(——1 [——O

(2) (b)

Figure 3.6 The (a) potential function level sets and (b) the level sets of total moment
function for a clamped plate under uniform pressure, p,
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3.2.2 Roof Structure Subjected To Body Load

A set of panels following the form of a hyperbolic-paraboloid are pieced together to
form a membrane roof structure. Figure 3.7 shows the geometry of stitched roof panel.
The roof is subjected to its own weight, p, = pg. The projected membrane forces can be

described as follows (Ugural, 1999, p. 433), all edges are clamped.

_ X+ x?+y%+c?
Ny = — In ( )
2 Jy?+c?

_ x+x%+y%+c2 54
N, = —P9 1 vX*+y ) (54)
Vx2 + ¢2

Ny, = %\/xz +y? + ¢?

where ¢ = %2 The projected resultant stresses are plotted onto the geometry in
Figure 3.8. Using Eq. (39), the load functions for the divergence-free membrane forces
can be found. Figure 3.9 (a) and (b) shows the load paths for the load functions ¥, and
W,, respectively. Figure 3.10 (a) and (b) shows the contours of the potential functions @,
and @,,. The gradient of the potential functions, i.e. V&,, and V@, are curl free or
irrotational. Also, the curl of load functions i.e. VX¥,, and VXY, are divergence free or
solenoidal.

As can be seen in Figure 3.9, the load paths (level sets of load functions W, and
W, transfer the load from one edge to the opposite side. This is shown mathematically in
Eq. (42), also proofs and theorems of how load function represents load transfer can be
found in previous chapter. Since the load functions i.e. ¥, and ¥, are related to the
divergence free part of the equilibrium equation, and the potential functions i.e. @, and

®@,, are related to the divergent part of the equilibrium, the former represents the transfer
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of load due to traction on the boundary which is caused because of clamped boundary
conditions, and the latter represents the load transfer due to the applied pressure. As can
be seen in Figure 3.10, the level sets of potential functions @, and ®,, are transferring
load from the applied pressure at the middle of the roof to the supports, whereas in
Figure 3.9, the load functions W, and W,, transfer load from application of traction forces

on one support to another.

(@) (b)

Figure 3.7 The geometry of (a) a quarter-panel and (b) the full surface of a hyperbolic-
paraboloid roof structure.

N, ’ N, ’ N,
2005 0.05 ‘ - N
N g g
(a) (b)

(©)

Figure 3.8 The projected shell forces from Eq. (54) showing (a) Ny, (b) Ny, and (c) Ny,
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<> 7

Figure 3.9 Load paths in (a) x-direction and (b) y-direction for the membrane forces of a
hyperbolic-paraboloid roof under its own weight.

®,

=,

(b)

BN

Figure 3.10 Potential function contours for (a) x-direction and (b) y-direction membrane
forces of a hyperbolic-paraboloid roof under its own weight.

3.2.3 Skin Panel Subjected to Aerodynamic Loads

Assume an arbitrary wing skin panel, capable of supporting bending and membrane
loads, subjected to an aerodynamic pressure load acting normal to the surface. The
geometry and pressure distribution are shown in Figure 3.11. All edges are clamped. This
numerical example, and one that follows, also show how the present formulation can be
incorporated into numerical structural methods e.g. finite element method. Furthermore,

it demonstrates that the formulation can be used regardless of the specific loading or
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boundary conditions which include the possibility of internal and external loads from
thermal, mechanical and aerodynamic loads. This example will also be used as a
validation to show that the stress field has been decomposed into curl-free and
divergence-free components. The structural solution was solved using displacement
based finite element method using a pressure distribution found from vortex-lattice
method. The material selected has an elastic modulus of 107 psi and a Poisson’s ratio of
0.3.

The load functions ¥y, ¥,,, and ¥, can be found by solving equation Eq. (39) using
the stress field R which is determined by displacement based finite element. The curls of
load functions represent the solenoidal component of the stress field R®. Helmholtz
decomposition implies that the curl-free forces can be found by subtraction (R?> = R —
R?). Figure 3.12 shows the decomposition of the (a) stress field (R) into the (b) solenoidal
(RS = Vx1) and (c) curl-free (R? = V®) components. Furthermore, it can be shown in
Figure 3.12 (d) that the decomposed stress field is equivalent to the total stress field
R — (R? + RS) = 0. The validation of the decomposition is to take the curl of curl-free
forces (VXRP?) and the divergence of the divergence-free forces (V - R®) to ensure they
are zero (Figure 3.13). The load paths of W,, ¥, and ¥, are presented in Figure 3.14 and
the potential function contours of ®,., ®,, and @, are presented in Figure 3.15. The load
paths W, ¥, and ¥, are representing the solenoidal part of the solution, which is solving
the equilibrium equation assuming the source term pressure is zero. The load paths i.e.
level sets of Wy, and ¥, in Figure 3.14 are transferring the load from one edge to another,

and W, is transferring the moment. ¥, and ¥, are representing the transfer of traction



loads from edge to edge. Whereas, the level sets of potential functions ®,, ®,,, and @,

are representing the divergent equilibrium i.e. when pressure term is not zero.

1.60
1.30
0.99

[
0.69

0.09

Figure 3.11 Arbitrary wing skin panel subjected to aerodynamic loading.
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Figure 3.12 Demonstrating the decomposition of the stress field, (a) the total force, (b)
the self-equilibrated component, (c) the irrotational component, and (d) the verification
that they add to zero.
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V- Q* =0 (z-dir)

V x Nt =0 (z-dir) V x Nt =0 (y-dir)

-5 & S on & o

0.5 06

02 02
[ 0 o

(a) (b) (c)
Figure 3.13 Verifying that the self-equilibrated components are divergence-free and that
irrotational components are curl-free for (a) x-direction, (b) y-direction, and (c) z-
direction forces.

Figure 3.14 Load paths in (a) x-direction, (b) y-direction, and (c) z-direction for a skin
panel subjected to aerodynamic loading.

P

(a) (b)
Figure 3.15 Potential function contours in (a) x-direction, (b) y-direction, and (c) z-
direction for a skin panel subjected to aerodynamic loading.
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3.2.4 Palazzetto Dello Sport Upper Dome Structure

The Palazzetto dello Sport was designed as indoor sporting arena by Pier Luigi
Nervi for the 1960 Olympic games in Rome, Italy. The upper dome structure was
engineered as a thin-shell made of reinforced concrete with the inner surface overlaid
with a lattice of concrete stiffeners in a radial pattern (Cutri, 2015 ). The example is
presented below as a thin shell dome of constant thickness, omitting the stiffeners, and
supporting its own weight. A tensile modulus of 6x10° psi and a Poisson’s ratio of 0.15
were used as material properties to model the concrete. The load paths of the functions of
W are shown in Figure 3.18 and the contours of the potential functions ® are shown in

Figure 3.19.

Figure 3.16 Side view of the Palazzetto dello Sport (Cutri, 2015) .

39.8 ft

183.8 ft

Figure 3.17 Geometry of the dome of the Palazzetto dello Sport arena.
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(2) (b) (©)

Figure 3.18 Load paths in (a) x-direction, (b) y-direction, and (c) z-direction for the dome
of the Palazzetto dello Sport arena under its own weight.

o, o, o,

DD

Figure 3.19 Potential function level sets in (a) x-direction, (b) y-direction, and (c) z-
direction for the dome of the Palazzetto dello Sport arena under its own weight.

The level sets of load functions Wy, and ¥, show the transfer of the membrane

forces. The contours of the load function for the transverse shear resultants show the
transfer of the bending loads from application to support. Inspection of Figure 3.18(c)
shows that the level sets of the load function are similar to the stiffener reinforcement

scheme selected by Nervi during design (Cutri, 2015 ).
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4 TOPOLOGY OPTIMIZATION USING LOAD PATH &
HOMOGENIZATION

4.1 Load Path Based Optimization

The goal of this section is to develop the norm of stress and stiffness based
optimization using the load function as the intermediate variables. Therefore, the
optimized load paths are defined as the load paths that minimize the norm of stress or
compliance objective functions. Assume the structure in the domain () is under traction
loads f, and no body loads. The boundary I is union of Neumann, [y and Dirichlet
boundary conditions I',. The problem statement to find the optimal structure for

minimum norm of stress subjected to the equilibrium equations is as follows:

min J, = j o]d9 (54)
o Q

St V.o=0in(Q
on=fonly
The norm of stress tensor is |o| = Vo: 0 (i.e. |oy;| = /07,05 1,/ = 1,2), the
integral J; is on the fixed design domain (), and the constraints include the equilibrium
equations V.o = a;; ; = 0, and the traction boundary conditions on Iy, 0.n = f, (i.e.

o;jn; = f; ), where n is the outward normal vector to the boundary Ty.
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Figure 4.1 Domain (2 , the boundry conditions I}, and Iy. Normal n and tangent t vectors
to boundry

