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Abstract

We develop the Titchmarsh—Weyl theory for vector-valued discrete Schrodinger oper-
ators. We show that the Weyl m functions associated with these operators are matrix
valued Herglotz functions that map complex upper half plane to the Siegel upper half
space. We discuss about the Weyl disk and Weyl circle corresponding to these opera-
tors by defining these functions on a bounded interval. We also discuss the geometric
properties of Weyl disk and find the center and radius of the Weyl disk explicitly in
terms of matrices.

1 Introduction

The theory of Titchmarsh—Weyl m functions has been an important tool in the spectral
theory of Jacobi and Schrodinger operators. In order to study the asymptotic behavior
of solutions of Jacobi and Schrodinger equations, one needs to study these m functions.
Moreover, the absolutely continuous, singular continuous and essential spectrum of the
operators associated with these equations are well explained in terms of m functions.
These m functions were first introduced in 1910 by Weyl [16] for Sturn—Liouville
differential equations for finding a square integrable solution. These were further
studied by Titchmarsh [15] where he established the connection between the analyticity
of solutions and the spectrum of the operator associated to Sturn—Liouville differential
equations. For further history of m function, one can see [7]. The theory of m functions
in one dimensional space has been widely studied, some of the studies can be found
in the papers [2,8,12—14], and the literature therein.

In this paper, we extend the Titchmarsh—Weyl theory for vector-valued discrete
Schrodinger operators. Consider d-dimensional discrete Schrodinger equations of the
form,

B Keshav Raj Acharya
acharyak @erau.edu

1 Department of Mathematics, Embry-Riddle Aeronautical University, Daytona Beach, FL, USA

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s13324-018-0277-x&domain=pdf

1832 K.R. Acharya

yim+1)+y(n—1)+ Bn)yn) =zy(n), zeC (1

where y(n) € C¢, and the potential B(n) is a d x d matrix.
Equation (1) can be generalized to a d —dimensional Jacobi equation.

An)yn+1)+An—Dymn—1)+ Bm)yn) =zyn), ze€C )

with A(n), B(n) are sequences of d x d matrices bounded in 12 norm. An operator
induced by (2) can be expressed as a tri-diagonal block matrix, called block Jacobi
matrix, [10]. Notice that (1) is a particular case of Jacobi equation with A(n) = I, a
d x d identity matrix.

Let [>(Z, C?) is a Hilbert space of square summable vector-valued sequences with
the inner product

(w,v) =Y um*vn),

nel

where * stands for conjugate transpose, and denote the space of all d x d complex
matrices by C4*4,

Equation (1) induces a vector-valued discrete Schrodinger operator J on [2(Z, C¢4)
as

Jyn)y=yn+1D+yn—1)+Bm)yn).

Usually Z = Z or N. When Z = N, we need to modify the operator J forn = 1 as

Jy() =y2) + B()y(D).

It can be easily observed that if B(n) is a Hermitian matrix, B(n)* = B(n), then J is
a self-adjoint operator on [2(N, C%). The spectrum of J is then a set of real numbers
o(J) CR.

To get a solution u(n) of the Eq. (1), for fixed z € C, we chose any two vectors
¢,d € C4 and fix the values u(k) = c,u(k + 1) = d and evolve according to (1).
In particular, we fix #(0) and u(1) then u(n) is obtained by solving the difference
equation (1) using transfer matrices

T(m;z) = (Zl _IB(m) —01), m=12,...,n. 3)
Let
An;2) =T, 2)T(n—1,2)...T(, 2), 4)

then, u solves (1) for every »n if and only if

um+1) . u(l)
< w(n) ) = A(n; 2) <u(0)> . 5)
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Similarly, A(n, m;z) = T(n;2)T(n —1,z)...T(m; z), for m < n can be used to
get a solution u(n) from u(m) by the following equation

un+1) ) u(m)
< u(n) ) = Aln, m; 2) <u(m — 1)> ’ ©)

For every pair of vectors u;(n), v;(n) € C4, there exists a solution of (1), therefore,
the space of solutions is a 2d-dimensional vector space. It is shown in [1], that there
are exactly d linearly independent solutions of (1) that are in [ (N, C9.

