EMBRY-RIDDLE

Aeronautical University.
SCHOLARLY COMMONS

Publications

2006

On Doubly Periodic Solutions of Quasilinear Hyperbolic Equations
of the Fourth Order

T. Kiguradze
Florida Institute of Technology

T. Smith
Florida Institute of Technology, smitht1@erau.edu

Follow this and additional works at: https://commons.erau.edu/publication

b Part of the Mathematics Commons, and the Partial Differential Equations Commons

Scholarly Commons Citation

Kiguradze, T., & Smith, T. (2006). On Doubly Periodic Solutions of Quasilinear Hyperbolic Equations of the
Fourth Order. Proceedings of the Conference on Differential & Difference Equations and Applications, ().
Retrieved from https://commons.erau.edu/publication/585

This paper is part of the conference proceedings edited by Ravi P. Agarwal and Kanishka Perera, and published by
Hindawi Publishing Corporation, in 2006. ISBN: 977-5945-380.

This Conference Proceeding is brought to you for free and open access by Scholarly Commons. It has been
accepted for inclusion in Publications by an authorized administrator of Scholarly Commons. For more information,
please contact commons@erau.edu.


http://commons.erau.edu/
http://commons.erau.edu/
https://commons.erau.edu/publication
https://commons.erau.edu/publication?utm_source=commons.erau.edu%2Fpublication%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=commons.erau.edu%2Fpublication%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/120?utm_source=commons.erau.edu%2Fpublication%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
https://commons.erau.edu/publication/585?utm_source=commons.erau.edu%2Fpublication%2F585&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:commons@erau.edu

ON DOUBLY PERIODIC SOLUTIONS OF QUASILINEAR
HYPERBOLIC EQUATIONS OF THE FOURTH ORDER

T. KIGURADZE AND T. SMITH

The problem on doubly periodic solutions is considered for a class of quasilinear hyper-
bolic equations. Effective sufficient conditions of solvability and unique solvability of this
problem are established.

Copyright © 2006 T. Kiguradze and T. Smith. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided the original work is properly cited.

The problem on periodic solutions for second-order partial differential equations of hy-
perbolic type has been studied rather intensively by various authors [1-9, 11-14]. Anal-
ogous problem for higher-order hyperbolic equations is little investigated. In the present
paper for the quasilinear hyperbolic equations

D = fo(x, y,1) + fi(y, ) u®® + o, 0)u® + f (x, y,u,u10, 61O,y ED), (1)

42 = foe,yo) + (fiGo s 0u )k (e ypuen)
Jolx,y filey flxy o)
2
+f(x,y,u,u(l’o),u(o’”,u(l’”>
we consider the problem on doubly periodic solutions
u(x+w,y) =ulxy), ulxy+w)=u(xy) for(x,y)eR™: (3)
Here w; and w, are prescribed positive numbers,
, 7k u(x, y)
(jk) ")
u (X,)/) ax-’ayk b (4)

fo(x,v,2), i(y,2), fo(x,2), fi(x,9,2), fo(x,y,2), and f(x,y,2,21,22,23) are continuous
functions, w;-periodic in x, and w,-periodic in y.
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542  Doubly periodic solutions

This problem was studied thoroughly for the linear equation

u®? = po(x, y)u+ pi(x,)u® + py(x, y)u® + g(x, ) (5)

in [10]. The goal of the present paper is on the basis of the methods developed in [10] to
obtain effective sufficient conditions of solvability, unique solvability, and well-posedness
of problems (1), (3) and (2), (3).

Throughout the paper, we will use the following notation:

1, z>1,
sgn(z) =40, z=0, (6)
-1, z<0.