To find the optimized lattice lay-out for maximum stiffness, or alternatively
minimum compliance, it is assumed each strut carries the maximum failure loads in
tension or compression, and are in equilibrium. As a result, the cross section of each
member is adopted to the amount of stress it is carrying, the higher the stress, the higher
the cross section. Hence, the thickness of each member in the structure is proportional to
the magnitude of principal stresses, |y |, and |o,| (Graczykowski et al., 2006). Therefore,

to minimize the volume of the truss with the same limit stresses at compression and

tension in the two-dimensional domain (), the objective function can be written as:

mindo = | o + lez a0 5)
subjected to equilibrium constraints,
V.e=0inQ (56)
and satisfying the traction boundary conditions,
on=fonly (57)

If the limit stresses at compression and tension are equal, then the objective
function in Eq. (55) can be written in terms of deviatoric stress tensor, and its principal

stresses (Strang et al., 1983). In continuum mechanics, the hydrostatic pressure changes
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the volume, and deviatoric stress causes the shape change. Therefore, only deviatoric part

of stress is used to calculate the deformation energy (‘72—2). The compliance objective

function (J,) written in terms of deviatoric principal stresses subjected to equilibrium can

be stated as follows:
mjng, = [ Ao?1+ lof a0 8)
Q

St.V.e=0inQ
on=fonly
Based on the our load path formulation (Tamijani et al., 2017; Tamijani et al.,
2018), the stresses are written in terms of load functions in Eq. (59). This reduces the
equilibrium equations from two to one, and the variables from three stresses (ay, 0y, 0yy)

to two load functions (y, and ).

o = 0, o = oY,

xy ox ' * oy
(59)

al,l)y alpy

i S

By using Eq. (59) the norm of stress and deviatoric principal stresses objective

functions are written in terms of load functions:
lo|? = of + 0] + 205, (60)

= |V¢x|2 + |V¢y|2

oy, oyP,\’ o \2 (61)
|01D|+|02D|=\[(ax—ay)2+4r§y=\[<all; +%> +4<alyy>

Then, the minimization problem of norm of stress tensor, in terms of load functions

becomes:
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pindu= | vk + 1w, 2 a0 (©2

x y

o 3,

S.t. e 3y

=0

Yy = gionly
¢y =gyonly
A=0onl,

For the stiffness based optimization, the formulation becomes:

N N G A AN
JB,WZ—LJ%*W) +4(55)

0y, 0y
S.t. Y + 9y

(63)

=0

Yy =gionly
Yy =g only
A=0onl,
To solve these two minimization problems, total variation of the Lagrangian must
be stationary which leads to Euler-Lagrange optimality equations. The Lagrangian
corresponding to the norm of stress (J;, and stiffness based optimization formulation (J,

are constructed as follows:

Py N tpy) (64)
dy

£y($ 1) = J|vwx|2+|va|2 (
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(65)
_ (0 9w\t (%Y
Lz(‘l’x,l/)y,ﬁ)—\[(E‘l‘W +4 3y
— % + %
d0x dy
and the Euler-Lagrange equations for £, and £, are:
0 oy (66)
0 % d ayx
— —A|+= =0
0x\ IV |2 + [V, |2 Oy \ VIViel? + Vi, |2
0y Oy
9 Ox 2 0y ~2|=0
0X\ IV 2 + Vi 12 | OV \ IV 2 + [V, |
Oy Oy _
dx dy
(67)
0y
9 29 i
0x 2 5
(%4 20"y 4 (%)
dy 0x ady
alpx + %
0 dy ox
+ a— =0
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asz + %
J dy = 0x
0x 2 2
(G4 20"y 4 (%)
dy 0x ady
; Oy
+— oy —A|=0
dy 2 2
(%4 20"y 4 (%)
dy 0x dy
o By _
dx dy

In order to solve the Euler-Lagrange equations, the boundary conditions are
converted from stresses to load functions (i.e. Py, and 1) as elaborated in the following:
on=f

Ox ny] "x] _ fx]

Oxy Oylinyl — |f,

68
0, 0y (©%
dy  ox Tlx] _ fx]
L M T
dy 0x

The vector normal to the edge is n = (n,, n,) and the vector tangent to nis t =

(—ny, ny), thus Eq. (68) is rewritten as:
Vl/}x-t _ fx
it = 5]
s 69
wx(s)=jfxds on Iy (©9)

Py (s) = j fyds on Iy
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On Dirichlet boundaries, no boundary conditions are specified for 1, and i,,. The
boundary conditions for third variable, Lagrange multiplier A, on the whole boundary is
A = 0. The two sets of PDEs in Egs. (66) and (67) along with the boundary conditions of
Eq. (69) are solved using finite element method with 6 nodded triangular elements to
determine the optimized load functions (i.e. ¥, and v,,) that lead to minimized
deviatoric and stress norm objective functions. Next, the optimal density distribution for
rank-two laminates in terms of principle stresses is as follows (Allaire, 2001; Jog et al.,
1994):

loy | + |0'2|) (70)
V2EI

p = min (1,

The principles stresses are derived from optimal stress tensor o using the optimized
load paths, 1, and ¥, and Eq. (59. Lagrange multiplier [ is for enforcing the volume
constraint (Allaire, 2001; Jog et al., 1994) . If [ is very large the density distribution will
represent the Michell structure (Allaire et al., 1993).

The developed optimization formulation based on load paths lead to two important
observations. The first one is as follows:

If the boundary conditions are solely represented in terms of traction, the
minimization of squared von Mises stress will be equivalent of minimization of squared
norm of stress.

Squared von Mises stress can be written in terms of squared stiffness based

objective function, and determinant of stress tensor:

Ja = j o2d0 =j (o1l + 10,102 = 2 0105 | — 01, 42 (70
0 n
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The first integrand in the right side of Eq. (71) can be written as norm of stress and

its determinant:
(o1l + lo:)? = lo|? + 2 |det (o) | (72)
Considering the load path functions ¥, and 1,, the determinant of stress tensor is

as follows:

det(o) = —

ox dy  dx OJy dx dy /) dy ox /

= — (7x(:k) ). (79y)

Therefore, the integral of det (o) is written as

j det(c) dQ) = j — (7x(.R)) . (7, )2 (74)
0 0
= j V. (¢xi?x(—|7¢y)) dn + j k. (Vx(=Vp,)d0
0 0
The second term in the right side of Eq. (74) is zero, and the first term is written as:
oy 5)

LV' (ke x — Vi, )d2 = jp(wxﬁx(—vlpy)).ﬁdr = jrlpx o dr

The last integral is on the boundary and it is dependent on ¥, and i, on the
boundary. When the traction boundary conditions are applied solely, the load functions
Y, and ¥,, are known on the boundary according to Eq.(69). Hence, the load functions
are not changing during the optimization because the traction does not change. For this
reason, the term | 0 det(o) df2 is not changing during the optimization, and it is called
null Lagrangian. Therefore, J, only depends on the norm of stress tensor and it is

equivalent of squared stress tensor norm minimization because all the terms on the right
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side of Eq. (71) can be written as det(o), i.e. det(o) = 0,0,. This conclusion is along
with those stated by (Allaire et al., 1993).

The second observation is : The difference between optimized load paths resulted
from norm of stress, and compliance minimization can be explained using Coarea
formula (Strang et al., 1983). Under certain conditions the optimized load paths for norm
of stress are shorter than the ones for minimum compliance, and vice versa.

Norm of stress minimization is,

min J; = j |a|dQ (76)
g Q

Replacing the stress tensor components ( g;; ) by load path functions (1., and )

using Eq. (59, and algebraic manipulations yields to,

77
min 9, = in | 19,12 + 17, 12 do )
Yxtby

2 2
= min [ 00 +y)\" | (00 T )\" ) 0%a By 0%y, o
Yy 0 0x ay Ox Ox ay ay
If the last term of the above equation is negligible in some parts of (2,
(78)

min gy = min [ 1706, +v,)d

Using the Coarea formula, the norm of gradient of any function (¥ = ¥, +¥,,) on

domain ) is equal to the sum of the lengths of its level sets y(y) as follows:

(79)

+00
pin 9= pin [ 9@+ w)idn = min [ y(b+ ) e

To minimize J,, according to Eq.(79) the lengths of the level sets of their sum

(¥ = P, + 1, ) must be minimized. This observation is dependent on the magnitude of
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0Py ad)y 0y 61,[)y
Jox 0x dy dy

which is equal to gy, (05 + 0y). If 0y, is small, or 0, = —0,, this term
is negligible, and the optimized load paths for norm of stress become shorter that the ones
for compliance minimization. A similar argument can be made for the opposite case,

when the compliance load paths become shorter if the term gy, (O’x + ay) + det (0)

becomes negligible.