It is now convenient to fix a basis of the solution space of (1). An easier way is to
prescribe a pair of initial conditions. For z € C, let

Un,z) = (ui(n), uz(n), ..., uaq(n)),

wi(n) = (ur,;(n), uz,i(n), ..., uq; ()"
V(n,z) = (01 (n), va(n), ..., va(n)),
vi(n) = (V1 (n), v2,i(n), ..., v ()"

be the sets of solutions of (1). Both U (n, z) and V (n, z) consist of d linearly indepen-
dent solutions of (1). Suppose t is the expression on left side of (1) then U (n, z) and
V (n, z) are matrix valued solutions of

(t — 2)u(n) =0. (7)

We further suppose that these solutions satisty the following initial conditions
U@O,zy=-1, V(©0,2)=0, Ul,2)=0, V({,z)=1. ®)
By iterating (1), we see that for fixedn € N, U (n, z), V (n, z) are polynomial matrices

in z of degree n — 2 over C*?. SoU(n,z) = U(n,z) and V(n, z) = V(n, 7).
Let

_(Un+1,2) Vn+1,z2)
then (5) can be generalized for matrix valued solutions U (n, z), V (n, z) as
W(n, z) = A(n; )W(0, 2) = A(n; 2)J, (10)

0 I
where.,]]:(_l O)'

These solution sets satisfy the symplectic identity given by the following lemma.

Lemma1 Foranyn € No = NU {0}, W(n, z) satisfies

Wn, 2)TIW(n, 2) = W, 2)JWn, )T = 1. an
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Proof Notice that T (n;z)"JT(n;z) = T(n;2)IT(n;z)7 = J for any n so that
An; 2)TJAMm; 2) = A(n; 2)JA®m; z)T = J. Then

W IW = (An; 20T JAn; z)
=JT"An: DT I A 2)J
=JT]J
= 7.

Exactly in the same we also have WJW7 = J. O
We extend the definition of Wronskian for vector-valued sequences.

Definition 1 The Wronskian of any two sequences f (n), g(n) € I12(N, C?) is defined
by

Wu(f,9) = fn+1D"gm) — fF) gn+1). (12)

In [1], it is shown that for fixed z € C, if f(n, z), g(n, z) are any two solutions to
(1) then W, (f, g) is independent of n. Moreover, the Wronskian W, is linear in both
arguments.

For any two sequences f (n), g(n) € I>(Ng, C¢) the Green’s identity corresponding
to Eq. (7) is given by

n

> (@) = @) () = Wo(F. 8) = Wal . 0). (13)

j=0

We extend the definition of Wronskian for matrix valued sequences F(n), G(n),
each contains d vector-valued sequence in /2(No, C%). The Wronskian W, (F, G) is
a d x d matrix valued function defined by

W.(F,G)=Fn+1)TGmn) — Fm)'Gun +1). (14)

A calculation shows that for fixed z € C, if U(n, z) and V (n, z) are any two matrix
valued solutions of (1) then W, (U, V) is independent of n € N.

We also extend the Green’s Identity for these matrix valued sequences and the proof
of which is obtained by simple calculation.

n

Z (F(j, ) (xG(j, )= (TF(j,2)*G(J, z)) =Wo(F, G)=W,(F, G). (15)
j=0
2 Titchmarsh-Weyl m function

The study of Titchmarsh—Weyl theory for the second order difference equations was
initiated by Hellinger [9] and Nevanlinna [11]. Their work focused on the existence of
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12(C) solutions and their properties. They also discussed on limit-point and limit-circle
classification for the difference equations. Following their work, many scholars have
worked since then on the theory of Titchmarsh—Weyl m functions in one dimension,
which has been well developed. However, in higher dimensions, only few articles can
be found in the continuous case [4—6] which consider a matrix-valued potential. In [4],
the authors discussed the asymptotics of Titchmarsh—Weyl m functions corresponding
to matrix valued Schrodinger operators and in [5], the Borg-type theorem for matrix
valued Schrodinger operators has been proved. In [6], authors showed that the diag-
onal Green’s matrix function and its derivative uniquely determine the matrix valued
potential.