Crr (R?) is the space of continuous functions z : R? — R w;-periodic in the first and
w,-periodic in the second arguments, having the continuous partial derivatives u'/* j €

{0,...,m}, k € {0,...,n}, with the norm

lzllczn, = sup{ > > ‘z(f’k)(x,y)‘ H(x,y) € [R%Z}. (7)

j=0 k=0

L2 ,,(R?) is the space of locally square-integrable functions z : R* — R, w;-periodic in
the first and w-periodic in the second arguments, with the norm

ezl = (Lwl sz |2(s0)|Pdsd ) - (8)

H™" (R2) is the space of functions z € L2 , (R?), having the generalized partial

wiwy ()
derivatives uUF) € L2 | (R?), j € {0,...,m}, k € {0,...,n}, with the norm

L 9)

wywy

m n
lzlgs, = X D [[u®
j=0 k=0

By a solution of problem (1), (3) (problem (2), (3)), we understand a classical solution,
that is, a function u € C22 (R?) satisfying (1) (equation (2)) everywhere in R?.

THEOREM 1. Let there exists a positive constant & such that

fiy,2) =20, foi(x,2) =8 for(x,y,2z) € R, (10)
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Moreover let the functions fi, fo, fo, and f satisfy the conditions

(fily,2) = i(3,2))sgn(z —Z)sgn(z) =0 for y €R, 22> 0, (11)
(fa(x,2) — f2(x,Z)) sgn(z —Z)sgn(z) = 0 forx €R, 22> 0, (12)
fo(x,y,2)sgn(z) <0 for (x,y) € R?, z#0,
timsgn@ [ [ o podndy = —o, 1)
lim L BPBI22) ek on B2 xR (14)
= folxy,2)
Then problem (1), (3) is solvable.
THEOREM 2. Let fi and f, be continuously differentiable functions such that
filx,,2) =28, filx,y,2) =8 for(x,y,2) € R (15)

for some positive 8. Moreover, let the functions fy and f satisfy the conditions of Theorem 1.
Then problem (2), (3) is solvable.

Remark 1. Note that conditions (10) and (15) are optimal in a sense that we cannot take
0 = 0. Indeed, consider the problems

(1,0)

u?? = _F(u) + (F’(u)u“’o)) +u®? + 7sinx, (16)

u(x+2m,y) =u(x,y), u(x,y+2m) = u(x, y), (17)

where F(z) = 2%, or F(z) = arctan(z). Problem (16), (17) satisfies all of the conditions of
Theorem 2 except condition (15). Instead of (15), we have that F’(z) is nonnegative and
vanishes at 0, or at co only.

Let us show that problem (16), (17) has no solution. Assume the contrary: let u be a
solution of (16), (17), and set v(x, y) = u®? (x, y) — F(u(x, y)). Then for every y € R, the
function v(-, y) is a solution to the periodic problem

v =v+msinx, v(x+2m) = v(x). (18)

This problem has a unique solution v(x) = —n/2sinx. Therefore, problem (16), (17) is
equivalent to the problem

u®? = F (u) - %sinx, u(x,y+2m) = u(x, y). (19)

However, problem (19) has no more than one solution. Indeed, let 4; and u;, be arbitrary
solutions to problem (19). Then one easily gets the identity

J»sz ((ug(),l)(x’t) _ u;(),l)(x,t)>2 + (F(ul(x, t)) - F(uz(x,t))) (ul(x, ) — uz(x,t)))dt =0,
(20)

whence it follows that u; (x, y) = us(x, y).
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Due to uniqueness, a solution of problem (19) should be independent of y. So finally
we arrive to the functional equation

F(u) = %sinx, (21)

whence we get

u(x,y) = % sinx for F(z) = 2°,

(22)
u(x,y) = tan (g sinx) for F(z) = arctan(z).

In the first case u is not differentiable at 7k, k € Z, while in the second case u itself is a
discontinuous function, because it blows up at points /2 + 7k, k € Z.
Thus, it is clear that of problem (16), (17) has no solutions in the both cases.

Remark 2. The conditions of Theorem 1 (as well as Theorem 2) do not guarantee the
uniqueness of a solution. Indeed, for the equation

u?? = —yn 4+ 420 4402 (n(u k)_u> 2

all of the conditions of Theorem 1 (and Theorem 2) are fulfilled. Nevertheless, it has at
least n solutions ux(x, y) = k (k = 1,2,...,n) satisfying conditions (3).