4.2 Microstructure Construction

4.2.1 Principal Load Paths

It has been proven that the optimal microstructure is aligned with the principal
stress direction in (Pedersen, 1987, 1989). To construct the optimal microstructure, the
load functions, with their curls are in the direction of the principal vectors should be
found. Principal load paths are level sets of load path functions that are tangent to the

principal stress directions (= e*i + e”j) in the optimal design.

oy, P, (80)
—-——=¢e, —=e]

0x dy

iy, Y, (81)
———=e,, — =e;

0x dy

Since the gradient of 1, and ¥, are equal to a vector field in Egs. (80) and (81), it
means the vector fields are curl free according to Helmholtz theorem (Larson et al., 2013,
p. 347). However, the principal direction vectors are not necessarily curl free. In order to
find the curl free vector field, the principle directions are multiplied by e” in Eq. (82)

(Allaire et al., 2018).
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alpl Y r alpZ _ Y. r (82)
oY, X 0y, _ xor
oy A€ oy €

where r can be found by setting the curl of the principal vector field to zero as follows:
Vxe'(—e)i+efj)=0 Vxe'(—eli+elj)=0 (83)
After some algebraic manipulation, Eq. (83) will lead to Eq.(84),

Ve, +Vr.e, =0 Ve, +Vr.e, =0 (84)
where the projection of Vr on e; , Vr. e; is determined to be —Ve;. Hence, Vr can be
written as sum of its projections on e;, and e, as follows:

Vr=(-V.ep)e; + (—V.ey)e, (85)
To find r we minimize the following Lagrangian,

L= j V7 + (Vey)e, + (Vey)e,|? dQ (86)
Q

Using Euler-Lagrange optimality criteria leads to the following equation that is solved by
FEM.
Vir =V.((=Ve)e, + (—Vey)e,) (87)

The following Lagrangian £; is then minimized to obtain ¥;, and Y.

— al/}l Yar ’ al/)l x r)z (88)
Li—jﬂ(—ax—eie)+(ay eje" ) dQ

Lagrangian £; is minimized using Euler-Lagrange optimality criteria leading to
Eq.(89).
V2, = Vx(ee) (89)
The second issue with the principal stress vector fields is of it is not coherent and

the direction can change by m which leads to singularities in the vector field. To address
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this issue, the inconsistency in the flow of cell propagation is first captured to modify the
vector field. The edge labeling which is the dot product of the vectors of two vertices
identifies the irregularities in the local element (Hotz et al., 2010); if the product of all dot
products between pairs of vectors is non-positive, then the element contains degenerate
points; otherwise, if some dot products are negative, there is a  difference in orientation.
The edge labelings L(e;), l(ej), l(ey) are found for a triangular finite element mesh

with vertices i, j, k and edges e; e;, and ey (see Figure 4.2) using the following:

0if vy =0 (90)
l(ei) =< -1 lf Vj. Vg <0

1 if vy >0

/ vj

Vi €k
Figure 4.2 The principal vector directions and edge labeling on a finite element mesh

The next step is to interpolate the new coherent vector field after rotating some
vectors by m radians. The rotation of the vectors is ensured by multiplying the vectors to
the corresponding edge labels. The new vector field at any point (7, §) can be found as
follows:

Vnew (1, ) = Ni(1,§)v; + N;(n, Ol (ex) + Nie(n, $)1(e)) 1)

In Eq. (91), N;, N;, Ny, are linear finite element shape functions for 3 nodded

triangular elements, and [(e;), L(e;), [(ex) are edge labeling.
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4.2.2 Microstructure Dimensions

While the density distribution is represented for rank-two laminates in Eq. (70), the
fabrication of such microstructure using the existing 3D printing technology is
complicated because of different length scales. Therefore, the rank-two laminates are
replaced with square cells with rectangular holes (see Figure 4.3). Considering a unit cell
with unit thickness with a hole volume of a, a,, the density of the solid area is:

1-aa,=p (92)

If the cell is aligned with the principal stress direction, then following equation can

be derived,

oy _ o, | (93)
1-a,) (A-ay)

and a, and a, are determined by solving Egs. (92) and (93) simultaneously (Pantz et al.,
2008). To construct the cell with rectangular hole a, a, as seen in Figure 4.3(a), the
following set is used.

Y ={(x1,x,) € [0,1]? | cos(2mx;) > cos (m(1 —a;)) U cos(2mx,) 94)

> cos ((1 —ay))}
In set Y, the coordinates of any points in a unit square domain (x;, x,) are changing

from zero to one, and the cosine functions cos(2mx;) are constructing one period of a
cosine function as 2mx; changes from zero to 2m. Parts of the cosine wave that are more
than threshold cos ((1 — a;)) are solid parts of the structure, and the rest are void. The
threshold cos (m(1 — a;)) is varying between -1 to 1 as a; is changing from zero to one,

and creates different periodic square based on the value of a;.
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The periodic unit square cell in set Y, Eq.(94) is extended to a host of periodic cells
creating a lattice structure on domain D with periodicity € using set 2, as in Eq. (95).

X,

27tx2) (95)

Ny = {(x4,x,) € D | cos (2 ) > cos (m(1—a,;)) U cos(

> cos (t(1 —ay))}

Since a4, and a, vary with cell locations, the holes in the periodic squares have
different dimensions. Set (2, is creating a lattice structure in direction of x; x, coordinate
system. This set can be extended to a lattice structure on curvilinear directions 1,1, that
are the level sets of the principal load functions found using Eq.(89), as seen in Eq.(96).
In set (2,, the cosine waves are constructed along Y, , and 1, with periodicity € and the

threshold is based on the size of the hole a; and a,.

211y (x4, xz)) (96)

Oy = {0, %) €D |cos( ;

> cos (m(1 —a;)) U cos

2m, (xq, x2)
()

> cos (m(1 —ay))}

[y
: /
SN

aq ¢

(a) (b)
Figure 4.3 The periodic microstructure, (a) before mapping and (b) after mapping to the
principal directions
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4.2.3 Post-Processing

Some parts of optimal structures are not manufacturable due to the existence of thin
bars, and small members. These members can be removed or changed to manufacturable
members by post processing. The post processing used here has been used previously
(Allaire et al., 2018). A Heaviside function approach can also be utilized in the post-
processing (Groen et al., 2018). The minimum width is set to h,,,;,,. The size of the
original unit cells is €. After the projection using the principal vector field, the size of
each cell becomes h, = ee™". Hence the size of bars at each cell is (1 — a,)h, and
(1 — ay)h,. The geometry is modified based on how small the cells are, if the cells are
too small (h, < 2h,,,;,), they should be either void or solid: if a; < 0.5 then a; = 0 is

assigned, and if a; > 0.5 then a; = 1 is assigned. Whereas, if the cells are large enough,

h. > 2h,,;,, only the bars that are smaller than hsz are removed, and the bars with their

c

hinin
2h,

widths larger than 1 — are projected to 1. Figure 4.4 shows all the post-processing

procedure for two different regimes based on h., and 2h,,;,.

A
1- hmm/hc ]
- hc > 2hmzn
h/min/hc ]
T hc < 2hmzn
| 05 |
S — 3 —
SE S
g ~ g ~
< £ < £
| § [ £
-~ 5 -~ 5

Figure 4.4 Post-processing of the optimal design (Allaire et al., 2018)
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4.3 Numerical Examples

4.3.1 Square Plate Under Axial Load

The square plate under axial load (Figure 4.5) is selected to test the observation of
Egs. (71)-(75). According to Eq. (75) the determinant of stress tensor is not changing
during the optimization when only traction boundary conditions are applied. Hence, the
optimizing variables (i.e. ¥, , and 1) of objective function J, in Eq. (71) are equivalent
to ones for square of norm of stress when only traction boundary conditions are applied.

The optimized load paths are determined for | Q(|U1| + |0,1)2d2 as shown in Figure 4.6
(a), and (b). The minimization of [ |o |*d2 is carried out and optimized load paths are

plotted in Figure 4.6 (c), and (d). As can be seen in Figure 4.6, the optimized load paths

are identical for both cases.

-
-]
-]
-
-]
-]
-
-] —»
-]
-
-]
-]
-]
-
-]

Figur; 4.5 Axial tractions on a square plate
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Figure 4.6 Optimized lo(:g paths for [ (loy| + |o,])?d02 minimizatio(f,)(a) optimized load
paths 1y, (b) optimized load path ¥,,. Optimized load paths for [ |o'|?d2 minimization,
(c) optimized load path 1, (d) optimized load paths ,,.
4.3.2 Cantilever Beam with Load At the Center

In this example, the optimized load paths are found by minimizing the compliance,
and norm of stress subjected to the equilibrium for a rectangle cantilever beam with
length 2, and unit height and thickness. The non-linear system of PDEs that are derived
by Euler-Lagrange optimality criteria using Egs. (66), and (67) are solved using finite
element method. Second order polynomial shape function is used on 6 nodded triangular

structured mesh. In this model, 13,000 nodes and 6,400 elements are used.

The unit load f,, = —1 applied on the right edge, as shown in in Figure 4.7,

determines the boundary conditions on 1, using Eq.(69). The traction free surfaces on
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top, bottom, and right edge lead to constant ¥, and ¥, using Eq. (69). Since there are no
traction boundary conditions on the clamped edge, no boundary conditions are specified
for 1, and y,,. Lagrange multiplier 4 is zero on the whole boundary. Gauss-Newton
method takes 20 iterations to solve the problem with quadratic convergence.

The initial guess used to solve the non-linear PDEs ( Figure 4.8 (a), and (b)) are
determined by finding the load path in the fully solid design (Figure 4.7) using authors’
load function method (Tamijani et al., 2017; Tamijani et al., 2018). However, due to the
convexity of the problem, any initial load functions that satisfy the boundary conditions
can lead to the global optimal (Svanberg, 1981). After optimization, as seen in Figure 4.8
(c) and (d), the optimized load functions ¥, and i, become flat (i.e. Vi, = 0, and
Vi, = 0) in areas that the optimal stresses are close to zero.

