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One-parameter Darboux-deformed Fibonacci numbers

H.C. Rosu1, ∗ and S.C. Mancas2, †

1Instituto Potosino de Investigación Cient́ıfica y Tecnológica, Camino a la Presa San José 2055,
Col. Lomas 4a Sección, San Luis Potośı, 78216 S.L.P., Mexico

2Department of Mathematics, Embry-Riddle Aeronautical University, Daytona Beach, FL 32114-3900, USA

One-parameter Darboux deformations are effected for the simple ODE satisfied by the continuous
generalizations of the Fibonacci sequence recently discussed by Faraoni and Atieh [Symmetry 13,
200 (2021)], who promoted a formal analogy with the Friedmann equation in the FLRW homoge-
neous cosmology. The method allows the introduction of deformations of the continuous Fibonacci
sequences, hence of Darboux-deformed Fibonacci (non integer) numbers. Considering the same
ODE as a parametric oscillator equation, the Ermakov-Lewis invariants for these sequences are also
discussed.

I. INTRODUCTION

If the famous Binet formula for the Fibonacci numbers is written using exponentials

Fn =
eϕ̃n − (−1)ne−ϕ̃n√

5
(1.1)

where ϕ̃ ≈ 0.4812 is the natural logarithm of the golden ratio ϕ ≡ 1+
√

5
2 ≈ 1.6180, then one may think that the

natural continuous generalization is the function

Fc(x) =
eϕ̃x − cos(πx)e−ϕ̃x√

5
. (1.2)

In a recent short note, Faraoni and Atieh [1] pointed out that the even and odd components of (1.2)

Fe(x) = 2√
5

sinh (ϕ̃x) , (1.3)

Fo(x) = 2√
5

cosh (ϕ̃x) ,

Fo(x) Fe(x)

FIG. 1: The red balls (n is odd), and blue balls (n is even) correspond to the first ten Fibonacci numbers given by the sequence
(1.1), while the dotted curves are the corresponding hyperbolic functions (1.3).
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which provide Fibonacci numbers only for x = n ∈ N even and odd, respectively, see FIG. 2, can be treated as
equivalents of the scale factors of spatially homogeneous and isotropic cosmologies. This is not so surprising if one
thinks of the strongly expanding feature of the gaps between Fibonacci’s numbers generated by their recurrence
relationship. Furthermore, the fact that the even and odd Binet components are hyperbolic sine and cosine functions,
respectively, reveal them as linear independent solutions to the simple hyperbolic ‘oscillator’

F ′′i − ϕ̃2Fi = 0 , (1.4)

where the subscript i stands for e or o. On the other hand, the continuous generalization (1.2), which reproduces all
of the Fibonacci numbers when x ∈ N, is the solution of a similar, but nonhomogeneous differential equation.

As commented in [1], in classical mechanics the hyperbolic oscillator can be used only as the simplest example of an
unstable mechanical system of a particle of position F in the inverted harmonic oscillator potential V (F ) = −KF 2/2
with the elastic constantK = ϕ̃2. This also shows why the cosmological analogy may be considered as more interesting.

In addition, Faraoni and Atieh obtained Lagrangian and Hamiltonian formulations for the Fibonacci ODEs (1.4)
and further derived from these an invariant of the (discrete) Fibonacci sequence.

Here, we construct the Darboux deformed counterpart of equation (1.4) based on the general Riccati solution which
introduces a one-parameter distortion of the Fibonacci numbers, especially of the small ones for small values of the
parameter and becomes exponentially vanishing when advancing along the sequence. The parametric Darboux scheme
has long been used in supersymmetric quantum mechanics ever since it has been introduced in that context thirty-five
years ago [2, 3]; for a more recent paper, see [4], and for a close paper to the present one, see [5].

We also use the Ermakov nonlinear equation associated to (1.4) to introduce the Ermakov invariant for these
continuous Fibonacci sequences.

II. THE PARAMETRIC DARBOUX DEFORMATION OF Fe,o(x)

In this section, we first present the parametric Darboux deformation in a sufficiently general way to provide its key
points, and next move to the two Fibonacci cases. The operatorial form of (1.4)

(
D2 − f(x)

)
F = 0 , D =

d2

dx2
, (2.5)

can be factored in the form

(D − Φ)(D + Φ)F ≡
[
D2 − (−Φ′ + Φ2)

]
F = 0 , (2.6)

with the negative logarithmic derivative, Φ = −F ′/F of a solution F of (2.5). In the Φ variable, (2.5) is turned into
a Riccati equation, which in mathematical terminology is the well-known reduction of order of linear second-order
ODEs,

− Φ′ + Φ2 = f(x) (2.7)

and if one knows a Riccati solution Φ, one can proceed viceversa to obtain the solution of the corresponding linear
second-order ODE from F = exp(−

∫ x
Φ).