We will give a uniqueness theorem for the equations

es) =fo(x,y,u)+(f1(x,y) 10)) (fz(x y)u 01))(0,1)’ (24)
2)=ﬁ)(x,y,u)+(f1(x,y) 10)) (fo)/ 01))(0,1)
+ sf (x,y, u, u(l,O)’ u(O,l)’ u(l,l)’ u(z,o)’ u(o,z)’ u(2,1)’ u(1,2)>_ (25)
THEOREM 3. Let there exists § > 0 such that
file,y) =68, filx,y) =8 for(x,y) € R? (26)

(fo(x,y,z) - fo(x,y,E)> sgn(z—2z) < -8lz—z| for(x,y) € R? z,Z€R. (27)

Then problem (24), (3) is uniquely solvable. Moreover, for every f(x,y,z1,22,23,24,25,%65
z7,2g) that is Lipschitz continuous with respect to the last eight phase variables, there exists a
positive gy such that problem (25), (3) is uniquely solvable for every € € (—¢o,€).

To prove Theorems 1-3, we will need the following lemmas.
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LEMMA 1. Let po, p1, P2, and q € Cy,0,(R?), and let there exist a positive constant § and a
nondecreasing continuous function 1 : [0,+00) — [0,+0c0), n(0) = 0 such that

pi(x,y) =6, p2(x,y) =6, (28)
| p1 (e 1) = pi (o, y2) | + | p2 (o1, 1) = pa (2, 92) | 09)
29
<q(|lxi=x2| + |y1=»2|) for (xi,y:) €R* (i=1,2).
Then an arbitrary solution u of problem (5), (3) admits the estimate
W W) 2 2 2 2
J J ()u(z"” (%) ‘ + ‘ u®(x,y) ' + ‘u(z’l)(x,y) ‘ + ‘u(l’z)(x,y) ‘ )dxdy
0o Jo
W] W2 2 2
< MJ I ( lu(x,y) |2 + ‘ ut0(x, y) ) + ’ u®V (x, ) ‘ + qz(x,y))dxdy,
o Jo
(30)
where the constant M >0 depends on 6, || po IICMZ, and the function y.
Proof. Let u be a an arbitrary solution of problem (5), (3). For any / > 0, set
1 x+h ry+h
pin(x,y) = ﬁj pi(s,t)dsdt  (i=1,2),
x Jy
Qulul(x,y) = (p1(x, ) = pun(, 1)) u®® (x,y) + (p2(x, ) = pan(, ) u'®? (x, ).
(31)
Then u satisfies the equation
u®? = po(x, y)u+ pin(x, )Y + pon(x, y)u®? + Qulul (x,y) + q(x, ). (32)

Multiplying successively (32) by u(x, y), >, and u(®?, integrating over the rectangle
[0,w;] X [0,w;], and using integration by parts, we observe that

Jowl sz (plh(x>y) ‘ u(l,o)(ﬁc,)/)'2 + pan(x, y) ) u<0,1)(x,)’)‘2 N ‘ua,l)(x’y))z)dxdy
N J:vl sz (Qh[”](x’)’) - pﬁ};o) (x,y)u(l'o)(x)}’) - P;%l)(x’)’)”(o’l)(x’)’) (33)

+ po(x, y)u(x, y) + q(x,y)) u(x,y)dxdy,
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[ [7 (bt [0 |+ pas |0 e[+ |26y
J J (pg‘,)f (e, 7)) (x, y)u D (x, y) = Pzio)(X>y)u(1’”(x,y)u(°’”(x,)/)>dxd}’

_Ll 02 (Qulul(x,y) + po(x, y)u(x, y) +q(x, ) u®V (x, y)dxdy,
(34)

W] W 2 2 2
JO J (plh(x,y)‘u“’”(x,y)' + pan(6 ) | (x, )|+ [ (x,p) | )dxdy
= L oo ey ) = U ) ) iy

L jo (Qulu] (5,7) + Polx, Y )ulx, ) + ()10 (x, y)dx dy.
(35)

However,

[

< 29(0) (1l + [,

) <|u(xy |+‘ 20)xy)‘+‘u(°’2)(x,y)‘>dxdy

b
LEa, )