In Table 4.1, the value of each objective function at the optimal for each
minimization, and its initial value are shown. As expected for norm of stress
minimization, the value of compliance is slightly higher than its value in compliance
minimization. This is the case for compliance minimization as well. However, both
values are significantly lower than the initial values. In Figure 4.9, the difference between
the optimized load paths for compliance and norm of stress is evident. According to the
second observation in Egs. (76)-(79), the length of the norm of stress optimized load
paths are reduced in regions at the center of domain {2 that g, (0, + 0,) becomes
negligible.

To construct the optimal microstructure, the optimal stresses are determined from
optimized load paths using Eq. (59. The derivative of i, and ¥,, are smoothed with a

radius of two element length using the weighted average filtering method (Guest et al.,
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2004). Principal stresses are also found from stresses, and Eq. (70) is used to determine
the homogenized density as seen in Figure 4.10(a). Module of elasticity is E = 1, and
Lagrange multiplier for volume fraction is [ = 20. As can be seen in Figure 4.10(a), the
density is high at the top and bottom of domain {2 because of the high stress values, and
gradients of load functions. Whereas, the low-density areas are located at flat load
function areas at the center and corners on the right edge seen in Figure 4.8 (c-f).

The dimensions of microstructure 1 — a,, and 1 — a, are determined by solving
Egs. (92), and (93) simultaneously as seen in Figure 4.10 (b), and (c). Each of them are
representing the solid parts of a periodic square that is aligned with its corresponding
principal stress direction. The higher g;, the higher 1 — a;. The areas with high 1 — a; in
one direction, and low in other direction resemble a solid square cell, while the gray areas
resemble the periodic microstructure with holes a, a,.

The next ingredient for constructing the microstructure is the optimal orientation
(Figure 4.11 (a), and (b)) which is proven to be the direction of principal stresses
(Pedersen, 1989). As seen in Figure 4.11 (a), and (b), the principal stress directions can
rotate by m and create a singular vector field. To solve this problem an interpolation using
Eq. (91) is used which removes the singularity and creates a coherent vector field seen in
Figure 4.11 (c), and (d). The coherency of the vector field is required to successfully
establish smooth principal load paths (¥, and 1,) and construct the microstructure.

To make the principal stress vectors curl free, a dilation field is calculated using
Eq.(85) to ensure solution of Eq. (89) are tangent to the vector field e"e;. Otherwise the
solution of Eq. (89) for 1, and ¥, would have a larger error, and would not represent the

vector field e e;, and e"e,. Principal load functions (y;, and 1) are calculated using
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finite element method on a finer mesh with 25400 elements, and 64000 nodes using Eq.
(89) as seen in Figure 4.12.

Level sets of 1,, and 1, are principal load paths that create the Michell like lattice
as shown in Figure 4.13. Using load functions 1);, microstructure dimensions a;, and Eq.
(96) the optimized structure is determined as seen in Figure 4.14 with 500,000 nodes and
250,000 elements to achieve a higher resolution. Post processing of the structure to
remove the non-manufacturable features is carried out by removing the features smaller
than h,,;,, = .03€ for all examples in Figure 4.14.

As expected the microstructure is aligned with principal load path directions seen

in Figure 4.13, According to Eq. (96), the regions with no holes a; = 0 will make the

M) becomes always larger than

cos (m(1 — a;)) to become -1, and cos (

cos (m(1 — a;)) which makes 2,, solid. Different periodicity or cell size € are used in
Figure 4.14. Fine microstructure seen in Figure 4.14(a) has a better stiffness than a coarse
one seen Figure 4.14(b).

Table 4.1 Objective function values at optimal for each optimization

I =j|o|dn 7 =j<|af| + o2 da
Q Q

Values of J;, and J,after 6.52 7.36

min J, =f|a|dQ
g Q

Values of J;, and J,after 6.63 7.17

mjng, = [ Ao?1+ lof a0
Q

Initial values of J;, and [, 7.41 8.02
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Figure 4.7 Cantilever beam with point load at the center of right edge
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Figure 4.8 Initial load functions at the beginning of optimization, (a) load function in
x direction, 1,4, and (b) load function in y direction, ¥,,;, Optimal load functions after

optimization, (c) optimal load path v, (d) optimal load path 1,,. Optimal load functions
after stress minimization, (¢) optimal load function ¥, (f) optimal load function v,
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Figure 4.9 Initial load paths at the beginning of optimization, (a) load path in x direction,
Y1, and (b) load path in y direction, 1,1, Optimized load paths after compliance
optimization, (c) optimized load path 1y, (d) optimized load path 1,,. Optimized load
paths after stress minimization, (¢) optimized load path 1, (f) optimized load path v,
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Figure 4.10 (a) The homogenized density for minimum compliance, Microstructure
dimensions (b), 1 —a; ,and (¢), 1 — a,
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Figure 4.12 Principal Load functions ¥;, and ¥, for minimum compliance
Figure 4.13 Union of principal load paths for minimum compliance y¥; N P,.

Figure 4.11 Principal stress direction before reconstructing to coherent vector field for

compliance minimization (a)
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Figure 4.14 Optimized structures with two different periodicities (a), € = 0.8, and J, =
82.64, (b) e = 2.86,and J, = 84.23.
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4.3.3 L-Shape Structure

Same as previous example, the optimized load paths are found by minimizing the
compliance, and norm of stress subjected to the equilibrium for a L-beam with unit
length, height, and thickness. In this model, 5000 nodes and 2500 elements are used to
solve Euler-Lagrange optimality criteria Egs. (66), and (67).

The unit load f,, = —1 applied on the center of right edge in Figure 4.15
determines the boundary conditions on 1, using Eq.(69). Gauss-Newton method takes 30
iterations to solve this problem with quadratic convergence. The initial guess used to
solve the non-linear PDEs (Figure 4.16 (a), and (b)) are determined by finding the load
path in the fully solid design. The optimized load paths for compliance are shown in
Figure 4.16 (c), and (d).

To construct the optimal microstructure, module of elasticity is E = 1, and
Lagrange multiplier for volume fraction [ = 70 are selected. The optimized density and
the dimensions of microstructure 1 — a,, and 1 — a, are shown in Figure 4.17. Using
load functions ¥; and microstructure dimensions a;, the optimized structure is
determined as seen in Figure 4.18. Post processing of the structure to remove the non-
manufacturable features is carried out by removing the features smaller than h,,;,, =
.05€ for all examples in Figure 4.18. Figure 4.19 shows the convergence of
microstructures to the homogenized design for various sizes (€). As expected, the higher

stiffness is achieved for lower €.



Figure 4.15 L-shaped beam with load on the right edge at center
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Figure 4.16 Initial load paths at the beginning of optimization, (a) load path in
x direction, ¥4, and (b) load path in y direction, 1,1, Optimized load paths for
compliance minimization, (c) optimized load path ,.
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Figure 4.17 (a) The homogenized density for compliance minimization, Microstructure
dimensions (b), 1 —a; ,and (¢), 1 — a,

(a) (b) (c)
Figure 4.18 Optimized structures for minimum compliance with three different
periodicity (a) €=0.15, and [J, = 200, (b) €=0.3, and J, = 255, (¢) €=0.5, and J, = 330
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Figure 4.19 Change in objective function J, based on size of microstructure €
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4.3.4 Power Pylon structure

A Power Pylon which consist of two horizontal, and vertical 2 by 1 rectangles is
considered here. For Power Pylon, first the initial load path (¥, , and ¥,,; ) are found as
seen in Figure 4.21 (a), and (b), then the compliance minimization is solved by using
Euler-Lagrange optimality conditions to find the optimized load paths. Using the
optimized load paths (¥, , and 1) ( Figure 4.21 (c), and (d)) the principal stresses and
principal directions are calculated, and the coherent construction is carried and the
principal load functions and load paths are calculated as seen in Figure 4.22. Next, the
dimensions of the periodic microstructure are calculated using Egs. (92), and (93), as
seen in Figure 4.23, and the optimized structure is constructed (Figure 4.24).

An important numerical step in nonlinear optimization is the choice of parameter
82, which plays a significant role in convergence of Gauss-Newton method. Since the
integrand of compliance objective function is the sum of absolutes of deviatoric principal

stresses,

97)

oY, oY 2 oY 2
D D| _ X y y
|q|+ka|—j<m,+?g> +4(a7

derivative of this term does not exist at zero. To fix this issue &2 is added under the

square root,

(98)
AL AN Y
52 —_ - 4 -
\[ * < dy * 0x * dy
The value of §2 affects the convergence rate based on distance to the solution a

(e; = x; — a) in iteration i of any function f(x) is as follows (Gerald, 2004):
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1@ (99)
2@ “

€i+1 =

For f(x) = V82 + x, the convergence rate %f @) would be . Hence, the

1

() 8§2+x
higher 62 the lower e;,; the distance to solution a, which means a faster convergence as
seen in Table 4.2. The value of §2 cannot be increased more than needed for timely
convergence because it will change the nature of the objective function as §2 becomes
much larger than additional terms in Eq. (98). Hence, to achieve the correct solution of
optimization problem (J, with a reasonable number of iterations, §2 must be kept as small
as possible. For example, in Table 4.2 choosing 62 = 0.04 is a reasonable option.