In this paper, we focus on developing the theory of Titchmarsh—Weyl m functions for
vector-valued discrete Schrodinger operators. First, the Weyl m function is expressed
in terms of resolvent operator similar to the one found in [1] and then show that such
Weyl m functions are matrix valued Herglotz functions that map the complex upper
half plane to the Siegel upper half space.

The Titchmarsh—Weyl m function for the vector-valued discrete Schrodinger oper-
ators associated to (1) is defined in terms of solutions as follows.

Definition2 Let z € CT = {z € C : Im(z) > 0}. The Titchmarsh-Weyl m function
is defined as the unique complex matrix M (z) € C?*¢ such that

Fn,2)=Um,z)+V(n,2)M(2) (16)

where U (n, z), V(n, z) are matrix valued solutions consisting of d linearly indepen-
dent solutions with initial values (8) and the matrix valued solution F'(n, z) is a set of
d linearly independent solutions of (1) that are in I2(N, C9).

This definition, is in fact well defined. As we mentioned above that there are only
d linearly independent solutions in 12(Np, C9), if there is another M () satisfying (8),
then the solutions from both U (n, z) and V (n, z) will be in /2(No, C?). The solution
V(n, z) is such that V(0,z) = 0 which implies that V (n, z) is the set of eigen-
functions for the self adjoint operator J. This contradicts that the spectrum of J is a
set of real numbers. In [1], M (z) is solved explicitly in terms of a solution and in terms
of resolvent operator, the proof of which is worth presenting here for completeness of
the paper.

Theorem 3 Letz € CT.If (t —z) F = 0 and F is ad x d matrix valued solution whose
d columns are linearly independent solutions of (1) that are in 12(Ny, C4). Then

M(z) = —F(1,2)F(0,7)~ . (17)
Moreover,
M(2) = (mij(@)axa € C™*, mij(z) = (8, (J —zD)~'8:), (18)

where 8;(n) € (N, C?) is such that 8;(n) = (0,...,007 ifn > 1 and 8;(1) =
©,....1,..07  fori =1,2,....d.
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Proof If the matrix valued solution F is given by (16) then F(0,z) = —I and
F(1,z) = M(z2).So (17) holds. Suppose G (n, z) is any d x d matrix valued solution
then it is a constant (matrix) multiple of the solution set F'(n, z) from (16) because
(16) is a set of d linearly independent solutions. That is,
G(n,z) = F(m,z)C (19)
where C is a d x d scalar invertible matrix.
F(n,z) =G(n,z)C”"'

so that

—G(l, Z)G(O’ 2)71 = —F(l, Z)CCilF(Os Z)il
=—F(1,2)F(0,2)""

Let F(n,z) asin (17) and let
gi=0 —zD7's:

Then (J — zI)gi = 8;i. So (v — zI)gi(n) = 0 for n > 2. Moreover g; € 12 for all
i=1,2,....... ,d. Let

G(n,z) =(g1(n), g2(n),....... » 8d(n)).

Then G(n, z) = F(n,z)C, C € C4*? By comparing values atn = 1,

G(1,2) = (g1(1), g2(1), ......... .8a(1))
where
gi() = —zD7 '8 (1),
and
g1(1) = (g11, 8215 - - -, ...,...,gdl)T, gi1t= 6, g1(1)),i=1,2,....,d.