Suppose now that like in supersymmetric quantum mechanics, we revert the factoring to obtain the partner equation

(D + Φ)(D − Φ)F̂ ≡
[
D2 − (Φ′ + Φ2)

]
F̂ = 0 , (2.8)

which in mathematical terms is known as the Darboux-transformed equation of (2.6). The generic interesting fact
of the reverted factorization which leads to the Darboux partner equation is that it is not unique [2–4]. Indeed, by
adding a function 1/u(x) to the logarithmic derivative in the factorization brackets, we obtain(

D + Φ +
1

u

)(
D − Φ− 1

u

)
F̃ ≡

[
D2 − (Φ′ + Φ2)

]
F̃ −

[
(−u′ + 2Φu+ 1) /u2

]
F̃ = 0 . (2.9)

The latter formula shows that if the function u satisfies the first-order differential equation

− u′ + 2Φu+ 1 = 0 (2.10)
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then the same Darboux-tranformed equation is obtained. Thus, Φg = Φ + 1/u cannot be but the general solution in
the form of the Bernoulli ansatz for the Riccati equation corresponding to the Darboux-transformed equation since in
this ansatz the linear equation (2.10) is the basic equation fulfilled by Bernoulli’s function u. Moreover, the following
regrouping [

D2 −
(

Φ′ − u′

u2

)
−
(

Φ̃2 + 2
Φ

u
+

1

u2

)]
F̃ = 0 (2.11)

can be written as [
D2 −

(
Φ′g + Φ2

g

) ]
F̃ = 0 , (2.12)

which seems to be not relevant unless one thinks about the partner equation[
D2 −

(
−Φ′g + Φ2

g

) ]
F = 0 . (2.13)

In the latter case, the explicit calculation leads to[
D2 −

(
f(x) + 4Φu−1 + 2u−2

) ]
F = 0 , (2.14)

which represents a one-parameter family of equations that have the same Darboux-transformed partner, the running
parameter of the family being the integration constant that occurs in the Bernoulli’s function 1/u. The latter can be
easily obtained by the integration of (2.10) in the form

1

u
=

e−2
∫ x Φ(x′)dx′

γ +
∫ x

e−2
∫ x Φ(x′)dx′dx

=
d

dx
ln

(
γ +

∫ x

e−2
∫ x Φ(x′)dx′

)
. (2.15)

The solution F is a parametric Darboux-deformed partner of F . Its explicit form in terms of F can be obtained from

F = e−
∫ x Φgds = e−

∫ x Φdse−
∫ x d

dx ln(γ+
∫ x e−2

∫x Φ(s)ds) =
F

γ +
∫ x

F 2(s)ds
. (2.16)

We are now ready to apply this simple mathematical scheme to the two continuous Fibonacci sequences for which
f(x) = ϕ̃2. We start with the odd case followed by the even case.

A. The odd deformed case

In the odd continuous Fibonacci case, Φo = −ϕ̃ tanh(ϕ̃x) and the Darboux pair of Riccati equations have the form

− dΦo
dx

+ Φ2
o = ϕ̃2 ,

dΦo
dx

+ Φ2
o = ϕ̃2[1− 2sech2(ϕ̃x)] , (2.17)

where the soliton-type free term in the right hand side of the second Riccati equation is the non-parametric Darboux
deformation of ϕ̃2. For this case, the parametric Darboux partner equation (2.14) takes the form(

d2

dx2
− ϕ̃2

γ,o

)
Fo = 0 , ϕ̃2

γ,o = ϕ̃2

(
1− 8 sinh(2ϕ̃x)

2ϕ̃(2γ + x) + sinh(2ϕ̃x)
+

32 cosh4(ϕ̃x)

(2ϕ̃(2γ + x) + sinh(2ϕ̃x))2

)
(2.18)

with two independent solutions given by

Fo(ϕ̃x) = AoFo , Ao =
2
√

5ϕ̃

2ϕ̃(2γ + x) + sinh(2ϕ̃x)
, (2.19)

Go(ϕ̃x) = BoFo , Bo =

√
5W

[
4ϕ̃2(2γ + x)2 tanh(ϕ̃x)− 2ϕ̃x+ sinh(2ϕ̃x)

