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Abstract

A generalization of the famous KdV and BBM equation are con-
sidered with a new nonlinear term. Sufficient conditions of solvability,
existence and uniqueness are established.
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1 Introduction

It is well known [3-4] that the equations

and

Uzzt = (U + D)ug + uy (2)

perform extremely well as mathematical models for long time evolution of
wave phenomenon. However, in the mathematical modeling leading up to
these equations many of the physical conditions are either overlooked or dras-
tically simplified to be taken as constant. If these physical conditions are not
simplified then the above equations may not be valid. If this is the case then
the modeling process must be redone, most likely leading to a completely new
partial different equation.

For a simple illustration of how this process occurs one can recall the well
known development of the standard partial differential equation for heat con-
duction. In the mathematical modeling of this phenomena if the physical
assumptions allow the density, u, specific heat, p, and the thermal conductiv-
ity, K, of the medium under consideration to all be taken as constant, then one
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obtains the well know partial differential for heat conduction u; = c*u,,, where
¢ = £ = constant. However, if any one of the assumptions are violated then
the above heat equation is not going to suffice as a mathematical model for
the heat conduction within the medium. For example, if density and specific
heat are allowed to be constant but the coefficient of thermal conductivity is
taken as a function K of the spacial variable, then the equation for the heat
distribution under consideration takes the form ppu; = Kuy, + Kyu,.

The modeling process of longtime evolution of wave phenomenon follows
a very similar process, but it is a little more in depth on the physical side,
thus, it will not be discussed in detail here. However, in short one can see
that if certain physical conditions are either not simplified to be constant or if
additional forces are added into the modeling picture then mathematical model
for longtime evolution of wave phenomenon will generally take the general form
of the above equation (1) or (2), but it will most likely have some additional
terms. It is expected that the new equation will be an equation of the form

Ugat = (U + 1)ux + us + f(xa ta U, Ug, uxz) (3)

and

Uggy = (u + ]-)uac + up + f(l', tu U, Uy, uac;t) (4)

where the term f(z,t,u, uz, uy,) is left arbitrary, but is understood to be a
direct result of the change in the physical modeling as detailed above. Various
examples of this equation have been investigated in [5] but not necessarily
solved nor has existence of solutions been guaranteed. For example in [6]
recent work the equation

Uper = (U4 1)Uy + Up + Cligy (5)

was investigated as a mathematical model for long time water wave theory
when viscosity, ¢, was considered in the mathematical modeling of long range
water waves. In the following pages we will consider several generalizations
of both the BBM (3)and KdV (4) type equations and develop conditions for
existence, uniqueness and the like.

2 statement of results

Theorem 2.1 Let g(x) be a continuous function such that

sup |g(z)] < b < o0
TER

then there exists a to(b) such that the initial value problem
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Ugat = (U + 1)u:v + Ut + f(xa t7ua Uy u:w)v U(CL’, 0) = g(l‘) (3)

has a unique solution defined in 0 < t < tg provided that the nonlinear function
F(x,t, 21, 29, 23) satisfies the conditions

|F(2i) — F(%)] < Lilzi — Z|

fori=1,2,3 where F = %.
Example 2.2 Let g(z) be a continuous function such that

sup |g(z)] < b < o0
T€R

then there exists a to(b) such that the initial value problem

Uzt = (U + 1)Uy + ug + Cgy, u(z,0) = g(z) (5)

has a unique solution defined in 0 < t <ty,0 <z < R provided that the value
of ¢ satisfies the inequality

(I+c+ R)ty < 1.
Theorem 2.3 Let g(§) be a continuous function such that

sup |g(z)] < b < o0
¢eR

then there exists a 1o(b) such that the initial value problem

uxzm = (’LL + 1>u:t + ut + f(xata u7 uxau%’lf)a U(iL', 0) = g(l') (4)

u(z,0) = g(x)

has a unique solution defined in the transformed coordinate system x = €T
3 1 . . . .

and t = €2 + ez7. This solution is defined for 0 < T < 79 provided that the

nonlinear function F (&, T, 21, 22, 23) satisfies the conditions

|F(2i) — F(%)] < Lilzi — |

: d
fori=1,2,3 whereF:&L_
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3 Proofs and auxiliary statements

In the following Theorems we will be considering solutions to partial differential
equations of the from

Ugat = (U + 1)ux + u + f(xa ta U, Ug, uxz) (3)

and

Ugge = (U + 1>u:t + U + f(xa ta U, Ug, u:m:) (4>

Both of the above equations will be taken with the initial conditions u(z,0) =
g(x), considered for a class of real nonperiodic functions u(x,t) defined for
—oo < x < 400,t > 0.