Lwljo (IpoCey) | x| + Iq(x,y)l) (|u(x,y)| +|uC (x| + ‘u(O,z)(x,y)Ddxdy

(36)

e

< <%||po||cw +zs)||u||§m +%||q|\iém +2£(Hu( + |02 i)
(37)
JO sz <‘p(01 (x,y)) ‘u(z’o)(x,y)’ ’u(o,l)(x)y)‘
+ 5" o) \ [0y |0 )| )d"dy o

>
wlwz

_2’7(h (H (2,0)

e

) 25 h)H 0,1)
L3,

Iy I, (e een] e[
‘Plol) x,y)‘ ‘u(l,l)(x,y)’ ’u(l,o)(x,y)’)dxdy (39)
L 2nh) <H 0,2) ) 21 h)H 10
L

]

“’1“’2

12
“’1“’2

h

Now taking h > 0 and ¢ > 0 sufficiently small from (33)—(39), we immediately get estimate
(30). O

The following lemma immediately follows from [10, Lemma 2.7].
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LEMMA 2. Let po, p1, p2, and q € Cy,w,(R?), and let py and p; satisfy conditions (28). Then
an arbitrary solution u of problem (5), (3) admits the estimate

lull 2z, < r(L JO (|u(x,y)| + ‘u(z’o)(x,y)‘ + ‘u(o’z)(X,y)‘>dXdy+ IIqllcwm),
(40)

where r is a positive constant depending on 6, || pollc,,.,, lIp1llc,,.,» and I p2llc,,,, only.

LEMMA 3. Let py, p2 € Co,w, (R?) satisfy the conditions of Lemma 1. Then there exist A >0
and M) >0 depending on 6, |Ipilic,,.,» Ip2llc,,.,» and the function n such that for every
q € Cu,w, (R?), the equation

u? = _Ju+ P (x,y)u(z’o) +p2 (x,y)u(o’z) +q(x, ) (41)
has a unique solution u satisfying conditions (3), and
lullzz,, < Mallgli,., (42)

Proof. This lemma easily follows from Lemmas 1 and 2. Indeed, let u be an arbitrary
solution of problems (41), (3). Multiplying successively (41) by u(x, ), u>%, and u®?,
integrating over the rectangle [0,w;] X [0,w,], and using integration by parts, we get

2 2
Al + @O, + [V, )
2 2 2 2
= (1+lpille,, +llpalle,,, ) (uldy #1105  + 215 )+ lql, .
(43)

Validity of Lemma 3 immediately follows from estimates (30), (40), and (43). O

Consider the linear equation

(1,0) (0,1)
+ (P20 @) qlx ). (44)

u®? = po(x, y)u+ (pi(x, y)u®)
If p1 and p, satisfy (28), then by g1(+,-,x) : R? — R and g(-,-,y) : R? — R, respec-
tively, denote Green’s functions of the problems

d*z

d_yZ = PI(X))’)Z, Z(y+(‘-)2) = Z(y)’

. (45)
i s

(see [10, Lemmas 2.1 and 2.2]).
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LEMMA 4. Let u be a solution of problem (44), (3). Then the following representation is valid
U0 (x,y) = pa(x, y)u

[ 00s0) (o) + 1 w02 )t
y

+ P(ll’o) (6, ) uM0 (x,t) +q(x, t))dt,
u®D(x, ) = pi(x, y)u

X+ 46
+L £(65,9) ((po(s,y) + pi(sy)pals,y))uls,y) 1o

+ 95" (5, (5,7) +q(s.)) ds,
ytwy xt
u(x,y) = L L gl(y,t,x)gz(x,s,t)((Po(s, t)+ pi(s,t) pa(s,t))u(s,t)

+ 0 (5, UV (s,1) + q(s, 1) ) ds .