Then M (z) = G(1,z)C 'and M (z) = (m;j(z))is ad x d matrix such that (m;; (z)) =
s, (J — z1)718;))C~!. To find the value of C, we compare values at n = 2. First
J—26(1,z2) =(1,62,...... ,84) SO

J—z)G(1,z7)=1.
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It follows that,
G2,z)=(z—B(1)G(1,z2) + 1. (20)
Since F(n, z) is a solution to (1) we have
F2,2) = —-B()F(,z)— F(0, 2). 21
From (19) for n = 2 and from (21) we obtain
G2,z)=(z—B())F(1,z)C — F(0,z)C. (22)

Comparing (20) and (22), we obtain —F (0, z)C = I,andsince —F (0,z) =1, C = 1.

Hence (18) holds. That is

M(z) = (8, (J —zD)7'8)).

]

Theorem 3 connects M (z) with a matrix valued Borel measure using functional

calculus for the resolvent operators (8, (J — 2)718;).
By functional calculus, for each i, j,

mz](z) 3]5(-]_2)_18)

—d
,/RI—Z Hij

where 11, is a spectral measure for the vectors §; and ;. Therefore,
1
MQ@)= | ——du, pn=(Kij)ixd,
RI—2
and

M(z) = 1d—(/ ld--)
Z_RI—Z = RI—2 Hij dxd’

The matrix valued measure p is a spectral measure of the operator J.
Foreachi, jandz € CT,

1 _ y
Imm;j(z) = z—i(mi,’(z) —m;j(2)) = /R mdﬂij > 0.

Therefore, m; ;(z) maps the complex upper half plane to itself.

(23)

(24)
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Suppose M(z) denotes the complex conjugate of M(z). Then by (23), we have
m;ij(z) = m;;j(Z) so that M (z) = M(Z). Also, M(z) = ((8;, (J — z1)~'8;)) so that

mij(z) = (8;, (J —z1)7'8;)
=((J —zD( —=zD)7'8;, (J —zD)7's;)
=((J —zD)7'8;,(J —ZD*(J — )7 18) (25)

Since J is self adjoint, (J — zI)* = (J — zI). Then (25) becomes

mij(z) = ((J —20)7'8;,8;)
= (8, (J —z1)715;)

=mj;(2)
=mji(z) (26)

for all i, j. It follows that M (z) is symmetric.
Let S be a subspace of C?*¢, consisting of all symmetric matrices with positive
definite imaginary part. That is,

1
8={MGC‘1X‘1:2—Z_(M—M*)>0}.

The space S is so called the Seigel upper half space and can be considered as a
generalization of complex upper half plane. The following theorem shows the Weyl
m functions associated with the Schrodinger equations in higher dimensions are the
matrices in S.

Theorem 4 For z € C*, the map z — M(z) maps C* to S.

Proof Equation (26) shows that M (z) is symmetric. Moreover, in (24) we see that every
entry of M (z) has positive imaginary part. Therefore, Im M (z) = 2—1[ (M((2)—M(2)*) >
0. O

As shown above, the entries of M(z) are Herglotz functions mapping complex
upper half plane to itself, therefore M (z) is a matrix valued Herglotz function mapping
complex upper half plane to Siegel upper half space.

3 Titchmarsh-Weyl circles and disks

In this section, we define the Titchmarsh—Weyl circles and disks. We consider (1) on
N_={0,1,2,...... , N}. Suppose U (n, z), V (n, z) are the matrix valued solutions
of (1) with initial values (8). For z € C*, define

F(n,2) =U(n.2) + V(. )My @7
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satisfying a boundary condition
BoF(N,2) +B1F(N+1,2)=0 (28)
where 8 = (B1, Bo) € R4*% satisfying
pTp=1.pJIg" =0. (29)

The unique coefficient mP v (2) is called the Weyl m function on N_.
Finding M f, (z) and using the boundary conditions (28), we have

ME(z2) = —(B2V(N,2) + BIV(N + 1, z))_l(,BZU(N, )+ BIUN +1,2)). (30)

Note that oV (N, z) + B1V(N + 1, z) is invertible. Since z, N, B varies, Mf, ()
becomes a function of these arguments.

Lemma 2 The Weyl m function M f, (z) is symmetric.