Table 4.2 Rate of convergence based on §

52 Number of iterations -
0.01 78 60.83
0.04 42 60.75
0.09 28 60.70
0.16 27 60.67

vvvvvvvvvvvvvv

Figure 4.20 Power Pylon with applied loads and boundary conditions
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Figure 4.21 Initial load paths at the beginning of optimization, (a) load path in
x direction, ¥4, and (b) load path in y direction, 1,1, Optimal load paths for compliance

minimization, (c) optimal load path v, (d) optimal load path 1,,.
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Figure 4.22 Union of principal load paths y¥; N ,.
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Figure 4.23 (a) The homogenized density, Microstructure dimensions (b), 1 — a; ,
and (¢), 1 —a,
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5 CONCLUSIONS

A new method for load flow determination in two-dimensional space was
developed by taking advantage of the load function partial derivatives being equal to the
stresses and satisfying the equilibrium equation automatically (similar to the Airy stress
function in solid mechanics). The total derivative of load functions is equal to the amount
of load flow similar to streamlines in fluid mechanics. No assumption for loading and
boundary conditions are made in theoretical or computational development. The load
paths for various plane stress structures with different boundary conditions and loadings
were determined. The results were compared with those available in the literature.

The four main advantages of the proposed load path method are its computational
efficiency, requiring only a single structural analysis; computational simplicity, which
makes possible the easy integration into a computational software; elimination of post-
processing to show the load contours, and its capability to obtain both load paths and the
amount of load flow.

Secondly, the load function for plate and shell structures was formulated and
determined. Load function was used to find the trajectory of load flow and the amount of
transferred load between level sets (contours) of the load function. The expansion of the
load function method in-plane elasticity to plate and shells is carried out using the
Helmholtz decomposition. Because of the existence of the source term (pressure) in
equilibrium equations, similar to body force in plane elasticity, it is necessary to
decompose the resultant stress field to solenoidal and irrotational parts. It has been shown
that the solenoidal part represents the load function in plates and shells and for the special

case of plate, the irrotational part is equivalent of the moment transfer in the structure.
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Finally, the closed mathematical form of the load functions in two-dimensional
space was used as a tool to formulate optimization problems in terms of load functions.
This approach has distinct advantages as it reduces the number of variables and
constraints in compliance and stress minimization problems leading to computational cost
savings. The stresses are replaced with load functions that represent the load transfer in x
and y directions. Since the load path functions satisfy the equilibrium equations, the
replacement reduces the number of optimization constraints, as well as the number of
variables. Using the optimized load functions, the optimal stresses, principal stresses,
principal directions, and density are determined.

The dimensions of the square periodic microstructure were also determined using
the optimal density and optimal principal stresses. The orientation of the periodic
microstructure was determined using principal load paths that are aligned with the
principal stress eigenvectors. Because of singularities in the principal stress vector field
(angle rotation by ), an interpolation scheme is used to reconstruct a coherent vector
field. The numerical scheme to determine the principal load paths considers the principal
vector field curl free. Since this is not always the case, a dilation field is used and
multiplied by the principal stress field to obtain the curl free component. The optimal
structure is constructed using the principal load paths and the microstructure dimensions
using cosine wave functions. The resulting optimal structure resembles the lay-out in the

Michell lattice design.
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6 RECOMMENDATIONS FOR RESEARCH

Considering the computational efficiency of the load path optimization method, it
can be extended to 3D structures. Since the load path function that satisfies equilibrium
does not exist in 3D, the optimization with respect to stresses can be done directly
without using any load function in the optimization process. The post processing and
determination of the periodic cubic microstructure can be carried out in the same manner
as in 2D. The author intends to expand this method to 3D wing structure in the future to
show the application of load path optimization in aerospace structures.

Other future work would be using other microstructure geometry, such as hexagon
or triangle, for structural optimization. The main challenges for non-square
microstructures are that the number of variables would increase for non-regular
microstructures. However, since this method performs the optimization on a coarse mesh,
and then projects to the fine mesh, the computational burden of adding variables is not
significant.

Another extension of this work could be using the level set method with load path
and variational methods as explained in Appendix for optimization. In this scheme, the
load functions would be the new variables and the boundary of the structure is varied
based on the sensitivity of the objective function (e.g, compliance). The sensitivity of the
objective function determines the variation of the level set function which propagates

using the Hamilton-Jacobi PDE.
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APPENDICES
To develop load path based topology optimization, mastery of some structural
optimization methods was required. The author explored truss optimization, and level set
gradient based optimization, and evolutionary optimization.

A. Truss Optimization

For the minimum weight design, the weight of the structure is minimized subject to
the constraints such as maximum allowable stress and the equilibrium equations of the

truss. The mathematical representation of this optimization scheme is as follows:

m

mlnz a]-l]-

j=1

n
i=1
—a’aj < q] < a’a]-

In these equations, j represents the index for bars, i is the index for number of
vertices, a; is the cross section of each bar, l; is the length of each bar, g; is the load in
each bar, n;; is the directional cosine matrix of each bar, f; is the applied load on each
vertex, and a is the maximum allowable stress in each bar. The variables in this problem
are the cross section area of each bar and this problem is linear meaning that the objective
function and the constraint are linear. Hence, this problem is convex and a global optimal
can be determined using linear programming. The results are as follows and they are

identical to the results in the literature (Bendsee et al., 1994; Bendsoe et al., 2003).
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Figure 6.1. Minimum-weight optimal truss in 9 by 5 grid verified based on
(Bendsee et al., 1994; Bendsoe et al., 2003)
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Figure 6.2. Minimum-weight optimal truss in 6 by 9 z;grid verified based on
(Bendsee et al., 1994; Bendsoe et al., 2003)

Figure 6.3. Minimum-weight optimal truss in 9 t;y 13 g;id verified based on
(Bendsee et al., 1994; Bendsoe et al., 2003)
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Figure 6.6. Minimum-weight optimal truss in 9 By 25 gfid verified based on

1994; Bendsoe et al., 2003)

(Bendsee et al.,
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B. Evolutionary Structural Optimization Using Level Set

The formulation of level set method is derived in this section. If we consider the
high dimensional surface ¢ (x,y), the zero-level set of this function will create a curve
on z=(0. The topological changes in this curve are generated by moving the higher order
function or by changing the speed of the higher order function. In other words, the zero
level set curve of this function will change or move when ¢ (x, y) moves or changes.
This representation has great advantage over conventional front propagating methods
(Sethian, 1999). It can determine sharp edges and preserve the geometry in corners,
whereas using the conventional methods of front propagation the corners and sharp edges
will disperse with time. The initial value formulation of level set is as follows:

¢+ FIVp| =0

In this equation ¢ is the higher order level set function, F is the velocity of the level
set function at every point on the level set function, |V¢| is the direction of vector normal
to the surface at each point on the level set function, and t is the time. The initial
condition for this PDE is the following:

¢(t =0,x,y) is given

The initial conditions are usually the initial shape of the structure or the holes in the
structure at the first step of optimization. The level set is initialized based on the initial
shape of the structure. Usually the signed distance function is used for initialization. The
areas that are void or holes are having a negative value of distance to the curve, and the
areas that are not void have positive value of distance to the propagating curve. The

initialization is as follows:
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{ ¢t =0,x,y) =d(x,y) d>0 notwvoid
¢(t=0,xy) =—-d(xy) d<O0 void

The distance function d(x, y) is the distance between every point in the x-y plane to
the propagating front or the curve that creates the hole. An initialized level set function is

shown in the following:

Figure 6.7 The level set function is shown in green and the zero level set is shown in red
Now that the level set is initialized, this PDE, ¢, + F|V¢| = 0 must be solved.