]
8ϕ̃2 [2ϕ̃(2γ + x) + sinh(2ϕ̃x)]

. (2.20)

The plots of the factors Ao and Bo in FIG. 2 shows that Fo cannot serve as a deformed Fibonacci sequence since
Ao goes rapidly to zero. Instead, Bo goes to a small constant value and as such it turns Go(ϕ̃x) into the appropriate
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FIG. 2: The factors Ao and Bo vs x.
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FIG. 3: The red balls correspond to the first four Fibonacci numbers in the odd Fibonacci sequence Fo. The curves are the
corresponding Darboux-deformed sequences Go for three values of the deformation parameter.

deformed odd counterpart that follows approximately the odd Fibonacci sequence. We present plots of the Darboux-
deformed Go(ϕ̃x) sequence for three values of the deformation parameter γ in FIG. 3. The effect of the deformation
is stronger at the beginning of the sequence, but quickly vanishes after the first few Fibonacci numbers.

The Darboux-deformed Fibonacci ‘odd’ numbers that can be introduced are real numbers located at

∆Bo
(ϕ̃x) =

[√
5W

[
4ϕ̃2(2γ + x)2 tanh(ϕ̃x)− 2ϕ̃x+ sinh(2ϕ̃x)

]
8ϕ̃2 [2ϕ̃(2γ + x) + sinh(2ϕ̃x)]

− 1

]
Fo(ϕ̃x) (2.21)

with respect to the corresponding odd Fibonacci numbers at x = 2m − 1, m = 1, 2, .... In Table 1, we present these
Darboux shifts for the first four odd Fibonacci numbers.
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x = 2m− 1 ∆Bo
(γ = 2) ∆Bo

(γ = 3) ∆Bo
(γ = 4)

F1 = 1 -0.17634 0.209938 0.601617

F3 = 2 0.764837 1.86197 3.05822

F5 = 5 -0.678174 0.381427 1.6148

F7 =13 -5.63824 -5.05354 -4.37156

Table 1. The first four Fibonacci numbers {1, 2, 5, 13} in the odd sequence and their Darboux shifts.

B. The even deformed case

In the even continuous Fibonacci case, Φe = −ϕ̃ coth(ϕ̃x) and the Darboux pair of Riccati equations have the form

− dΦe
dx

+ Φ2
e = ϕ̃2 ,

dΦe
dx

+ Φ2
e = ϕ̃2[1 + 2cosech2(ϕ̃x)] . (2.22)

The parametric Darboux partner equation reads(
d2

dx2
− ϕ̃2

γ,e

)
Fe = 0 , ϕ̃2

γ,e = ϕ̃2

(
1− 8 sinh(2ϕ̃x)

2ϕ̃(2γ − x) + sinh(2ϕ̃x)
+

32 sinh4(ϕ̃x)

(2ϕ̃(2γ − x) + sinh(2ϕ̃x))2

)
(2.23)

with the two independent solutions given by

Fe(ϕ̃x) = AeFe , Ae =
2
√

5ϕ̃

2ϕ̃(2γ − x) + sinh(2ϕ̃x)
, (2.24)

Ge(ϕ̃x) = BeFe , Be =

√
5W

[
−4ϕ̃2(x− 2γ)2 coth(ϕ̃x) + 2ϕ̃x+ sinh(2ϕ̃x)

]
8ϕ̃2 [2ϕ̃(2γ − x) + sinh(2ϕ̃x)]

. (2.25)

Again, we find that only the Ge(ϕ̃x) solution follows relatively close the even Fibonacci sequence. Thus, we display
plots of it for the same three values of the Darboux parameter as in the odd case in FIG. 4. Similarly to the odd case,
we can introduce Darboux-deformed Fibonacci ‘even’ numbers according to (2.25), which are real numbers located at

∆Be
(ϕ̃x) =

[√
5W

[
−4ϕ̃2(x− 2γ)2 coth(ϕ̃x) + 2ϕ̃x+ sinh(2ϕ̃x)

]
8ϕ̃2 [2ϕ̃(2γ − x) + sinh(2ϕ̃x)]

− 1

]
Fe(ϕ̃x) (2.26)

with respect to the corresponding even Fibonacci number at x = 2m, m = 0, 1, .... In Table 2, we present these
Darboux shifts for the first five Fibonacci numbers in the even positions 0,2,4,6, and 8.

x = 2m ∆Be
(γ = 2) ∆Be

(γ = 3) ∆Be
(γ = 4)

F0 = 0 -1.600 -2.400 -3.200

F2 = 1 -0.972878 -1.94204 -3.00855

F4 = 3 -1.37741 -1.71251 -2.3984

F6 = 8 -4.1898 -4.14927 -4.27983

F8 = 21 -11.271 -11.1894 -11.1738

Table 2. The first five Fibonacci numbers {0, 1, 3, 8, 21} in the even sequence and their Darboux shifts.

