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Figure 4.6 Comparison of methods with a starting point of (139, 0.085667, 0.0667)

Table 4.3 Summary of convergences values for starting point (0,0,0)

Algorithm Convergence values Number of 
Iterations 

- (rad)

MATLAB 
fmincon: 

Interior Point 

-0.2994123 1 0.157 0.05 21

MATLAB 
fmincon: SQP 

-0.2994135 1 0.157 0.05 4 

MATLAB 
fmincon: Active 

Set 

-0.299414 1 0.157 0.05 2 

Optimum 
Point

Interior-point 
starting point

SQP and Active-Set 
starting point
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 Table 4.4 Summary of convergences values for starting point (2.427, 0.085667, 0.0667) 

Algorithm  Convergence values  Number of 
Iterations  

-   (rad)   

MATLAB 
fmincon: 

Interior Point  

-0.2994135 1  0.157  0.05  24  

MATLAB 
fmincon: SQP  

-0.2994135 1  0.157  0.05  6  

MATLAB 
fmincon: Active 

Set  

-0.299414  1  0.157  0.05  4  

 

It was realized that sinkage was not a good parameter to optimize because sinkage cannot be a 

variable to design for. Therefore, the design parameters will be chosen carefully for the upcoming 

case studies. 
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5 Reliability Analysis 

Some parameters in the simulation of rover wheels may have uncertainties for example, soil 

parameter, , due to different soil types, torque, T, due to signal processing error, weight of the 

wheel, w, due to manufacturing and the amount of sensors on the wheel, the width of the wheel, 

b, due to manufacturing and tolerancing The purpose of using reliability analysis method, is to 

understand the effects of the uncertainty on traction efficiency. 

First-Order Reliability Method (FORM) will be applied to find the reliability of the traction 

with two and three uncertainties. The limit state function is the difference between traction 

efficiency and , where  is the lower limit of the expected efficiency is given by g, Eq 5.1. 

 

 

(5.1) 

 

The probability of failure is defined as the probability of the allowable tractive efficiency less than 

. 

 

 (5.2) 

 

In general, a failure event for a rover wheel could be that the wheel does not have enough force 

to pull the rover out if the wheel gets stuck. A few more events could be the wheel sinking into the 

soil more than it should. If the rover has solar panels, like Spirit, the sand could cover the solar 

panels so that enough light cannot be absorbed this causes the wheels to lose torque due to the lack 

of power being produced. We define that a failure event occurs if the efficiency drops below 0.2. 
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After using FORM, the same Most Probably Point (MPP) is used for SORM to find the probability 

of failure. To compare the accuracy of the results between FORM and SORM, Monte Carlo 

Simulation (MCS) is used. 

5.1 Two Uncertainties 

The first two uncertainty variables are the empiric soil parameter, Ku, and the weight of 

the wheel, w. The fixed values for torque, width of the wheel, and the angle between two grousers 

are taken from Table 2.2 and Table 5.1 shows the mean and standard deviation of the uncertain 

parameters with the normal distribution. The codes used for this optimization are given in appendix 

A4. 

 

Table 5.1 Normal distribution for two uncertainties 

Variable Mean Value Standard Deviation Possible reason for 
uncertainty 

 0.3 0.03 Different soil types 

w 8.155 1 The number of sensors 
on the wheels, 
manufacturing, 

tolerancing 
 

 

The limit function, g(s), is given below and the gradient of the transformed function, g(s), is 

found. The values of  and h are retrieved from Table 4.2. 

 

 

(5.3) 
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The gradient of the limit function is with respect to . The starting point of the MPP is set 

to . As a result, the search determined there were a total of 2 iterations. Table 5.2 shows 

the MPP search history and Figure 5.1 shows those results graphed until convergence. The 

transformed standard variable of  is a new point which will be used in the next iteration. 

 

Table 5.2 Most Probably Point search history for two uncertainties 

Iteration  g g (Ux, Uy) 

1 -0.4492 -2 (70.8888, 3.9117) (0.2146,0.3946) 

2 -0.8760 -2 (76.0962, 4.0912) (0.4269, 0.7650) 

 

 

 

Figure 5.1 Convergence history for two uncertainties 
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The MPP has found that at , and the reliability index is . The 

probability of failure is  

 

  

 

The reliability is  

 

  

 

Therefore, the tractive efficiency with the given inputs from Table 5.1 is about 19% reliable. 

After using FORM, the second derivative was found for each variable. The second derivative was 

used in SORM as elaborated in section 3.4. The Monte Carlo simulation (MCS) was performed 

with 100 samples for each uncertain parameter. The results of the probability are compared in 

Table 5.3. 

 

Table 5.3 Probability of failure from different methods for two uncertainties 

Method FORM SORM MCS 

 0.8095 0.81354 0.81495 

Time (s) 0.1135 0.1205 8.389 
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5.2 Three Uncertainties 

The three uncertainty variables considered are the empiric soil parameter, Ku, the weight 

of the wheel, w, and the width of the wheel, b. The fixed value for torque is taken from Table 2.2, 

and Table 5.4 which shows the mean and standard deviation with the normal distribution. The 

codes used for this optimization are given in appendix A5. 

 

Table 5.4 Normal distribution for three uncertainties 

Variable Mean Value Standard Deviation Possible reason for 
uncertainty 

 0.3 0.03 Different soil types 

w 8.155 1 The number of 
sensors on the 

wheels, 
manufacturing 

tolerance 
b 0.165 0.0165 Manufacturing 

tolerance 
 

 

The limit function, g(s) is given below and the gradient of the transformed function, g(s), 

is found. The values of , , and  are retrieved from Table 4.4. 