There are various methods for solving this Hyperbolic PDE such as forward in time
backward in space (FTCS), Lax method, Lax-Wandroff, MacCormeck method. These
methods cannot capture the shape of shock or sharp edges of the propagating front. In
other words, these methods do not consider the direction of information propagation. The
Upwind method can capture and determine these sharp edges; hence upwind method is
used to solve the level set PDE. The discretizing scheme of the PDE based on upwind
method is as follows (Sethian, 1999):

m = ¢ — At(max(

F;;,0)V* + min(F;;,0) V™)

where,

vt —maX(DU ,O) +m1n(DU ,0) +maX(DU ,0) +m1n(DU , )

V- = maX(DU ,O) +m1n(DU ,0) +maX(DU ,0) +m1n(DU , )
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where,
D" = (¢ij — bi—1,j )/A%; DfF* = (g1 — P )/Ax
Di;y = (¢ij — buj-1)/4y; D;;y = (¢ij+1 — buj) /Ay
This discretized scheme is used to find the level set at each time step and the zero-
level set can be found which represents the propagating front. The Courant-Fredrick-
Levy (CFL) conditions of stability must be satisfied in each time step to have the accurate
and relevant results. The proof of CFL can be found in numerical method books (Gerald,
2004). The CFL condition for level set can be written as follows:
max (F)At < Ax
In other words, the speed of propagation of level set must not exceed passing one
element on mesh at each time step. This ensures the numerical stability of the level set

function. A simple example of the level set propagation is shown in the following:

OO0

(a) (b)
Figure 6.8 The evolution from (a) to (b) of the level set function (black), and the
propagating front (red)
As can be seen in Figure 6.8, the zero-level set of the higher order 3D level set
function on left is represents the geometry in 2D. Another important step is to reinitialize
the level set in every five time-step to avoid flat or steep level set. Reinitializing will

make the gradient level set function one by using the distance function as level set every

five time-time step (Sethian, 1999).
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Velocity Extension of Level set method

In previous sections, the level set formulation and numerical scheme to solve the
Level set hyperbolic PDE was discussed. In this section, the Level set velocity F is
discussed. The velocity of the level set depends on how the physical problem is related to
level set. For example, in fluid dynamics the level set velocity is the velocity of the fluid.
In aircraft collision avoidance, the velocity is the velocity of the aircraft. In structural
optimization, the velocity can be the von Mises stress (Sethian et al., 2000) or the
sensitivity of objective function to the topology (Allaire et al., 2004). In this research, I
have used the von-misses stress as the velocity of level set as it has been used by Sethian
to verify the results. To calculate the von Mises stress at each time step the equilibrium
equations are solved using finite element method and the von Mises stress is calculated in

the design domain.
—.U(zuxx T uyy + vxy) - A(uxx + vxy) =f*
—H(Zvyy T Uyy + Vxx) - A(uxx + Vyy) =f’

where,

1= Ev
S @A+v)(1-2v)

_ E(1-v)
K=+ na-2v

Also u and v are displacements, f* and fV are external forces, E and v are module
of elasticity and poisons ratio. After solving these equations using finite element method,
the von Mises can be found using the following:

u(Vu + vul)
o=

5 + Atrace(Vu)l
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Then the velocity of the level set is chosen based on the von Mises stress. The
relationship is as follows. This relation is based on ESO. Basically, if the stress is higher
than a threshold, the level set front will propagate to increase the hole, and if the stress is

more than a threshold, moving the level set fronts backwards will decrease the hole.

o
F=1if 10 > m;" > Omin

Umax

> 10

F=0if 20>

o
F=-1if Opax > m;" > 20

Numerical Examples

Level set method was used to find the optimal topology using the ESO inspired
approach. The results are conforming to the ones in literature (Allaire et al., 2004;
Bendsoe et al., 2003; Sethian et al., 2000; Wang et al., 2003). All the aforementioned
literature use levels set method except one, which uses SIMP (Bendsoe et al., 2003). The
results agree with level set methods that used sensitivity analysis of compliance energy,
ESO approach level set, and SIMP method. It is important to mention, all of the level set
methods find the local optimal and finding the global optimal is not guaranteed because
these problems are non-convex. Only convex problems are guaranteed to reach global
optimal such as minimum weight problem in truss optimization. However, there are
several methods to find the global optimal of non-convex problems such as sequential
linear programing (SLP), interior point penalty, and moving asymptotes method (MMA)
(Svanberg, 1987). The level set optimal shapes that are shown in Figure 6.9, Figure 6.10,
Figure 6.11, and Figure 6.12 are all benchmark problems of topology optimization. A
concentrated load is applied on the right-hand side and the left-hand side is clamped to

create a cantilever plate.
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The most important factors in reaching the optimal in levels set methods are initial
conditions, the mesh density of level set function, and the order of elements in finite
element solver. Since level set method is based on a hyperbolic PDE with prescribed
initial conditions, the solution is highly dependent on the initial conditions and the
velocity of propagation. The initial shape can have multiple holes or single hole, with
different shapes such as elliptical, circular, square, rectangle, or any arbitrary shape. In
the author’s experience, there is an optimal value of number of initial holes that can lead
to the optimal design faster than others. Another important factor is the speed of level set
which is based on the stress in the structure. The speed must be chosen in a manner to
satisfy the CFL conditions to maintain numerical stability of level set. If the stability is
not maintained, the level set behaves abnormal with abrupt changes.

The other important factor is the density of the mesh on the level set function; this
is the mesh that the value of level set function is determined on. This mesh is different
with finite element mesh, and ensures the accuracy of the level set function and
consequently the zero-level set which is the propagating front. The order of finite element
that is used to calculate the structural response is essential to calculate the stress
accurately. Using the quadratic element versus linear elements make a lot of difference,
and quadratic elements ensure the convergence to the optimal design.

The differences between author’s approach and Sethian’s approach (Sethian et al.,
2000) are as follows. First, the outer boundary of the rectangle design area is not
changing in author’s approach and through these simulations and results it has been
proven to reach to optimal. Second, in author’s approach there is no new hole generation,

and the holes are the evolution of the initial holes and no new holes are added. This also
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has been proven to reach the optimal design. Third, Sethian used immersed method to
calculate stresses and I used finite element method. Forth, Sethian uses narrow band level
set, whereas, I used the original levels set. Fifth, in author’s approach is reinitialized and
Sethian does not reinitialize the level set because of using velocity extension method.
When velocity extension is parallel to the boundaries the level set does not need re-
initialization. The similarities are using level set and ESO approach together for topology

optimization.

Figure 6.9. The optimal topology of a 8 by 16 cantilever plate under concentrated
load at the tip verified (Allaire, Gournay, et al., 2005)
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Figure 6.10. The optimal topology of a 8 by 12 cantilever plate under concentrated
load at the tip (Bendsoe et al., 2003)
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Figure 6.11. The optimal topology of a 1 by 3 cantilever plate under concentrated
load at the tip (Wang et al., 2003)
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Figure 6.12 The optimal topology of a 2 by 1 cantilever plate under concentrated
load at the tip (Sethian et al., 2000)
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C. Gradient Based Topology Optimization Using Level Set

The optimization problem can be posed as follows. The objective function J can be

written as follows (Allaire et al., 2004):

]=j Jwydx+ | l(v)ds
Q

aQ

The constraints are as follows:
—V. (Ae(v)) =f
v=0onIl)

Ae(v)ii = gonTy

L(Q,v,q,A,1,) = j Jwydx+ | l(v)ds
Q E1)

V. (Ae(v)) =f
j—qV. (Ae(v))dx = [ qfdx
Q

Using integration by part and divergence theorem:

j—qV. (Ae())dx = —[ V.(qA(e(v))dx + [ VqA(e(v))dx
Q

—LV. (qA(e())dx = _jr

qA(e(w))it ds — j qA(e(v))it ds
I'p

N

Hence,

J; qA(e())ii ds + [ VqA(e(v))dx=[ qfdx

Hence, the equilibrium constraint can be written in week form as follows:
fFN qA(e(w))ni ds + frD qA(e(w))ii ds + Jq e(@A(e(v))dx= Joafdx

Replacing the Neumann boundary conditions in the above equation.
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(Ade(v)i—g) =0
fFN qgds + frD qA(e(w))i ds + Jq e(@A(e(v))dx= Joafdx

The Dirichlet constraint can be written as follows in week form as follows using the

Lagrange multiplier:

Avds =0
I'p

aq

Using the Cea’s example (Céa, 1986), you can see that ; = — o

frD Adlvds = — fFDAVq vds = — fFD Ae(q) vds

We derived The Lagrangian as seen above
The next step is to find the derivative of Lagrangian with respect to the variable u
and the Lagrange multipliers.

The Lagrangian after the above calculations is as follows:

L(Q,v,q) =jj(v)dx+
Q

),

The next step is to find the derivative of Lagrange with respect to the variable v and

I(v)ds + [ Ae(v).e(q)dx — j q.fdx
E1) Q

q.gds — j q.Ae(v)l + v.Ae(q)nids
r

N D
the Lagrange multiplier g.

The Fréchet derivative is defined as follows:

oF F(A + pB) — F(A
<OF B P B) = lim AT PR —FW)
d0A p

p—0

We use the Fréchet derivative concept to find the optimality conditions.
Basically, we are perturbing variable A in the direction of Vector B, and we find

the derivative in the direction of vector B.
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Let’s find the derivatives with respect to q (Lagrange multiplier) term by term as follows:

F=gq.Ae(v)n

oF lim (F(q +he) — F(q)) [ Ae(v).e(q + hd)dx — [ Ae(). e(q)dx

Since,

Vv+VTv
e(v) = ————

where e is a linear operator,

V(g+h$)+V™(q+hd) Vq+hVe+Vq+hvTe

e(q+he) = 5 > = e(q) + he(¢)
Replace it in Fréchet derivative:
[ Ae(v).e(q + h(f;)dx — [ Ae(v).e(q)dx _ [ hde(v)e(¢)dx _ [ Ae(v)e(d)dx

h h

Let’s simplify it more,

vw+ Vv Vp+ VT
v v)(fb (0]

A dx = [ A
jﬂ e(v)e(¢)dx = [ A( 5 5

We can only calculate the following term the rest are similar to the following by

using integration by part:

jAVqubdx = j (v(vv ) — Vv ¢)dx = j Vvqb.r_ids—jvzvcpdx
Q Q r Q

j7v¢.r_ids—jl72v¢)dx=j l7v¢.1_ids+j
r Q r

N I'p

Vvg.nds — j Vv ¢ dx
Q

Let’s find the derivative of other terms.