Proof Let U(z) = <U§JN(;)1)> and V(z) = <V(VA2]—\|]—)1)>, then

U(z) = A(N; 2) (gggg) = AN; 2) <_°,> ,

and

V(z) = A(N: 2) (%i) — AN 2) (é) .

Using (30), the Weyl m function can be written as Mf, (z) = —(BV(2) "' (BU(2)).
Suppose E = fU(z) and F = BV(z) so that Mf, (z) = —FLE. Now,

My@)" — My (2)
=(-F'E)f —(=F7'E)
=F'E—ETFT
“NWEFT — FETYFT
“(pUn” — Ve ) T

_ F—1’3(UVT _ WT>/3TF—T

(a0 (oo (1))
s () () e
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_ —F—1ﬂ<A(N; z)( (_OI> (1 0)— (é) © -1 )A(N; Z)T)ﬂrF_T

= —F7'B(AWN: I AN T )T FT

— _FflﬂJﬁTFfT
:07

since J BT = 0, according to (29). O

Lemma 3 For a matrix valued solution F (n,z) = U(n, z) + Mﬁ, (2)V(n, 2) of (1) we
have

N
Wy (F,F)=2iTmM —2ilmz ) F(j.2)*F(j.2). (31)
j=0

Proof We use the Green’s identity (15) with G = F.

> (FU.O"@F (. 2) = CF (L 2) (. 2) = Wo(F, F) = Wx(F, F).
j=0

It follows that,

N
=2 F(j.2)"F(j.2) = Wo(F, F) — Wy (F. F). 32)
j=0

Using the linearity of the Wronskian given by (14) for F(n,z) = U, z) +
Mf](z)V(n, z) we have

N
@=2 ) F(.9F(j.2) = Wo(F, F) = Wy(F. F)
Jj=0
=Wo(U+VM,U+ VM) — Wy(F, F)
= Wo(U,U) + Wo(U, VM) + Wo(VM,U)
+Wo(VM, VM) — Wy (F, F). (33)

Since Wo(U,U) = Wo(VM, VM) =0, Wo(VM,U) = —M, Wo(U, VM) = M,
then (33) becomes

N
=2 F(j.2)"F(j.2)=M—M—Wy(F,F)
j=0
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which implies

N
Wy (F,F)=2iImM —2iImz Y F(j.2)*F(j.2).
j=0
|
Let W(n, z, M) = W(n, z) ( I\I/I> and define a matrix function
E(M,N)=—iW(N,z, M\)*JW(N, z, M) (34)
then
. X * F(N+1,2)
EM,N)=—i(F(N+1,2)* F(N,z) )J( F(N.z) )
= —iWy(F,F)
N
=—2ImM +2Imz Y _F(j,2)*F(j.2). (35)
j=0

Definition 5 Let z € C*. The sets
D(N,z) = {M e C*!|E(M,N) < 0}and C(N, z) = {M € C"**|E(M, N) = 0}
are respectively called the Weyl disk and Weyl circle.

Clearly, C(N, z) = {Mf, (z) : B € R¥*4 for some B satisfying (29)}.

Theorem 6 The map z — Mﬁ, (z) maps complex upper half plane C* to Seigel half
space S.

Proof By Lemma 2, M% (2) is symmetric. Since M (z) € C(N,z), E(M, N) = 0.
It follows that —iWN(F, F) = 0. By Lemma 3, we have

N
2ImM —2Imz Y F(j.2)*F(j.2) =0.
j=0
That is

ImM &
—— =Y F(j,2)*F(j.2) > 0,
> ]ZO (J,D*F(j,2) >

which implies that Im M is positive definite. O
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Lemma 4 (Nesting property of Weyl disks) Let z € C*. Then
DN +1,z) CD(N,z), NeNy

Proof Let M € D(N + 1, z). From (35) we have

N
E(M,N)=—2ImM +2Imz Yy F(j,2)"F(j.2)
j=0
N+1
<—2ImM+2Imz Y F(j.2)*F(j.2)
j=0
=EM,N+1)<0.

