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as the excitation rates. For transitions from metastable states
chemical losses can be important and need to be taken into
account. In this case, the concentration of the excited species
(s*) can calculated by assuming chemical equilibrium.

ns* rð Þ ¼
qs* rð Þ
bs*

rð Þ ð7Þ

where bs* is the loss frequency for species s*. This equation is
valid if the diffusion time constant is large compared to the
time constant for chemical equilibrium, which is generally
the case for the emissions and spatial scale sizes that we will

deal with. The photon volume emission rate can then be
computed from the concentration as

pl rð Þ ¼ Alns* rð Þ: ð8Þ

where l is the photon wavelength and Al is the Einstein
coefficient for spontaneous emission of the excited atom at
wavelength l. Combining equations (6), (7), and (8) the
emission rate can be expressed directly in terms of the
excitation source, the suprathermal electron flux.

pl rð Þ ¼ Al

bs� rð Þ ns rð Þ
Z 1

0

ss* Eð Þf E; rð ÞdE: ð9Þ

Figure 5. Characteristic ionospheric optical and flux response to monoenergetic beams. The volume
emission rates (pl) and O+ flux are plotted versus beam energy and altitude 5 min after the beam is
switched on. Each beam is held at a constant total energy flux so the plots show the relative efficiency of
beams at different energies in creating ionospheric fluxes and responses at different wavelengths. The
flux panel (bottom right) is repeated here to emphasize its connection to optical emissions.
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Equation (9) constitutes a forward model for computing the
optical volume emission rate from precipitating auroral
electrons. This equation can be expressed as a Fredholm
integral equation of the first kind [Semeter and Kamalabadi,
2005], an equation commonly encountered in inverse
problems [Groetsch, 1993].

pl rð Þ ¼
Z 1

0

Mpl E; rð Þftop Eð ÞdE: ð10Þ

In equation (10) Mpl
(E, r) represents the forward model

kernel, and ftop(E) represents the precipitating electron
energy distribution at the top of the ionosphere. Because our
simulations from the previous section are performed with a
finite set of beams at energies {Ei}, we want to use a discrete
approximate of this equation.

pl rð Þ ¼
X
i

Mpl Ei; rð Þftop Eið ÞDEi ð11Þ

The precipitating flux is therefore constructed by approx-
imating a continuous flux distribution with a set of
monoenergetic beams as illustrated in Figure 7. The resulting
ionospheric optical response is simply a weighted sum of the
responses to the individual beams, with the weighting factor
provided by the beam intensities used to construct ftop(E).
The quantities Mpl

(Ei,r)DEi are precisely the computations
from our systematic analysis that we have shown in Figure 5.
[21] At this point we could discretize in altitude and end

up with the discrete inverse problem analogous to that
addressed by Semeter and Kamalabadi [2005]: using volume
emission rates to estimate {ftop(Ei)}. This problem can be
expressed in matrix form as:

pl ¼ Mplf: ð12Þ

The column vector pl is the discrete form of pl(r), the
column vector f is the discrete form of ftop(E), and the

matrix Mpl
is the characteristic ionospheric response shown

in Figure 5. In general, it is not easy to obtain volume
emissions rates needed for inversion of equation (12) since
optical detectors observe line-of-sight integrated bright-
nesses. A carefully engineered tomography experiment
[e.g., Semeter et al., 1999; Gustavsson, 2000] is required to
convert brightnesses into the volume emission rates. Our
goal here is to develop a simple diagnostic that uses easily
obtainable observables (brightnesses) to predict the ion flux,
so we must simplify this model further.
[22] For any particular emission wavelength, a brightness

forward model can be formed by integration of both sides of
equation (11) along the flux tube.

Z
pl rð Þdr ¼

X
i

Z
Ml Ei; rð ÞDEidr � ftop Eið Þ

� �

bl ¼ mT
lf ð13Þ

bl represents brightness at wavelength l, the column vector
ml represents the characteristic brightness response versus
energy and f is again the discrete form of the precipitation
distribution in energy. There is an equation of this form for
each wavelength and the resulting system can be expressed
in matrix form.

bl1

bl2

..

.

2
664

3
775 ¼

mT
l1

mT
l2

..

.

2
664

3
775f

bl ¼ Mblf ð14Þ

The column dimension of the matrix Mbl
captures the

brightness dependence on wavelength and the row dimen-
sion captures the brightness dependence on precipitation
energy. This matrix is the kernel of our discrete brightness
forward model which can be inverted to estimate the

Figure 7. Illustration of how a continuous flux distribu-
tion is approximated by a discrete set of beams of varying
intensity.

Figure 6. Characteristic ionospheric response to mono-
energetic beams. The brightness (bl =

R
pldz) at 630.0 nm

is plotted versus time and beam energy.
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