 

 
(5.4) 

 

The gradient of the transformed function is with respect to . The starting point of the 

MPP is set to . As a result, the search determined there were a total of 6 iterations. 

However, the solution for iterations 5 and 6 is similar to iteration 4. Table 5.5 shows the MPP 
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search history and Figure 5.2 shows those results graphed until convergence. The transformed 

standard variable of  is a new point which will be used in the next iteration. 

 

Table 5.5 Most Probable Point search history for three uncertainties 

Iteration  g g (Ux, Uy, Uz) 

1 0.9865 0.5392 (8.4640, 0.4670, -7.6945) (-0.4583, -0.8430, 0.2292) 

2 1.0566 0.0339 (7.1051, 0.4172, -6.0251) (-0.4702, -0.9204, 0.2193) 

3 1.0568 0.0001 (6.9960, 0.4147, -5.9309) (-0.4670, -0.9227, 0.2177) 

4 1.0568 0.0000 (6.9932, 0.4148, -5.9315) (-0.4667, -0.9228, 0.2177) 

5 1.0568 0.0000 (6.9931, 0.4148, -5.9315) (-0.4667, -0.9228, 0.2177) 

6 1.0568 0.0000 (6.9930, 0.4148, -5.9315) (-0.4667, -0.9228, 0.2177) 

 

 

Figure 5.2 Convergence history for three uncertainties 
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The MPP has found that at , and the reliability index is 

. The probability of failure is  

 

  

 

The reliability is  

 

  

 

Therefore, the tractive efficiency with the given inputs from Table 5.4 is about 85% reliable. 

After using FORM, the second derivative was found for each of the three variables. The second 

derivative was used in SORM. The results of the probability are compared in Table 5.6 and it is 

seen that traction efficiency goes below 0.2 about 15% of the time due to the uncertainties in 

empiric soil parameter, the weight of the wheel, and the width of the wheel. The time needed for 

FORM and SORM to calculate is only a fraction when compared to MCS. For MCS 100 samples 

were taken for each uncertain parameter. 

 

Table 5.6 Probability of failure from different methods for three uncertainties 

Method FORM SORM MCS 

 0.14530 0.14136 0.15075 

Time (s) 0.1206 0.1262 7.2849 
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6 Reliability-Based Optimization 

After understanding how the certain parameters affect traction efficiency, the goal of chapter 

6 is to design a rover wheel while considering the uncertain parameters. 

After obtaining a closed-form equation for traction efficiency and running the reliability 

analysis to understand how the uncertainties affect traction efficiency, the key parameters grouser 

design was chosen as the width of the wheel, the radius of the wheel, and the normalized height of 

the grouser, as shown in Figure 6.1. 

 

 

Figure 6.1 Design parameters 

 

Volume of the rover wheels, given in Eq 6.1, was minimized subjected to a constraint on the 

probability of failure (in case of reliability optimization) or a constraint on the value of efficiency 

(in case of deterministic optimization). 

 

 (6.1) 
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The deterministic optimization has b, r, and  as the design variables and has an upper and 

lower bound limit. The thickness of the wheel is obtained from Table 2.2. Table 6.1, shows the 

initial design variables and their initial values with upper and lower bounds. The optimization 

problem is defined in Eq 6.2-6.6. 

 

Table 6.1 Initial design parameters 

Initial design 
parameters 

Initial points Deterministic 
optimization 

Reliability-based 
optimization 

  (Lower, Upper) bound (Lower, Upper) bound 

Normalized height of 
grouser,  

0.55 (0.1, 1) (0.1, 1) 

Radius of the wheel, r 
(m) 

0.175 (0.15, 0.2) (0.15, 0.2) 

Width of the wheel, b 
(m) 

0.165 (0.112, 0.218) (0.132, 0.198) 

 

 

 For reliability-based optimization, three design parameters that are considered to be uncertain. 

The two parameters that are not design variables are the empiric soil parameter,  and torque, T. 

The design variable and is considered uncertain is the width of the wheel, b. The uncertain empiric 

soil parameter mimics the changes with different locations; the uncertain torque is related to power 

variability as well as signal processing error, sensor or actuator noise; and the uncertain width of 

the wheel is related to manufacturing tolerances for the wheel. Table 6.2 shows the uncertain 

parameters with their mean value and standard deviation for reliability-based optimization 
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Table 6.2 Uncertain variables 

Uncertain variables Mean value Standard deviation Possible reason for 
uncertainty 

Soil parameter,  0.3 0.03 Change in soil in 
varies locations 

Torque, T (Nm) 60 6 Power variability, 
signal processing 
error, sensor or 
actuator noise 

Width of the wheel, 
b (m) 

0.165 0.0165 Manufacturing 
tolerances 

 

The deterministic optimizations upper and lower bound limits are not as tight as the 

reliability-based optimization because the bounds for the reliability-based optimization are on the 

mean values. The uncertain variable that has the tighter bounds is the width of the wheel. The goal 

is to minimize the volume. The optimization problem is defined in Eq 6.7-6.11. For the 

deterministic optimization the constraint is that the traction efficiency is greater than 0.5 as seen 

in Eq 6.2 and the reliability-based optimization has a constraint for the probability of failure to be 

less than 10% as seen in Eq 6.7. The purpose of minimizing the volume of the wheel is to keep the 

wheel small in size because it is better for handling and maneuvering on the terrain. Figure 6.2 and 

Figure 6.3 displays the iteration history for deterministic optimization and reliability-based 

optimization respectively. Figure 3.2 shows a flow chart on how the iterations are carried out. 

Table 6.3 shows the results by comparing deterministic optimization and reliability-based 

optimization. The codes for this reliability-based optimization are given in appendix A6, appendix 

A7, appendix A8, and appendix A9. 

  