This shows that M € D(N, z). Hence the result. O

From (34) we have

E(M,N)

_ i (YNFLDT U9 (UN+L) VIN+L DY (1
B ’ VIN+1,2)* V(N,2)* U(N,z2) VN, 2) M

e (WU WO ) (T

= l(I’M)<WN(\7,U) WN(\‘/,V)> (M)

= —i(Wn (U, U) + W (U, V)M + M*Wy(V, U) + M*Wn(V, VIM)  (36)
Note that

Wy (U, U)* = Wy (U, U),
Wy (V, V)* = =Wy(V, V),
Wn(V,U)* = =Wy (U, V). (37)

Using (37) in (36), E(M, N) can be written as

E(M,N) = —i((M — Wn(V, V) "W (U, V)*) Wy (V, V)
(M — Wy (V, V)" "Wy (D, V)*)

+ Wy (U, U) + Wy (U, V)Wy(V, V) "Wy (U, V>*) (38)

Lemma5 Forz € CT,

Wy (U, VIWn(V, V) "W (O, V)* + Wy (U, U) = —Wy(V, V)" L. (39)
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. Wy (U, U) WN(U_, V)
sk * _ -
Proof Let Q = W*JW. Notice that W*JW = <WN(V, Uy Wy (V. V)>' From

Lemma 1 we see that

WXIW = J.
Then,
QT JQ = (W*gwW)T J(W*JW)
=W gTwW Jw*w
=-W'JW
=J. (40)
On the other hand,

ol yo = (WU Wa(V.D)TY | (WU, U) - Wy (U, V)
Wa (@ V)" Wy (V)T ) T\ W (V. U)W (VL V)

_ (VN0 Wy (V. O)F (WU, U)W (U, V) @)
“\WyU, V¥ Wh(V, V)* Wn(V,U) Wy, V)]"
Using (40) and (41) we have
— Wy (V, V)*Wn(U,U) +WnU, V)*Wy(V,U) = —I, (42)
and
— Wn(V, VY*WNU, V) + Wy U, VY¥Wxy(V,V)=0. (43)
From (43) we obtain
Wy (U, V)* = Wy (V, V)*Wn U, VIWx(V, V)~
= —Wxn(V, VIWyNU, V)Wn(V, V) L. (44)
Using (44) on the left side of (39) we obtain
Wy (U, VIWN(V, V) "Wy (O, V)* + Wy (U, U)
=Wy (U, VIWNV, V) (= Wy(V, VI)WyU, V)WN(V, V)
+ Wx(U, U)
= —Wn(U, VIWxn U, VYWn(V, V)" + Wy (U, U). (45)

It follows from (42) that

Wn(U, VY*Wn(V,U) = -1+ Wy(V, V)*Wy(U, U),
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and by using (37), it yields
—WN U, V)*Wn (U, V)* =1 + Wy (V, V)*Wy(U, U). (46)
Taking the complex conjugate on both sides of (46) we have
Wy(U, VIWNU,V)=1—WyU,U)*Wy(V,V)
which, by (37), becomes
Wy (U, VYWy(U, V) =1+ WynU, D)Wy (V, V).
Then the right side of (45) becomes

— Wxn (U, VYWN U, VYWN(V, V) + Wy (U, U)
=—(I+WyU,U)WNV, V)IWN(V, V)" + Wy, U)
=Wy, V) L

Thus, we have

Wy (U, VIWn(V, V)" Wx (U, V)* + Wy (U, U) = —Wy(V, V)" L.