Lemma 3.1 The partial differential equation (3) can be as
1
[(1 - ag)]u(&l) = _816 [U + §U2 - F(m7 tu U(CL’, t)u Ug, uac;t)]7
or as an integral equation

u(z,t) =

/Ot /;oo K(z = &(u, 1) + %qﬂ(é, 7) = F(&,7u(, 7), ue€, 7))dedr,
where F' is a function such that g—i = f.

proof of Lemma 3.1:
To begin we note that (3) can be rewritten as

wOD — 1) — g (10) _(10)y,
We then see that equation (3) can be rewritten as
211, (0,1) L,
(1—07)]u'™) = =0,[u+ SU F1,
where F'is a functions such that F' = %. Following a similar argument as in

[3] one views the above as a differential equation for (> hence, one obtains
that

a0 = [ K- e, 1)+ 506 1) ~ FE )

where the Kernel is defined as K (z) = §(sgnz)e 7.,
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Now, the above pseudo differential equation can easily be rewritten as an
integral equation as

ule,g) = o)+ [ [ K= )ule 1)+ 5uE,7) — F(& ),

where g(z) = u(x,0). This complete the proof of Lemma 1
proof of Theorem 2.1:

We denote &, as the set of functions that continuous and uniformly bounded
on the strip [0, R] X t, that have the norm ||u]| = Sup,eg o<i<y, [u*?] with
i=0,1,2.

Now, let us define A as the integral operator, as in Lemma 1

Alu]

/ot /;oo K(z =& (u(E,7) + %uQ(g, ) -

and view our partial differential equation (3) as an operator equation u =
x

(x) + Afu]. Prior to proceeding with the usual fixed point argument we must
observe that

F(€7 T, U(g, T)a U£(€7 T)a u§§(§7 T>>d€d7

F(f,T,Ul,aa—?,aa%;l)—F(é,T,UQ,aa—Q?,?;—;;)
= [F({,T,vl,%—?,?;—g;) — F( ,T,UQ,%—?,%)H
HP(E T, 5, T8 — Fie o 52, S0
HP(E 70, 52, D) — P o 52, S0

Now, applying the Lipschitz condition on the function F(z,y, u, uy, ) in

Y ?
u for the first square parentheses, then in u, for the second and in wu,, for the
third we obtain

v, 0%y vy vy
|F(§7 T, U1, 6—57 8—52) - F(§7 T, Vg, 6—57 a—gQ”

81)1 8112 821)1 827}2
<L1|1}1—02|+L2 85 a£ +L3|a§2 —8—52. (6)
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Recalling the integral operator A and considering the difference of two solutions
vy and vy of our partial differential equation (3) we obtain that:

Apid=Aleall = [ [ a6 )| —en(, 7 gl (6, 76, 7 deilr

2
T e, St S8 - e, 52, S e

_/ / e £| ’vl 5 T)’ _v2(€7 ) %yvl(gaTV _02(€7T>2‘)d£d7

bl ov, 0*v Ovy O0%v
_ |I7£‘ _1 1 2 2
+/0 LOO 26 ’f(gaTa U1, (95 ) 652 ) f(f, T,V2, = 65 (‘952 )‘dng

Now, applying (6) we obtain that

|[Afon] = Afvo]| =

</ / €|y — vg| + = (]vll—i—]ngvl—vQ])dde

t p4oo 1 ov;  O0vsy DPvy 0%y
Li|vy — L L déd
+/0 /m 50" Ll —val + Lol — 571+ Ll 5y — g Ddédr
= (1 + R)t|?)1 — Ug‘ + LtHUl — UQH,
where ||f|| = 3 |f?|, L= max L; with i = 1,2,3 and R is a previously defined.
Hence, we have obtained that
|Afv1] = Afvo]| < (14 R)t|vr — va| + L|vr — va. (7)
Now, we compute that
(91)1 3 U1

a +o0 1 1
av; ax/ / e~lo=¢l(u, (¢ )+§vl(§ 7) )+26\x Sre v, = % oe — 5 )dédr]

t o] a 82
= [ [ san@) e e gonde e e o, T SR
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And, performing a similar calculation for A[%] and, after some algebra, we
obtain
0 0 1 1
Al = Al < sgn(a)(=1 = 5[oa| = SloalJtor — vl + Lo = vl

Which yields, in the range z > 0

ov ov
A = ASA < (=1 = R = ool + LilJor = wall
or, in the range x < 0
ov ov
\A[a—;] - A[a—;ﬂ < (1 + R)vr — va| + L{vy — va|.

Hence, calling K = (—1 — R) if we are in x > 0 or K = (1 + R) if we are in

z < 0 we have obtained

oy _ 400

Ox Ox
We perform a similar calculation for A[%] and proceed in the same manner

we obtain

[A[==] = A== < (Etor = vaf 4 Lijvy — val|, (8)

821}1 821}2

[Algz] = Al 1l < (L4 R)tfor — v + Lo — wa]. (9)
Thus, combining equations (7),(8) and (9) we obtain
8@1 8112 821)1 82U2
Aon] = Af] + 14120 - 22 4 2 - 422

S (1+R)t|@1-@2‘+LHU1—U2’H—(K)ﬂ'l)l—vg‘—i-[/"Ul—vg"+<1+R>t|@1-@2’+[;"1}1—1)2".
Which is the same as

[|A[v1 = wo]||

S (2 + 2R—|— K)t|?)1 - /UQ‘ + 3LHU1 — ?)QH.