III. THE ERMAKOV-LEWIS INVARIANT

In this section, we consider (1.4) as a parametric oscillator equation in the particular cases of constant coefficients,
which has been studied in more detail in [8]. For the x-axis being a number axis, there is no problem to consider it
as a temporal axis. It is a well-known result that one can use two given linear independent solutions, u1, and u2, of
the parametric oscillator equation,

u′′ + ω2(x)u = 0, (3.27)



6

2 4 6 8
x

-5

0

5

10

15

20

e(φ

x)

γ=2

γ=3

γ=4

FIG. 4: The blue balls correspond to the first five Fibonacci numbers in the even Fibonacci sequence Fe. The curves are
the corresponding Darboux-deformed sequences Ge for the same three values of the deformation parameter as in the previous
figure.

to build a particular solution of the corresponding nonlinear Ermakov-Pinney equation

v′′ + ω2(x)v + kv−3 = 0 (3.28)

by means of Pinney’s formula [7]

v(x) =

√
u2

1 −
ku2

2

W 2
, (3.29)

where W is the Wronskian of the two solutions u1, and u2.

The Fibonacci case corresponds to ω2(x) = −ϕ̃2 with the Ermakov-Pinney equation

v′′ − ϕ̃2v + kv−3 = 0 . (3.30)

Such an equation has been called the simplest EP (SEP) equation in [8]. From (3.29), by taking u1 = Fe(x), u2 =

Fo(x), the particular solution with W = − 4ϕ̃
5 can be written immediately in the form [8]

v(x) =

√
4

5
sinh2(ϕ̃x)− 5k cosh2(ϕ̃x)

4ϕ̃2
. (3.31)

In general, the Ermakov invariant is defined as

I =
1

2

[
− k
(u
v

)2

+ (u′v − uv′)2

]
, (3.32)

and by taking the linear superposition u = Mu1 +Nu2 [9], with v from (3.31), it becomes

I =
16N2ϕ̃2

25
−M2k ≡ const. (3.33)

For the parametric Darboux-deformed counterparts, the Ermakov-Pinney equations are
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V ′′o + ϕ̃2
γ,oVo + k1V−3

o = 0 , V ′′e + ϕ̃2
γ,eVe + k2V−3

e = 0 . (3.34)

In the odd case, we take u1 = Fo(ϕ̃x), and u2 = Go(ϕ̃x) which also satisfy (2.18). Using (3.29), we have

Vo =

√
256ϕ̃6 − k1 (4ϕ̃2(2γ + x)2 tanh(ϕ̃x)− 2ϕ̃x+ sinh(2ϕ̃x))

2

4ϕ̃2(4γϕ̃+ 2ϕ̃x+ sinh(2ϕ̃x))
cosh(ϕ̃x) . (3.35)

In the even case, we take u1 = Fe(ϕ̃x), and u2 = Ge(ϕ̃x) which satisfy (2.23). Using again Pinney’s formula, we
have

Ve =

√
256ϕ̃6 − k2 (−4ϕ̃2(x− 2γ)2 coth(ϕ̃x) + 2ϕ̃x+ sinh(2ϕ̃x))

2

4ϕ̃2(4γϕ̃− 2ϕ̃x+ sinh(2ϕ̃x))
sinh(ϕ̃x) . (3.36)

As before, letting u = M̃u1 + Ñu2 with V from either (3.35), or (3.36), the invariants become

Io = Ñ2W 2 − M̃2k1 ≡ const , Ie = Ñ2W 2 − M̃2k2 ≡ const . (3.37)

This shows that the Ermakov-Lewis invariants do not depend on the Darboux deformation parameter. Of course, the
superposition constants, the Wronskian, and the nonlinear coupling constants can be suitably chosen to have identical
invariants.

IV. CONCLUSIONS

We have introduced one-parameter Darboux-deformed families of the continuous Fibonacci sequences. We also
discussed the Ermakov-Lewis invariant for both the continuous Fibonacci sequences and the Darboux-deformed ones.
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