F, = _j q. fdx _j q.9ds — | (q.A(w)n + v.Ae(q)n )ds
Q I'n I'p

0F, ) ) ] ]
< %,4) >= jﬂqﬁ.fdx I1Nq§.gds jFD(p.A(v)n + vA(e(¢p)n
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Adding all the Fréchet derivatives together yields the Fréchet derivative of the Lagrangian

LAY or o
<o ®>=<The>+< ¢ >=

—jq,').fdx— ¢.gds
Q Ty

—| ¢.A(w)n + vA(e(qb)r_ij Vve.nids +j Vve.nds
Ip r

N I'p

—jV. (Vv)¢ dx
Q

dp(Vv —g)ds + j Vv. ¢

I'p

= j V.(Vvv) — f) pdx +
Q

In

—j Vv. p— | vVepnds =0
r

D I'p
We can do the same for V7 v and will get the same results then we can add the
results together and find the same equation for e.

Now let’s find the Fréchet derivatives with respect to variable v (displacement)

L(Q,v,q) =jj(v)dx+
Q

),

Let’s find derivative for the first term

I(v)ds + [ Ae(v).e(q)dx — j q.fdx
E1) Q

q.gds — j q.Ae(v)l + v.Ae(q)nids
r

N D

Ji jﬂ](V) x
Vo @ e @) (1) ) @) 09) )
ov h-0 h 5
= j]’(V)d)dx
Q

Let’s find derivative for the third term.
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vv+vTy

Note: Since strain is e(v) = we can find the derivatives for Vv and VT v,

and then add them and divide by 2. Hence here we just show the procedure to get

derivative of Vv. V(q)
] = j V(v).V(q)dx
Q

] . J V(v + hp)Vqdx — V(v)Vqdx Li_r}ré J,V(he)Vq
< 6_v'¢ >= }ll_r)r(l) . = . = jQquVq dx

The next term is qVv

Its Fréchet derivative is as follows:

Ji =j qV(v)dx
Q

a] 1i fﬂ V(U + hd))qu - V(U)de }ll—r}?) fﬂ th(¢) + qVU — QV'U
v hl—r>r(1) h = .

= jﬂq Ve dx

After adding all the derivatives of all the terms of the Lagrangian, the derivative of

the Lagrangian can be written as follows:

< oL P >= j J(Wedx + | U'(w)pds + j VoVp — | (Vo + ¢pVp) nids
v Q Q

a0 I'p

Now let’s work on the second term.

LquVde = jﬂ \7(¢|7p)dx—jﬂ¢l72pdx

= j ¢l7pds—j ¢V?pdx = | ¢Vpds + ¢|7pds—j¢l72pdx =
r Q Q

I'p Iy

Then,
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oL
<5y 8 >= | W - 7. p)ax
+ | U'(wp—pVends+ | U'(w)p + ¢pVpiids

I'p I'n

To find the adjoint state the derivative of the Lagrangian must be zero. Hence,

j'@) ="V.(Vp)
dl'(w) =pVe
U'(u)=-Vp

From the last two equations, we get:
—¢Vp =pV¢
Hence,
—pVp —pVe¢p = 0 hence, V(pg) =0, fr ppds = 0,hencep = 0onT
There for the adjoint state can be found from
j'u)=V.(Vp) onQ
p=0onTl

Also from

U'(w)p + ¢Vprids =0
Iy

We get
Vpni = —1'(u)
Converting all V'p to Ae(p) we get,
j'(w) =V.(Ae(p)) on Q
p=0onlIp

Ae(p)n = —1'(u) onTy
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Now according to adjoint sensitivity formulation we need to find the derivative of
the Lagrangian with respect to shape (2,
J(Q) = L(Q,u(), p(2)
The Fréchet derivative of J with respect to Q in the direction of vector 8 is,

JL(Q,u,p)

J@©) ===

6)
To get the derivative of the Lagrangian we need some more knowledge.

The Lagrangian is as follows:

L(Q,v,q) =jj(v)dx+
Q

),

It can be proven that the shape derivative of Lagrangian is as follows:

I(v)ds + [ Ae(v).e(q)dx — j q.fdx
E1) Q

q.gds — j q.Ae(v)nl + v.Ae(q)nids
r

N D

L

= j 0.n(j(w) + Ae(u).e(p) — p.f)ds + j H.n(al(u) + HIl(u)) ds
20

P on

d9(g.p) oh
—jFNB.n< In +Hg.p ds—jF 9.n(%+Hh)ds

D

Where His V.n , and h = u. Ae(p)n + p. Ae(u)n
To prove the above Lagrangian the following must be proven.

Assume we have a function on the domain D (Simon, 1980),
J0) = [ cuy
D
Another function that

mm=Lwa»
D
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If we perturb or change the domain D by a perturbation vector of 8, then these

integrals will change to new domain (I + 6)D,

0= cao)
(1+6)D
KO =[G
(1+6)D
Since the new domain after perturbation changing with perturbation 8, when
getting the derivative with respect to 8 from the integral J(8), the derivative can not enter
the integral if the domain is a function of 6. Hence, the domain needs to change to the

original domain or Lagrangian domain from Eulerian domain.
J(6) = j C(u(9)) =j C(w(®)).(I + 6)Jac( + )
(I+6)D D

Now that we converted the domain to Lagrangian we can take the derivative into
the integral hence,
We use the chain rule and because the derivative of the Jacobian is V.7 in which t

is the perturbation vector,

a(c(u@@).(1+eo
a/(8) ) j ( (u(8)). ¢ )) 07+ C(u(0)V.T

96 7= %
Let’s calculate the derivative of Jacobian here, since the Jacobian represents the
following matrix of transformation from one coordinate to another, from x to x’
coordinate system, in which x is the Lagrangian coordinate and x' is the Eulerian.
X1 =x, + 1,0
Xy = Xy + T30

The Jacobian is determinant of F (i.e. the transformation matrix),



dxy  9xy d(x14T1h)  d(x1+T h) harl haty
_6_x{ __|9x1  0x, dxq 0x, 6x1 0x,
Toxj  |oxh axg d(xa+T5h)  O(x2+T2h) ha‘fz 4 o
0x; 0Ox; 0x4 0xy 6x2
J = det(F) = (1 N harl) (1 N harz) B (harz) (harl)
d0x, dx, dx; / \ 0x,

If there is no transformation the Jacobian will be as follows:

dx; 0xq

a_xi'_ dx; O0xy| 1 0]
0xj 0%, 0xp| 10 1

dx; O0x,

F0=

Jo = det(Fp)=1

Frechet derivative of the F in the direction of vector 7 is,

() e ()1

7] . det(F det(F

26’ h—)O h h—>0 h
61.'1 6‘[2
_J’-_ .
6x1 axz V T

Now going back to the derivative of the integral over the domain,

a(c(u@®).u+eo
w(0)1=j ( (u(®).( + )) (0 + C(u(0)V.T

06 06
Let’s calculate the first term using chain rule. Since this term is in Eulerian
coordinates C (u(@)). (I + 6) , its derivative with respect to 8, can be written as its

derivative with respect to theta, plus its derivative with respect to the Eulerian
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coordinates multiplied by the derivative of the Eulerian coordinates. You have learned it

in continuum mechanics.

aolCcu(@)).d+6
( (u(®). U + )) (O)T=W(O)T+T. VC(u(0))

00

Also the first term of the above equation is as follows:
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o(c(w®))
00 ©

_ac ou(0)
T ou 96

_ac

0T =—1u'

)T ou

a]a((f : Ol fD Z—iu' +7.7C(u(0)) + C(u(0))V.1

The theory is Proven.
Now finding the derivative of integral on a surface in Lagrangian domain (initial

shape coordinate system).
kD) = [ o)
aD

In terms of the perturbation 6, in the Eulerian domain (after shape is perturbed by 6

to (I +6)D,
K(0) = j G(u())
a(1+6)D

... 0K . . . .
To get the derivative S Since the domain is changing with 8, we can not take the

derivative inside the integral, so we first change the Eulerian domain to Lagrangian,

hence we need to multiply the integrand to the Jacobian of surface.
K(9) = j G(w(®))(1+ 0)]acsp (I + 6)
aD

Now the derivative in the direction of T 1s calculated as follows:

0)t

ok 0(6w®)U+0)acy +0))
= O = L D — (

Using the chain rule,

oK 2 (6(w®)a+9)) d(acop(l +6))
=5 (07 = L ) = (0)T + 5 G (u(0))
9(Jacap(I+6))

It can be shown that the 5 = Vyp. (7)
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Also from continuum mechanics we know that the Jacobian term on the surface is

. . ax; : . . .
Jacyp=Jacp (F~1)T in which F = a;;' , and x; is the Eulerian coordinate system and X;is