We omit the proof of Lemma 4, since it is similar to the proof of [10, Lemma 2.7].
Let

1 for |z| < p, ;
¢p(z) =p+1—|z| forlz| € [p,p+1], Xp(2) = L @, (s)ds, (47)
0 for |z| = p+2,

and let ®,: C} , — R be a continuous nonlinear functional defined by the equality

0, (1) = g (llullcy,,, ). (48)

Consider the equation

u® = fo(xy,xp () + fi (3, @p () )t + fi (2, @ (1)

(49)
+@,(u) f (x,y, u,u(l’o),u(o’l),u(l’”) — A+ Ay, (u).
LEMMA 5. Let A >0 and p > 0. Then every solution u of problem (49), (3) admits the esti-
mates
W) W 2
[ (1At e Tutey) | + [0 )
o Jo
L (50
+ ‘u(o’l)(x,y)) + ‘u(l’l)) )dxdy < 19,

where 1y is a positive constant independent of p, A, and u.
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Proof. Let u be a solution of problems (49), (3). Multiplying (49) by u(x, y), integrating
over the rectangle [0,w;] X [0,w;], and using integration by parts, we get

JMJ ( — fo (e yoxp (u(x, ))) + A = Ay () u(x, y) — fi (y,u(, ) u® (x, y)ulx, y)
— (6 ulx, ) u® (x, y)ulx, y) + ‘u“’l)(x,y) ‘z)dxdy

=J lj 2<1>p(u)f(x,y,u(x,y),u“’o)(x,y),u(o’”(x,y),u“’”(x,y))u(x,y)ﬂlxd)/-
0 0

(51)
By conditions (13) and (14), we have
(= folxyoxp (ulx, ¥))) +A(ulx, y) = xp (ulx, ¥)))) ulx, y)
(52)
= | fo(x 5o (u(x, ) u(x, y) [,
w)|f x,y,u(x,y),u“’o)(x,y),u(o’”(x,y),u“’”(x,y)) | [uCx,p)]|
(53)
sri+3 Ifoxyxp ) [ uep) ],
where r; is a positive constant independent of p, A, and u.
For h > 0, set
1 z+h
fulrar = | fnbdE (54

Then by condition (11), we have

_J'Owl Jowzflh(yaq)p(U)U(X,y))u(x’y)u(Z,O)(X’y)dxdy

= Lwl sz fin(3, @, (w)ulx, y)) ‘u<1,0)(x,y)‘2dxdy

w1 [5)

(y, @, (u) (u(x, y) +h)
- fi (y,q)p(u)u(x,y)))u(x,y) ‘ ut0 (x, y) ) 2alxdy
> L | L (@, (wux, ) \u“m(x,y)(zdxdy

=00 [| 10 @) () + ) = i @) | |19 | dxdy,
(55)
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where Dy, = {(x,y) € [0,w;] X [0,w;] : lu(x, y)| < h}. Hence we immediately get that

J J fi(r @p(w)ulx, y)) u(x, y)u'>® (x, y)dxdy
o rw ) (56)
= || Aty 419 () | dxdy.
In the same way, we show that
- J I f(x, (I)P(u)u(x,y))u(x,y)u(o’z)(x,y)dxdy
0o Jo
o ror ) (57)
=] A On@putn ) [0 ()| dxdy.
Taking into account (52)—(57), from (51), we immediately get (50) with ry = (2+81)r.
O
Proof of Theorem 1. Let v € Cl!, (R?) be an arbitrary function. Set
PI[V] XY fl(y) V)V X5 ))7 [V] X, }’ fZ(x D (V)V(x )’))
qlv](x,y) =fo(X,y,xp(V(x,y))) (58)

+ <1>p(V)f(x,y,V(x,y),v(l’o)(x,y),V‘O’”(x,y),V“’”(x,y))-

Consider the equation
u?? = du+ pi[v](x6,y)u®O + pa [v](x, ) ul®? + Ay, (v(x, ) +q[vI(x,p).  (59)

Note that due to definitions of p; and p, for every p > 0, there exists a continuous func-
tion 77, : [0, +00) — [0,+), #,(0) = 0 such that

|p1[v](x1,y1) - pa2[v] (xz,yz) | + |p2[v](x1,y1) - pa2[v] (xz,yz) |

(60)
<fp([x1=22| + [ y1 = y21).