And, noting that |v; — vs| < [|v; — v2]|, we obtain the inequality

||v1 = va| < Lijvy — o] (10)

where L = (2 + 2R + K + 3L). Hence, we have obtained the necessary in-
equality for the standard Fixed point argument, thus, completed the proof of
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this theorem. However, it is very important to determine the exact value of
the constant L due to the fact that in order to apply the standard Banach’s
contraction principle [2] there will be certain requirements, often L < 1, re-
quired in the necessary equation d(F(u), F(v)|| < Ld(u,v), with d being the
metric begin considered. It will be illustrated in the next example of how the
value of K can be obtained for particular partial differential equations under
consideration and how this is interpreted for the intervals where the solution
is defined.

proof of Example 2.2:

The partial differential equation

Uper = (U4 1)Uy + Up + Cligy (5)

u(z,0) = g()

is a special case of (3) with f = cu,, and F' = cu,. Thus, one can see that
the function f does indeed satisfy the condition |F(z;) — F(z;)| < L|z — z|
for Theorem 1. Namely, |F(z;) — F(z;)| =0 for i =0 and ¢ = 2 and |F(z;) —
F(%)| = c|zi) — z| for i = 1. Thus, the results of Theorem 1 do establish that
a the partial differential equation (5) does have a unique solution. However,
in order to obtain further insight into the solution, it is necessary to find the
exact value of the constant K applied in the standard fixed point argument,
as noted at the end of the proof of Theorem 1. To do this we note that
the equation yields the value that L = 1 + R + ¢ for our example. Thus,
in order for one to satisfy the conditions required for Banach’s contraction
principle it follows that the constant K = (1 + R + ¢)tp must be bounded
by one. Hence, it follows that t, < ﬁ which gives the local existence as
expected and standard continuation arguments can be applied to gain global
existence. Further details of this are discussed for (11) in a recent paper [6]
which focused on the physical applications and interpretations of the partial
differential equation (5).

Lemma 3.2 The partial differential equation

can be rewritten as

Ue + Uy + Ul — Uger = 0 (12)

if the change of variables & = e r+e 3t and T =€ 2z = are applied.

proof of Lemma 3.2



On existence BBM equation 1019

To begin we introduce the change the independent variables & = efz + €/t

and 7 = €°t. And, applying the standard chain rule we observe that

ou 9%u
9k 20 = Ok

€2

ou
(01 _ 9% R
U 656 +8T

3 3 3
3,0) _ 9 UESk wD — 9 u 2K+R Fu g

o3 og3 € o207 ¢

Plugging these values into (11) we observe that our partial differential equa-
tion becomes
6Rué + éFu + ekufu 1 egk%& _ 62k+R+1u555 _ 63k+1u§57 —0.
Now, if we force k = R + 1 the partial differential equation takes the desired
form

2k+1

¥ (eug + ur + ueu — € uge,) = 0.

Finally, multiplying by €7 and selecting k = —% we see that our partial dif-
ferential equation has become exactly equation (12) as stated in the Lemma,
hence, this complete the proof of Lemma 3.2.

proof of Theorem 2.3

As it was shown in Theorem 2.1 the partial differential equation

Ugat = (U + 1)ux + Uy + f(xa ta U, Uy, uxw)a U(l’, 0) = g(:l:)
has a unique solution expressed by the integral equation in Lemma 3.1 that
is defined in 0 < t < ty where ¢y is ultimately determined by the Lipshitz
constant from F with % = f. Moreover, as it was shown in Lemma 3.2 the
partial differential equation (11) can be transformed into

Ue + Uy + Ul — Uggr = 0 (12)

where £ = e 2x+e2tand T = e 2.
In order to obtain insight of the solution to our desired patrial differential
equation

uxzm = (’LL + 1>u:t + ut + f(xata u7 uxau%’lf)a U(iL’, 0) = g(l') (5)

we first investigate the equation

Ugpzy — EUgat = (’LL + 1)ux + Uy + f(xa ta u7 uxa uxw): U(fﬂ, O) = g(.ﬁlﬁ')

Now, if we apply the transformation outlined in Lemma 3.2 to the above partial
differential equation it will become.
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Uger = €U + g + Uy + F, 1, U, ug, uge),

where f is the function f from (4) after the &, 7 transformation has been ap-
plied. Now, the logic outlined in the proof of theorem 2.1 shows that the above
partial differential equation does have a unique solution. Thus, by inverting
the transformation we can assure that our equation (12) does have a unique
solution. Then, by taking the limit as ¢ — 0 we obtain that the partial dif-
ferential equation (5) has a unique solution and this completes the proof of
Theorem 2.3.
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