Lagrangian.
Also in continuum mechanics, we have learned that the,

Vip. (1) =V.t—1in.n

dlG(ul@))d+6
Z—S(O)T=j ( (u(@)( )) © +6(]acaD(I+9)) 6(u(0))

T
D 26 26

d(G(u(@))(I+86)
- ja ( ( ) ) (0)T + Vap. (1) G(u(0))

N 20

Using the chain rule, we can right the partial in Eulerian in terms of partial in Lagrangian,

0(6(u(®).U +0)) oy = 200®))
a6

30 (0)t + 7.VG(u(0))

Also, using the chain rule

0(6(w(®))
00 ©

3G 9u(6) 3G

0)r=—1u'

)T =50 50 ou

oK aG
%(0)1 = LD%u’ +7.7(G(w(0))) + Vsp. (1)G (u(0))

Now we decompose the V(G (u)) into normal and tangential components according

to the following equation:

Vopg =Vg — n@
on
Where g is the level set of §.
You can see this in the following example.
g:x>+y*=1

G:Z=x*+y%2-1
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As you can see g is the zero-level set of g,
Vap 8 = 2x1+ 2yj

Vg =2xi+2yj—k

g
< - _k
n on
As can be seen the equation is satisfied.
.09
Vog =Vg—no-
0K aG
— (Ot =]| —u +71.7(6G(0))) + Vsp. ()G u(0))
20 ap U

Decomposing T. V(G(u(O))),

oK aG
%(0)1 = aDau +1.7(G(w(0))) + Vsp. (1)G (u(0))

3G (u(0)) L

= LD TVaDG(u(O)) + [ %u’ + V3p. (T)G(u(O))

The sum of these terms is,

V35 G (1(0)) + Vsp. (1)G(u(0)) = Vyp. (G (1(0))

o E” u' + Vyp. (tG(u(0)) =

j aG(u(0)) aG
Tn———+——
aD
To find divergence on the boundary consider the following:
vap = Vv —n(n.v)
V.vgp =V.v=V.n(n.v)

WecallH=V.n

Using the equation above,

Vap- (Tap G (1(0)) =V. (zG(u(0)) — 7.nHG (u(0))
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V. (tG(u(0)) = Vap. (t5pG(w(0)) + 7.nHG (1(0))
Then,

j .1 M aGu + Vyp- (TapG (u(0)) + 7.nHG (u(0))
oD

on 6

The term,
j V- (700G (u(0)) = j (TanG (u(0))Ti = 0

Because 75p.7 = 0, because T, is tangent to the curve and perpendicular to 71 .

—u' + t.nHG (u(0))

oK _ aG(u(o)) aG
%(O)T B LD "M T

proved.

We can use these proven equations to find the shape derivative of the Lagrangian,

L(Q,v,q) =jj(v)dx+
Q

)

l(v)ds + [ Ae(v).e(q)dx — j q.fdx
20 Q

q.gds — j q.Ae(v)n + v.Ae(q)rids
r

N D

as follows:

L
E (Q., u, p)(e)

()

=j B.n(j(u)+Ae(u).e(p)—p.f)ds+j 6. n( + HIl(u)) ds
20

Q

d(g. oh
—j 9.n< (gp)+H >ds—j H.n( +Hh)d
Iy on r on

D

where His V.n ,and h = u. Ae(p)n + p. Ae(u)n

After also applying the boundary conditions

u=p=0onIl



dudp Ju dp
Ae(u).e(p) = ha 5, +(u+2) (%n) (%n) on Iy

Then,

oL
E (.Q, u, p)(e)

a(g.
= j 6.n <j(u) + Ae(u).e(p) —p.f — (gnp) - Hg.p> ds
I'n
+ jan H.n<%+ Hl(u)) ds + LDH.n(j(u) —Ae(u).e(p))ds

Example 1- Compliance of Structure with Body Force and Pressure

]3(Q)=jf.udx+j pon.u ds
Q r

N

For the proved equation which is on page 367 of (Allaire et al., 2004), equation 8§,

J(Q) =jﬂf.udx+jr g.uds

N

Subject to
-V. (Ae(u)) =fonQ
u=0onl,
(Ae(u))n = gonTy

The shape derivative was proven to be as follows:

y@-=| g

Iy D

125

<2 <6(g.u) + Hg.n+f. u> — Ae(u). e(u)) 6.nds + j Ae(u).e(u)b.n
r

Now for this problem, g = pyn, replacing this into the proven shape derivative equation:
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@ = |

r

<2 <W + Hpyn.n + f.u> — Ae(u). e(u)) 6.nds

+j Ae(u).e(u)b.n
r

D

Then replacing:

d(pon. u)

E— V(pon.u).n, andH=V.n

' (Q) = j (Z(V(pon.u).n + V.npyn.n+ f. u) - Ae(u).e(u)) 6.nds

'y

+j Ae(u).e(u)f.n
r

D
Then we can replace as follows:
V.(pon.u)n +V.npon.n =V.(pgn.u.n) = V.(pou)

Then,

J5'(Q) = (2(\7. (pow) + f.u) — Ae(u).e(u))@.nds + j Ae(u).e(u)f.nds
Ty I'p

Proved.

Example 2, Cantilever Beam with Force at The Edge

The compliance added to the area multiplied with Lagrangian can be written as
follows:

j@= |

aDy

g.uds+Ljdx
Q

Using the proven formula of shape derivative,

L= j jwdx + | l(u)ds
Q 20
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oL
E (.Q, u, p)(e)

a(g.
= j 6.n <j(u) + Ae(u).e(p) —p.f — (gnp) - Hg.p> ds
I'n

+j 9.n<M+Hl(u)> ds+j H.n(j(u)—Ae(u).e(p))ds
E1) r

on
D

As you can see we can use the formula by first replacing [(u) = g.uand j(u) =L
Also since this problem is self adjoint because using the adjoint state equations,
J'w) =V.(Ae(p)) on O
p=0only
Ae(p)n = —1'(u) onTy
Since j'(u)=L’=0 and ' (u)=g, the adjoint equations will be,
0="V.(Ae(p)) onQ
p=0only
Ae(p)i = —gonTy
Compare these with the equilibrium equation which are,
0=-V.(Ae(w)) onQ
u=0onlp
Ae(u)n = gonTy
It is seen that u=-p , this problem is self adjoint then. We replace p=-u, also we

know f=0 because no body force is applied.
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oL

d(g.-w)
on

=j 9.n<L—Ae(u).e(u)+u.f+ +Hg.u>ds
I'n

+L99.n<a(gr'lu)+H(g.u)) ds+jF H.n(L +Ae(u).e(u))ds

D
Dividing the boundary to Dirichlet [, non-Homogenous Neumann [y and
homogeneous Neumann [, the Dirichlet boundary and the non-homogenous Neumann
are not moving because the load location and the clamped boundary are fixed. Hence all
terms on Dirichlet I, non-Homogenous Neumann [y, are goanna vanish because 6. n=0.

Hence,
oL
—(Q
70 (Qu,p)(6)

d(g.u)
on

=j 9.n<L — Ae(u).e(u) +
To

+j 0.n
r

0

+Hg.u> ds

d(g.u)
< . +H(g.u))ds

Also on homogeneous Neumann [y, g=0 hence,

%(Q’ u,p)(0) = jroe.n(L —Ae(u).e(u))ds

Proved.
As you saw in the previous slides, you can see that the general form of the shape

derivative is as follows:

J'(Q)(6) =j v6.nds

an

As can be seen to get to the minimum, the shape derivative should be negative to decrease.



Choosing the perturbation as & = —vn will ensure the negativity of the derivative
J'()(O) = j v(—vn).nds = j —v2ds
aQ a0

J'(@)(®6) <0
If either v or 6 is not smooth it is desirable to smooth them.

One way is to solve the following to get the smooth 6:

—-7?6=0 on Q
06
n = —vn on )

which means 6 is a decent direction.
Because [ |V6|*dx = —[ v8.nds>0
Hence, | v6.nds<0

Proof:

j|79|2dx=j V@.Vde=jV(V9.9)—729.9 =j
Q Q Q

aQ Q

If —V?0=0 on Qandg—z= —vn on 9Q then

j VG.H.?ids—jVZB.de = —jv@.n
20 Q Q
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V@.B.ﬁds—sze.de
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Numerical Examples

The following examples are the results of above gradient based shape optimization
method similar to example 2 above. For different initial conditions, different optimal
structures are achieved because gradient based methods find local minima that is near to
the initial design as seen in Figure 6.14. Level set method and shape derivative has been
used based on legendary work of Allaire et al. (Allaire et al., 2004) .The compliance
minimization with weight constraint is carried out in all the examples. This shows how
the final design is dependent on the initial design. This can be alleviated by using the
topology derivative, which creates holes in the design when the topology derivative is
negative. Analytical derivation of topology derivative for different objective functions

has been derived in (Soko fowski et al., 2001).

ey

Figure 6.13 Load case of a two by one cantilever beam
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(e) (® (2) (h)

Figure 6.14 Different Initial designs (a-c) with different hole sizes, and (d) initial design
based on principal stress vectors. Different optimal designs (e-f), with different number
of iterations to achieve the optimal.
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