By Lemma 3, there exist A > 0 and M) > 0 depending on p, §, and the function #, only,
such that for every v € Cl, (R?), problem (59), (3) has a unique solution u[v] admitting
the estimate

vl ez

wjw2

=M(llglV]llg,,,, +2p)- (61)

It is easy to see that the operator s : v — u[v] is a continuous operator from Cj!, (R?)

into C%%, (R?), and therefore it is a completely continuous operator from C}', (R?) into
Cl 1

ok, (R?). Moreover,

4l 22

w1 @2

<Mi(llglvlllc,,,, +1p) < Macp, (62)

where ¢, is a positive constant independent of v.
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By Schauder’s fixed point theorem, the operator s{ has a fixed point u € CZ7, (R?),
which is a solution of the functional differential equation (49).

By Lemma 5, u admits estimate (50). Conditions (13) and (50) imply the estimate
lull g, <115 (63)

where r is a positive constant independent of p, A, and u. On the other hand, one can
easily establish the inequalities

lullc,,,, = Qllullgy, s (64)
(i, 1) = u(xz,y2) | < Qllullg, (V6 =2+ 131 = 321), (65)
where
1 1 1
Q=——+—+ + /w1 +/w;. (66)

NN NI

Choosing p > Qr;, we observe that u is a solution of the equation

u®? = fo(x, y,u) + fi (3, @p() ) u®? + o (3, D (u) u®?

(67)
+ GDP(u)f(x,y,u,u(l’o),u(o’”,u(]’”).

Due to (63) and (65), there exists a nondecreasing continuous function # : [0,+c0) —
[0,+00), 7#(0) = 0 independent of p such that

|f1 ()’1>®p(”)”(x1,)’1)) -fi ()’2>®p(u)u(xz))/2)) |

+ | 2 (1, Dp(wu(x1, 1)) — fo (32, @p(ulx2,2)) | <5 |x1 = 22| + | y1 = y2).
(68)

By Lemma 1 and inequality (68), there exists a positive constant M independent of p such
that « admits the estimate (30). Choosing p > Q(r; + M), we get that an arbitrary solution
of problems (67), (3) satisfies the inequality

||1/l||cgw2 <p- (69)
Consequently u is a solution of problem (1), (3) too. O

We omit the proof of Theorem 2, since it can be proved in much the same way. The
only difference is that instead of Lemmas 1-3 one should use Lemma 4 to get necessary a
priori estimates.

Proof of Theorem 3. Let q € Cy,4,(R?). Consider the equation

(0,1

u®? = fo(x, y,u) + <f1 (x,}/)u(l’o))(lm + (fz(x,y)u(o’l)) ) +q(x,y). (70)

By Theorem 2, problems (70), (3) are solvable. Let u; and u, be two arbitrary solutions
of problems (70), (3), and let v(x, y) = u; (x, y) — ua(x, y). Then applying (27), we easily
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get the inequality

Jowl Jowz (‘W(x,y) + filx,y) ‘ v (x, ) \ ’ + fa(x, y) \ VO (x, y) ‘2>dxdy <0. (71

Hence it follows that u; (x, y) = ux(x, y).

Thus for every q € Cy,4,(R?), problem (70), (3) has a unique solution u[g]. Applying
Lemmas 1 and 2, one can easily show that the operator o : g — u[q] is a continuous
operator from C,, ., (R?) into C%2, (R?) and that

w1 W2

st (q1) = s(q2)llzz,, < allar -l (72)

wjw2 >
where a is a positive constant independent of g; and g,. Therefore problem (25), (3) is
equivalent to the operator equation

u(x,y) = &i(ef (x,y,u,u(l’o),u(‘“),u“’”,u(z’o),u(‘)’z),u(z"),u(l’z)))(x,y) = Be(u)(x, ).
(73)

Due to Lipschitz continuity of the function f, there exists a positive constant b such that

8
|f(x,y,zl,...,23) —f(x,y,Zl,...,Eg) | < bz |Z,’ —2,'|. (74)

i=1

From (72) and (74), it is clear that for ¢ € (—1/ab, 1/ab), the operator %R, is a contractive
operator from C2%%, (R?) into C%%, (R?). Hence (73), and consequently, problem (25),

w1 W

(3) is uniquely solvable. O
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