Using Lemma 5 and (38) we can express E(M, N) in the form
E(M,N) = —i((M — Wy (V, V) "Wy (T, V)*) Wy (V, V)
(M — Wy (V. V)" Wy (U, V)*) = Wy (V, V>—1). (47)

Thus, (47) is
E(M,N)=—((M - CN(2))*R(N,2) (M — Cn(2)) — R(N, %)?) (48)

where Cy(z) = Wy (V, V)" "Wy (U, V)* and R(N, z) = (i Wx(V, V))~1/2,
So the equation of Weyl circle can be written as

(M = Cn()*R(N.2)"*(M — Cy(2)) = R(N.2)*. (49)
Theorem 7 Forall z € CT, limy_, o R(N, 2) exists and limy_, oo R(N, z) > 0.
Proof By Green'’s identity we have

N
2Imz) V(j,2*V(j,2) =iWn(V,V) = RN, 2) 7% > 0.
j=0
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Thus, R(N, z) is non increasing and limy_, o R(N, z) exists. O
Theorem 8 Forall z € CT, limy_, o0 Cn(2) exists.
Proof Let M € C(N, Z), then using (49) we get

(M — CNn(2))*R(N, 2)"2(M — Cy(2)) = R(N, 2)%.
It follows that

(R(N, 27" (M — Cy(2)R(N, Z)_l)*<R(N, 27" (M — Cy(2)R(N, z)‘1> =1.

Suppose U = (R(N, 2N M — Cy())R(N, Z)_l) so that U*U = I thatis U is
unitary. Also,

M =Cpn(z)+ R(N,2)UR(N, 2).
Suppose M € Cn41(z) C Cn(z) then we have
M =Cny1(2) + R(N +1,2)Un+1R(N + 1, 2), (50)
and
M = Cn(z) + R(N,2)UNR(N, 2). G
Equating (50) and (51) and taking the norm we obtain

[Cn+1(2) = Cn (I
=[[R(N +1,2)UnN+1R(N +1,2) — R(N, 2)UNR(N, 2) ||
<IR(N +1,2)UnN+1R(N +1,2) — R(N,2)Uny+1R(N + 1, 2)|
+IR(N,2) Uy 1 R(N +1,2) — R(N,2))UyR(N + 1, 2)||
+ [R(N,2)UNR(N +1,2) — R(N,2)UNR(N, 2)||
< IIR(N +1,2) = RIN, D) [IUn+1IIIR(N + 1, 2) |
+ IR(N, 2)[|Un+1 — Un[IIR(N + 1, )|l
+ IR(N, DIIUNINR(N 4+ 1,2) = R(N, 2)].

This shows that Cy (z) is a Cauchy sequence, hence converges. O
Let Co(z) = limy— o0 Cn(z) and Ro(z) = limy— 00 R(N, 2).
Define

Do(z) = {M € C*? : (M — Co(2))*Ro(2) (M — Cp(2)) < Ro(2)*}  (52)
then

Do(z) = Nn=1D(N, 2). (53)
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Theorem9 Let z € Ct and M e C*?. Then for F(N,z) = U(N,z) +
V(N,z2)M, M € Dy(z) if and only if

> Im M
Y F(N,*F(N,2) < ——.
Imz

N=1

Proof Let M € Dy(z). Then by (53), M € D(N, z) for all N, and from (35) we have

N
E(M,N)=-2ImM +2Imz Y F(j,2)*F(j,2) <0
j=0

which yields

N Im M
ZF(],Z) F(j,2) = —.
o Imz

Taking the limit as N — oo we get

> . Im M
E F(N,2)"F(N,z) < —.
o] Imz

Conversely, for any N we have

N > Im M
Y FG.0*F(G, ) <Y F(,2"F(j,2) < ——.
- : Imz
Jj=1 j=1
So E(M, N) <0 forall N and hence M € Dy(z). ]

4 Conclusion

This paper generalized the classical Titchmarsh—Weyl theory of Schrédinger operators
from one dimension to higher dimensions and it provided a foundation for studying
spectral theory of multi valued discrete Schrodinger operators. The spectrum of these
operators can be described in terms of Weyl m functions as such we can study the
asymptotic behavior of solutions. Moreover, these Weyl m functions are the building
blocks for extending the Breimesser—Pearson’s results [3], and Remling’s result [12],
for vector-valued Schrodinger operators.
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